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Preface to the First Edition of 
Differential Calculus by Dr. Gorakh Prasad 


This book has been written to meet the requirements of the 
B.A. and B.Sc. students of Indian Universities. The treatment of 
the subject is in keeping with the modern theory of functions, but 
is at the same time simple. The excessive refinements of the 
present-day higher mathematics have been deliberately excluded, 
as being unsuitable for the beginner, and geometrical intuition and 
graphical illustrations have been freely drawn upon to drive home 


to the student results obtained by. analytical methods. With the ` 


exception of the last chapter and of a few articles here and there, 
the whole ofthe subject-matter here presented has stood the test of 
actual classroom use for a number of years, and the author believes 


that the book would be found to be in every way suitable for the 
B.A. and B.Sc. classes. 


The concept of limits, usually found very difficult by students, 
-is derived in Chapter I from the notion of continuity, in a way 
which, it is believed, will make it very simple. The great variety of 
applications of the Differential Calculus to various branches of 
knowledge, which is given in Chapter IV, immediately after the 
student has learnt differentiation, will, it is expected, create in him 
a more lively interest towards the subject than is possible when it is 
attempted to teach the entire principles of the Calculus first. The 
subject of Asymptotes has been developed as a natural extension 
of that of tangents and will be found perhaps easier to grasp than 
when treated otherwise. An attempt has been made to make the 
rules regarding Curve Tracing so systematic as to make this 
subject quite easy. The historical and biographical notes 
interspersed throughout the book and the short historical sketch at 
the end will, it is hoped, prove interesting. The historical sketch 
will serve also to give the student the righ 


mid t outlook as regards 
‘infinitely small quantities’ and related topic 


S. 
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The book contains just a little more than is necessary for the 
usual course, and no hesitation need be felt in omitting some of the 
articles. The number of exercises will also be found to be ample. 
riginal, a large number has been taken from the 
examination papers of various universities, and the others are such 
as are common to practically all text-books on the subject. Some of 
the exercises have been taken from the excellent collection of 


Leib, entitled ‘Problems in the Calculus’. 


I am greatly indebted to Mr. Harish Chandra Gupta, M.Sc., a 


pupil of mine, who has read with great care the proofs of the whole - 


of the book and verified most of the examples. My thanks are due 
also to my colleagues Dr. B. N. Prasad, Ph.D., D.Sc. and Mr. R. N. 


Choudhuri, B.A. (Cantab.), to my friends Mr. S. D. Seth, M.Sc., : 


Mr. R. S. Varma, M.Sc. and Mr. R. D. Misra, M.Sc., to my pupils 
Mr. Lakshmi Narayan Sharma, M.Sc. and Mr. Sadanand Mukerji, 
M.Sc. and to some of the students of my B.Sc. class, who have all 
very generously helped me in reading the proofs or verifying the 
examples, or have offered valuable criticism and advice. 


University of Allahabad GORAKH PRASAD 
July 1936 
PREFACE 


The first edition of this book written by my grandfather, late 
Dr. Gorakh Prasad, came out in 1936. It was revised several times 
over the years by my father, Dr. Chandrika Prasad. 


The current edition of the book has been revised in accordance 
with the latest UGC syllabus. A large number of solved examples 
have been added, especially frequently asked questions as also a 
new chapter on Jacobians. 


May 2016 . RASHIKANSAL 
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Real Numbers and Functions 

AG O OOO OEO 

1.1. Related quantities. The area of a circle depends 
upon its radius; the velocity of a falling particle depends 
upon the distance through which it has fallen; the cube of a 
number depends upon the number itself. In these examples 
the radius of the circle, the distance through which a particle 
has fallen, and the number which is cubed are variable. They 
are not fixed. The quantities which depend upon them — area, 
velocity and cube respectively — also vary. 


Differential Calculus deals with the way in which one 
quantity varies when the other, on which it depends, is made 
to vary, and with allied topics. But to get a theory which 
would be applicable to any pair of related quantities, we take 
up the study of pure numbers instead of concrete quantities; 
and to avoid any looseness in the arguments we shall 
carefully define the words we shall use. But before we do 
this, we introduce some basic concepts of numbers and sets. 


1.23. Numbers. The numbers we generally use in 
elementary calculus are real numbers. In advanced 
mathematics complex numbers play an important role, but in 


this book we shall almost exclusively deal with real numbers. 


In future the word "number", unless specified, should be 
taken to mean "real number". 


The simplest type of numbers are the natural numbers: 
1, 2, 3, 4, ...'; then come the integers: 

4o 74,73, -2, —1, 0, 1, 2, 3, 4, 2A, 
| Next come the rational numbers, which are ratios of 
integers. Every rational number has the form m / n, where m 
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4 DIFFERENTIAL CALCULUS 


(iv) Ifa>b, then a+c>bt+c. . 
(Vv) If a>band cis positive number, ac > be, 
(vi) Uf a>bandcisa negative numbers, ac < bc. 
(vii) If a*c»b,thena»b- c (transposition of a term). 
A particular case of transposition is : 
Ifa > b, then -b»-a 


We sometimes use the notation a 2 b, which is an abbreviation of 
"a>b or a=b". a<b canbe interpreted similarly. Again, the notation 
a<xx<b isanabbreviation of "a< x and rep" 


- Q € x € b means that 
the number x lies between the numbers a and b. 


1.22. Geometrical Representation. The real numbers 
can be represented geometrically by points on a line (known 
as the real line). Draw a straight line and mark on it a point 0 


and another point 1. Then 01 gives the unit length and other 
points can be marked on 
the line on the same scale. ~ | ap "EP MN um 


2 4 -0.30 1 V2 
Each point on the line 
corresponds to one real number, and vice-versa. 


A relation 1<x<2 will mean that the point 


corresponding to x lies on the line between ‘the points 
marked 1 and 2. 


We often call the point on the real line corresponding to 


the number x as the "point x" ; and use the words "number x" 
and "point x" interchangeably. 


1.23. Distance between two points.: 
between two points x and a on the real line i 
| x ^ a | and defined as follows: 


The distance 
S denoted by 


|x-al=a-x if x«a, 


21 [x-a|2x-a if x2a, 


In other words, it is the numer 
numbers x and a. 


ical difference between the 


ae 
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^ BREEN a Vi tar d n 56 
dato eu aue 
ad md S Indi 


—— SS Se aR 


5 
REAL NUMBERS AND FUNCTIONS 


If 8 té a positive number, the relation 


|x-a|=5 . | 
means that the point x lies le 5 rte 5-4 
* * * $ . ; 
within a distance 8 of a ; i.e. x S RECON EE E WE v 


lies between a — ô and a+ 6. 


t of points lying l 
ee a— ò e a+ iscalled the 5- neighbourhood of a. 


13. Absolute Value. The numerical difference | x — a | 


| lute 
is the called absolute value of x — a. We define the absolu 


value of a number as follows. | 
The absolute value | a | ofareal number a 1s defined by 


(i) |a|-a if a is positive or zero, 
(ii) | a| 2 - a ifais negative. 
Thus — |2|]22, |-2|2- (-2-22. 
and . = |17-2|2|-0.3|2- (20.3) 2 0.3. 
Evidently | a |=| — a |, for every real number. 


We give below a few simple but useful results. 
(i) |abl=|a|.[ 5. | a/b|-| a|/|b]|; 
(ii) |la-b|x|a|*|5|; 


(iii) | x |«| c | if and only if - c < x < c ; c being 
positive. 








PROOFS (i) Follows directly from the definition. 
(ii) Various cases arise. If a and b are both positive 
lac b|sacbzja|«|b| ^ 
If a and b are both negative 
la * bl=-(a+ b)z-a-bcz|a|« |b| 
If a is positive, b negative and a + b positive. 


la* b|sa*bza-(-b)-|a|-|b| «|a |b] 
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6 DIFFERENTIAL CALCULUS 


If a is positive, b negative and a + 5 negative, 
la* b|--(a-b)--a-b--|a|* |b|«|a| |b| 


The results are similar when a is negative and b positive. Finally, if a 
or b is zero, |a + b|- ja| |b| 


(iii) If x is positive, | x| =x. So| x| «c, if x<c, and vice versa. 
Also —c «x, sincex is positive. 


If x is negative, | x| - —x. So the inequality | x | « c is equivalent to 
=x<¢ or -c«x 
Moreover x «c, since x is negative. 


1.4. Sets and intervals. In mathematics the concept of a 
set is a fundamental one. Any collection of objects is referred 
to as a set. Thus, we have the set of integers, the set of 3 cube 
roots of unity, the set of all the circles in a plane, or the set of 
examples given after this article. The objects in the collection 
are called elements of the set. The sets are often denoted by 
single capital letters, e.g. 4, B, S or X. The elements are 
denoted by lower case letters a, b, c, ... x, y, z. To indicate that 
a is an element of the set S we use the notation a e S. This is 
read as "a is in S" or "a belongs to S ". 


The constitution of a set can be indicated by displaying 

the elements within braces { ) . For example 

73,5, 7,11, 13, 17,19} (1) 
is the set of primes less than 20, all of which have been 
displayed in (1). Alternatively, we describe the set by 
displaying a typical element and stating the property satisfied 
by this element. For example 

{x | x isan even integer} (2) 
is the set of all elements x which satisfy the property that x is 
an even integer. Thus it is the set of all even integers. We read 
(2) as the "set of all x such that x is an even integer". In this 
notation the set (1) may be written as {x |x = prime < 20}. 
Another example is 


REAL NUMBERS AND FUNCTIONS 7 


{x |x» 5} (3) 
which is the set of all numbers greater than 5. 


It is expected that the student has studied sets in Algebra 
and is familiar with 'union' and ‘intersection’ of sets. 


In calculus we often use sets of real numbers lying 
between two particular numbers. These are called intervals. 
Thus, if a and b are two numbers (a < b) the set of all real 
numbers lying between a and 5, is called the open interval 
from a to 5, and is denoted by (a, 5). Thus 

(a, b) 2 (x | a« x< bj 

The open interval (a, b) does not contain the end points a, 
b. The interval which contains the end points also is denoted 
by [a, b], and is called the closed interval from ato b. Thus 

[a,b] 2(x|a S x <b} 

We can also have intervals closed at one end and open at 

the other, e.g. 
fa; b) txlas xb) 
(a, b] -(xla« x x bi 

In calculus the symbol co, called infinity, is fcund useful 
in many situations dealing with large numbers. The student 
should realise, however, that infinity is not a number, and is 
introduced in a particular situation in a particular sense. In 


connection with intervals, we use the notation (a, œ) to 
denote the set of all real numbers greater than a. Thus 


(a, o) (x|x» a) 
Similarly (— 0, a) ={x|x< a) 
The set of all real numbers may be denoted by (— 00,00), 


‘5. Ordered Pairs. An ordered pair (a, b) is a set of 
two elements for which the order of the elements is of 
significance. Thus, (a, b) (b, a) unless a = b. In this respect 
(a, b) differs from the set (a, b} 
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8 DIFFERENTIAL CALCULUS 


Again, (a, b) = (c, d) if and only if a ^ c and b= d. 

If .X and Y are two sets, then the set of all ordered pairs 
(x, y), such that x e X and y e Y, iscalled the Cartesian 
product of X and Y. It is denoted by X x Y. 


A subset R of X x Y is called a relation of X on Y. It 
gives a correspondence between the elements of X and Y. If 
(x, y) be an element of R, then y is called an image of x. 


A relation in which each element of X has a single image 
is called a function. Because of its importance we give in the 
next section an independent definition of function. 


Ex. If X = 1,2, 3, 4) and Y ={a, b, cj, then 
X*Fesq(La)(,5)(,c) (2,0), Q, 5), (2, £), 3, 2), G, 5,3, c), 
(4, a), (4, b), (4,2)  — 
R, ={(1, a), (2, b), (3, c), (4, b) 
is a relation as well as a function, while 
R, ={(1, a), (2, b), (2, c), (3, c} 
is a relation but not a function (since 2 has two images). 
1.6. Functions. Consider the equation 
y=x 
It gives a rule which determines for each number x a 


corresponding number y. The set of all such pairs of numbers 
(x, y) determines a function. | ; 


The rule defining a function need not be an equation, nor 
need we take every value of x. For example, the table 


x: l 2 (03. 4 5 
2 -] —2 -] 


gives for each x a corresponding y; and therefore defines the 
function 


{(1, 2), (2, E 1), (5, x). (4, 7 1), (5, 2)). 


———— —— ss 


im 
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REAL NUMBERS AND FUNCTIONS 9 


DEFINITION. Let X and Y be two sets, and suppose 
that to each element x of X there corresponds, by some rule 
f, a unique element y of Y. Then the set f of all ordered pairs 
(x, y) is called a function or mapping from X to Y. 

We write f:X 5 Y 
to denote " the function f which maps set X into set Y" or 
"the function f defined by the rule y= f(x)". 

Mapping indicates the geometrical aspect of the 
correspondence between the elements of X and Y, while 
function indicates its analytical aspect. 

The set Y is called the domain of the function. The 


element y, which corresponds to the element x, is called the 
image or value of the function at x. It is denoted by f(x), 


read as "function of x". The set of all the values of the 


function is called the range of the function. 
A symbol such as x or y, used to represent an arbitrary 


‘element of a set.is called a variable. The symbol x which 


represents an element in the domain is called the 
independent variable, and the symbol y which represents the 
element corresponding to x is called the dependent variable 
since the value of y depends upon the chosen value of x. 


We give below a few examples to illustrate the concept of 
function. | 

Ex. 1. The function f defined by X = {£x | 1 <x < 5}, Y = {y2 < y< 6} 
and the rule y =8-2x, is 

f 7 y)|xe X, y=8-2%. (1) 
The domain of the function is the interval (1, 5), and the range of the 
function is (—2, 6). 

The function f defined by X ={x|l<x<5}, Y 2 (y|- o « y«o) 
and the rule y 2 8—2x is again given by (1). In this case also one element 
of Y corresponds to each element of the domain (1, 5). Of course in this 
case there are in Y a number of extra elements which do not correspond to 
any element in the domain. The range, which is the set ofall elements in Y 
corresponding to the elements of X, is again (—2,6). 
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10 DIFFERENTIAL CALCULUS 


We therefore see that it is not necessary to specify the set. Y. The set 
X and the rule y 2 8—2x are sufficient to determine the function f. 


Ex. 2. The rule: 
y=x-1 whenx < 2, and y = x when x > 2 


defines a single function for the domain consisting of all real numbers, 
because to each x corresponds a single y. It does not matter that y is 
calculated from different formulae in different parts of the domain. 


Ex.3. Therule y? 2x-1 gives two value of y foreach x» 1, viz. 
yet x-1 and y--4x-1 
These respectively define the two functions 
fi =x, y) ye*tux-l x28 
and fied M 27 4x-1 x29 
The union of these two sets, viz. 
(x, »)| y^ 2x-1 x28 
is not a function but a relation, since it gives more than one value of y 
corresponding to any x. | 
Such a relation is sometimes called “a double-valued (or 
multiple-valued ) function. 
Ex. 4. The sets 
X= {x| x is the first name of any student in a given class}, 
and Y 7 {y | y is the surname of the student x}, 


define a function, provided no two students in that class have the same 
first name. The conditions for a function are satisfied here since to each 
first name x corresponds a single surname y. 


Of course, if the class contains two students Ram Prasad and Ram 
Dulare with the same first name 'Ram', then the conditions for a function 
are not satisfied as two elements of Y (Prasad and Dulare) correspond to 
the same element of .X (Ram). 


This example of a function may appear strange to the student, but it 
brings out the fact that the definition of a function given above is very 
general. This is usefui in as much as the same definition serves the 
purpose in different branches of analysis. 


n———————— HÀ Eo CLR e a RR 








REAL NUMBERS AND FUNCTIONS 11 


1.61. Remarks. (1) It will be clear from the above examples 
that two things are necessary to completely determine a function: 
(i) its domain, which states exactly which elements x are to be used 
as first members of the ordered pairs constituting the function, and 
(ii) the rule which determines the corresponding element y that is 
to be paired with each x. The range of the function can always be 
found from the given domain and rule. 


(2) In the definition of a function, the value of y 
corresponding to each x should be perfectly determinate. Values 
like 0/0, 5/0, a/0 have no meaning. Some students are under the 
impression that 5/0 is "infinity". This is wrong. Infinity is not a 
number, and has no meaning except in the sense defined later in § 
2.5. Nor is 0/0 equal to 1. If we suppose 0/0=1, we shall be led to 
absurdities. Consider, for example, what would be the result of 
dividing by zero both sides of an equation like 5 x 0 = 2 x 0. 


x*e] 





Again an expression like me 
fails to give a definite value when x = 1. The numerator and the 
denominator both become zero when x = 1. The student must not 
think that we can get the value of (x? —1)/ (x — I) by first dividing 
the numerator by the denominator and then putting x = 1; for we 
can divide by x —1 only when x is not equal to 1. 

For this reason a rule like y = 1/x does not define a function 
completely in any domain which includes 0, since it does not state 
the value of y corresponding to x = 0. In such a case we say that 
the function is not defined for x = 0. 


. 1.7. Some special functions. We shall only define some 
special functions assuming that the student is familiar with the 
commonly used functions such as the exponential, logarithmic, 
trigonometric and inverse functions. ` 


(1) Greatest integer function. The function F (x) — [x] is 


defined as the greatest integer if it is either less than or equal to 
x. For example, 


[3]=3, [0.843] 0, [-14]2 —2, [-5]- -5. 
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12 DIFFERENTIAL CALCULUS 


Thus, we see that if be any integer, then 
[x]J=n where ns x«n-l. 


The domain of this function is the set of real numbers R and 
its range is the set of integers 7 . 

(2) Least integer function. This function f (x)=(x) is 
defined as the least integer if it is either Sus d to or greater than x. 
For example, 

(3) 23, (0.843) 21, (2-14) 2-1, (-5) 7-5. 

Thus, we see that if n be any integer, then 

(x)=n+1 where n<x<n+l. 

The domain of this function i is the set of real ener R and 
its range is the set of integers 7 . 

(3) Signum function. We define this function [written as 
sgn (x)] as 


sial, xz0 l, ty 


or sgn(x)-4 0, x= 0 
0, "- sgn (x) 


sgn e| 


-l  x«Q 


using the definition of |.x |. The domain of this function is the set 
of real numbers R and its range is the set [—1, 0, 1]. 

(4) Composite function (or function of a function). If f 
and g be two functions such that the range of f is a subset of the 
domain of g , then the composite function go f (taken in that 
order) is defined by 


(go f)(x)=g[f(x)] forall x e domain of f. 
The student should note that, generally, go f # fog. 


— $- 


Z | 
Limits and Continuity 





2.1. Limit of a function. Let f be a function given by 
the rule y= f(x). Choose SUR 
any set of positive numbers eon 
hy, hy, hy, ..5h,5 5 which 
continually decrease, i.e., 7 d nd 

hA eB) 
and can be made as small as we please by taking 7 large 
enough. It may then happen that the values 

f(a* h), f (a* 5h), f (a* hj)... J (a+ a 
of the function continually approach a number A as A, gets 
smaller and smaller. This number A is called the "limit of 


f(x)ata". 


In fact A is the limit on the right, since we have 
considered only the. values 


of x greater than a (i.e. on the a-hn 
right ofa in the figure). If we ^ 
consider the values of the Oo a-hi a 
function: 

f (a - h), f (a-h), f(a- liy sA (a — h,),... 


and find that they continually approach a number B as h, gets 
smaller and smaller, we call B the limit of f(x) on the left. 


When A = B (as happens in many cases), we call A the 
limit of f(x) at a. 


For the limit to exist, it is important that J(a-* h,)— A 
can be made numerically as small as we like. by taking h, 
small enough. 


13 
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14 DIFFERENTIAL CALCULUS 


Putting a+ h, or (a — h, ) = x, and noting that| x — a | = h, 
we can give the following definition of the limit of a 
function. 


If |f(x)— A| can be made as small as we please for all 
values of x for which |x —a|is sufficiently small (but not 
zero), we say that f(x) has the limit A as x — a. 

We write lim, ,, f(x)=A 
which is read as " rhe limit of f(x) as x tends to a is A ". 


2.2. £ —ô definition of a limit. Let s be any arbitrarily 
chosen positive number, however small. Then for f(x) to 
approach its limit 4, |f(x)— A | must be less than €. The 
number £ being arbitrary can be taken as small as we please 
to suit our requirements. 


The question remains: for what values of x should 
f(x)- A | «e hold. We see that as| x — a | decreases, so does 
f(x)- A. 

Fora ô > 0, there will be a neighbourhood of a, from a — ô 
on one side of a to a+6 on the other side, such that 
|f(x)- A|«£ whenever x lies between a—5 and a+6 








which can be concisely stated as | x - a | < ô. 


The value of 6 wiil depend on ¢, and of course on the 
function f. The value of 8 should not be zero, because if 
8 =0, the neighbourhood vanishes, and no value of f(x) 
remains to approach A if f(x)is not defined at x =a. 


Hence the £ —6 definition of a limit is as follows: 
If f is a function of the variable x, the number A is said 


. to be the limit of f(x) as x— a if, for any arbitrarily 


chosen positive number £ , however small but not zero, 
there exists a corresponding number à »0 such that 
f(x) - A|« £, for all values of x for which 


0« [x — a|« ô. 


LIMITS AND CONTINUITY 15 


From the definition it is clear that the limit of f(x) as 
x — a has no necessary connection with the value of the 
function at a, except that when the function is continuous at 
x-a, the two are equal; and even in the case of such 
functions the limit is distinct in idea from the value. 

2.21. Left hand and right hand limits. 

Left hand limit. A number 4 is said to be the left hand 
limit of f(x) as x tends to a from the left if, for any 
arbitrarily chosen ¢>0, however small, there exists a 
corresponding number 6 > 0 such that 

|f (x) - 4|« e, forall values of x for which a -ò < x < a. 

We write this as lim f (x) - 4 or f(a-0)-2 A4. 

Right hand limit. A number 4 is said to be the right 
hand limit of f(x) as x tends to a from the right if, for any 
arbitrarily chosen ¢>0, however small, there exists a 
corresponding number 6 > 0 such that 

| f(x) — A|« e, for all values of x for which a< x< a+ à. 

We write this as lim f (x) =A or f(a-0)- A. 


It may be noted that the /imit of f(x) exists only if both 
the left hand and right hand limits exist and are equal to 
each other otherwise not. 


2.22. Some theorems about limits. The truth of the 
following theorems may be taken for granted. 


If f and g be two functions such that lim f (x)=A and 


x-ud 


lim g (x) 2 B where A and B are finite, then, 


(1) lim (k f )x -k A where k is a constant. 

(ii) lim (f tg)x=AtB. (iii) lim(f g)x=A.B 
(iv) lim( f /g)x=A/B provided that B0. 

These theorems are helpful in finding limits. They can be 


easily extended to cover cases where more than two functions are 
involved. 
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16 DIFFERENTIAL CALCULUS 
2.3. An important limit. lim eT. 
Xx A 


To prove this, consider a circle BAB’ with centre O such 
that < AOB=x where 
O<x<tn. Let the 
tangents to the circle at B 
and B' meet OA in T 














and the chord BB' we see that as x tends to 1, f/(x)approaches 2. Now when xl, 
intersect OA in C . Then, |f(x)-2|=| (x+1)-2|=| 2-1]. 
from the figure, We see Thus for any arbitrarily chosen number £ > 0, 
us fe)-2|<e whenever jenem (OO 
p SHO S ATG EA S (1) If we choose 8» 0, such that 6=e, then by (1), we have 
Now, in right-angled triangle OBC, chord BC = OB sinx. dfe9-2|«s whenever | x-1| «6. 
In right-angled triangle OBT, BT =OBtanx and in Hence lim, x -l a, 
sector OAB, arc BA = OB.x. Substitution in (1) gives x-l, | 
Pe x l | md limt Lucknow 2012] 
sinx«x«tanx or |< —« —— (2) Ex.2. Find lim. x ae 
sinx cosx 
diddiad d hich i gis : 0 l Rationalising the numerator, we have 
on dividing by sinx which Is positive since 0< x « 57. 
i ane Jia mv itxavi-x 4l-x — „lty 41-x yIextNl-x 1-x 
Taking a rs of (2), 1» ——»cosx X3) un "n x "Miex e Ml-x 
Y j 
We have obtained this result for x » 0 but te above lim 4qen-tn = ea ea : Au eine -—- 
° à : r-0 / = x0 Jl+x axi 13 1+] 
inequality holds true even for x « 0 when -+m < x < 0 since «( ind Ix) 
; . ' À +3x-2 
sin (—x)/(—x) =sinx/x and cos(-x)- x. Ex. 3. Find — lim a 7c 
Now lim cosx =1, so taking limits as x — 0, (3) gives. x 3-2 I-G/x)-Q/x!) 1 
x0 . im eg eee, 
lim =Z =1. me 43. = 24(3/x7) 2 
: since 3/x, 2/ x? and 3/ x? tend to zero as x > œ. 
Corollary. An important corollary which follows from the Ex.4. Show that lim e' -] -l 
2 . tanx d pes i 
above result is lim -]1. - 
wot oux Using the expansion of the exponential series e", we get 
Now lim SO cg ( E, . Jean, xir (X -] 
x30 y x9| x cosx i -]l . 21 3! — 
l x0 » lim, ,, 
x : x 
ee ee 
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= as x tends to 
l 


[Avadh 2009] 


2 
. X 
Ex. 1. Examine whether the limit of the function 


1 exists. 


: x! -l 
Let f(x) =lim,.,; 


x-l 





2 
x'-l. 
The function is not defined for x = 1. If xz 1, then ; -x4lSo 
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18 DIFFERENTIAL CALCULUS 


2 

— i? X X 
=lim, Qe m. Ru [li 

2! 3! 


Ex. 5. Find — jig 9^ x 


(dividing throughout by x) 


ue 
x-0 x 


Putting x=tan 0 » We see that as x +0, we have 0 — 0. Hence 








. tan x^ tan”! 
lim = lim E^ (tan 0) =lim 0 E A l. 
x 0-30 tan 0 9»9 tan Q lim(tan 0/0) 


Ex. 6. Evaluate lim x/| x |. 
x0 


Using the definition of | x|, we have 


lL x20 "n 
fG)- lim] x]/x = 0, x=0 (1) 
.-l, x<0. 


Let h be a positive number, then 

/(0-0) -lim f(0-5) - -1 [from (1)] 
and f(0: 0) - lim f(0+h)=1. [from (1)] 
Since f(0—0)z /(0+0), the limit of f(x) does not exist . 


NOTE. The student should note that in finding the limitat a we do 
not use f(a), the value of /(x)at a. The limit depends on the values of 
f(x) at points in the neighbourhood of x ^ a , other than a itself. 


"wr 


2.4. A limit does not necessarily exist. An example is the 

function defined as follows : 
= A x? when x«1, 

y-l when Xx 

y-l-ix^when x>l, 

The graph of the function consists 
of two different parabolas and an 
isolated point (1, 1). The student can 
easily verify that the limit from the 
left, f (1—0) = + and the limit from the 


right, f(1+0)=2. Since the limits on the left and right are 
unequal, lim y does not exist. 
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There are also functions for which for certain values of x. 
neither the limit on the right nor the limit on the left exists. This is 
illustrated by the following example. 


Ex. Prove or disprove if the function defined by f(x)=sin (1/ x) 


has a limit at x ^ 0. [Allahabad 2013] 


The function is defined for all values of x except x =0. To draw the 
graph, we first consider the positive values of x starting from «o and 
tending to zero. 


We see that as x decreases from co to 2/ x, 1/x increases from 0 


to x/2 i.e. sin (1/ x) increases from 0 to l. 


In the interval 2/7 to 1/ x, sin (1/ x) varies from 1 to 0. Again, in 
the interval 1/7 to 2/37, sin (1/x) varies from 0 to —1, in 2/37 to 
1/ 2m, it varies from -1 to 0 and so on. 


It follows that as x tends to zero from the right, the value ofsin (1/ x) 
oscillates between + 1 and -1, passing through 0 and the intermediate 
values an indefinitely large number of times. We can never hope to draw 
the complete graph up to x =Q, but a portion is shown in the figure. 


Evidently there is no number A to whichsin (1/ x) tends toas x > 0 
from the right. So the limit on the right does not exist. Similarly, the limit 
on the left also does not exist. 

Hence the ordinary limit of sin (1/ x), without any qualification as to 
right or left, also does not exist as x > 0. 
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irs Infinite Limits. Consider the function defined by 
y= 11x" for every value of x. 


- ena IS very small, y is very large. If we take smaller 
: : er values of x, y gets larger and larger. As x 
M es 0 (either from the right or the left) there is no 

arrier to the increase of 1/ x? . We cannot specify a number 
N and say that 1/ x? will remain less than N ; for, however 
large N may be we can make 1/x? greater than N by 
choosing x small enough. 


We say, therefore, that 1/ x^ tends to infinity (or the limit - 
of l/x* is infinity) as x tends to zero. 


' Thus, a function f is said to tend to infinity as x — a if 


for any positive number N, however large, there exists a 
Ò > 0 such that 


S()>N forall 

NOTE. The expressions "x tends to infinity" does not mean 
that infinity is some number like 1 million or 1 billion, only very 
much larger. The expression "x tends to infinity" means merely 
that x goes on increasing, and there exists no number N compared 


xe(a-—ð,a 9) 


to which all these values of x are less. 


"]/x? =æ when x = 0 " is an erroneous way of saying that 
lim, „o (1/x^) oo. l 


EXAMPLES 
1. By using the £ —ó method, prove that 
() lim, ,, (X^ +2x)=15. [Bundelkhand 06, Bilaspur 08] 





(i) lim, ,, x^ sin (1/x)=0. [Bilaspur 2010] 
Evaluate the following limits 
E E A m, RH 
x sin bx 
—si x 
4, limi, AE, 7$. imas Iri. 
x x 
[Lucknow 2007] [Lucknow 2011] 
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+ =] n Q4" 

EN m E, d. iina es 
4x x-a 


n n 
= 2 - -1 
[Hint: Use X accteax" dud dx ura] 
x-a 





f(x) 2 xsin (1/x) , x0, then 


8. Prove or disprove that if 
[Avadh 08, Allahabad 10] 


lim, ,, f(x) - 0. 
9. Discuss the existence of lim, ,, x tan "M x}. 
A 0sx« 


X. 
10. If f(x)=4 0, x=1/2 
x-l, t<x<0. 


Does lim, „2 /(x) exist? 


ANSWERS 
2. 0. 3. alb. 4 1/2. 5. Limit does not exist 
és i 
.6.. 3/4. 7. na"'. 8. Limit is 0. 


10. Does not exist since f(4-0)=4 and f(4+0)=-3. 

2.6. Continuity. If we draw the graph of the function 
defined by y= x’, we find that the graph is continuous, i.e. it 

" has no breaks in it. But the graph of the function defined as in 

§ 2.4, has a discontinuity at the point x = 1 (see first fig.). 

So, we see that a discontinuity implies a sudden jump in 
the:value of a function, whereas the value of a continuous 
function alters only gradually for gradual alterations in x. 

So for a curve to be continuous at x = a, it should be 
possible to make the numerical difference f(x) - f (a) 
arbitrarily small by choosing x near enough to a. 

This gives us the following precise definition. 


A function f of a real variable x is said to be 
CONTINUOUS at x — a if for any arbitrarily chosene > 0, 
however small (but not zero), we can find a corresponding 
6»0 such that 


| FG) - f(a) |< for all values of x for which 
0« | x-a |« 8. 


D rt NTT TTI MENT M INES. 
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_ Comparing this definition with that of the limit, we see 
that for a function to be continuous at x = a, 


lim f(x) = f(a). 
When lim f (x) f (a), or when the limit does not exist 
or is infinite, the function is discontinuous at x ^ a. 
Continuity from the left. A function f is said to be 
continuous from the left atx =a if lim f (x) exists and is 
equal to f(a). E 
Continuity from the right. A function f is said to be 
continuous from the right atx —- aif lim f(x) exists and is 
equal to f(a). SUM. 
Thus a function f is continuous atx — aif lim f (x)and 
lim f(x)bothexistandarefinite, and ~~" 


lim, f G)- f(2)- lim f) 
or fla-0) = f(a) - fla+0). . 


Otherwise the function is discontinuous at x = a. 


Ex. 1. sin (1/ x)is discontinuous at x = 0, since lim sin (1/ x)does not 
r0 


exist. 
2- . . 
Ex.2. 1/x* is discontinuous at x= 0, since lim (1/ x? ) is not finite. 


x0 
2.61. Geometrical Meaning of Continuity. As stated 
earlier, the graph of a continuous function will have no 
breaks in it. 


When f is continuous at x = a, we can find an appropriate 
ô > 0 for any given £ 0 and see graphically that for all x 
lying in the 6 - neighbourhood of a, i.e. (a —6,a +ô) , the 
curve of the function will lie in the g - neighbourhood of 


f(a} re. (f(a) -£, f(a) - £). 


The dependence of 6 on e is illustrated in fig.1 (on the 
next page). We see that when f is continuous we can find 
appropriate ô for any given g. 





pec 
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Fig. 1 Fig. 2 


This is not so when f is discontinuous at a (fig. 2). At 
such a point, however small we choose our 6, we cannot 
make | f(x) — f(a) | arbitrarily small for all x lying between 
a —6 and a +ò. 

2.62. Some theorems about continuity. If two functions are 
continuous at a point, then their sum, difference, product and 


quotient will also be continuous at that point. 


If f and g be two functions which are continuous at x — d. 
then the following functions will also be continuous at x =a: 


( f tg (ii) fg (iii) k f (k 2 constant) 
(iv) f/g where lim g(x)=g(a)#0. 
The proofs of these are left to the student . 


2.63. Continuous Functions. A function f is said to be | 


' continuous in the interval (a, b) if it is continuous for every 


value of x in the interval (a, 6). 
A function f is said to be bounded in the interval (a, b) if 


there exist numbers A, B such that 
AS Tse 
for every value of x in the interval (a, b). 
In the above definitions we can also replace (a, b) by the ` 


closed interval [a. 5]. 
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A function f defined on a finite interval is bounded unless the 
limit of f(x) at any point is infinite. Therefore a function 
continuous in the closed interval fa, b] will be bounded. This may 
not hold for a function continuous in an open interval: e.g. 
f(x) 31/ x is continuous in the interval (0, 1). but is not bounded 
since lim, ,,.. f(x) =0. x 

It can be easily verified (or seen from their graphs) that 

(i) x" is continuous for all values of x when n is positive. 

(li) 1/x" (n positive) is continuous for all-values of x 
except x = 0. "a O 

- (iii) e, sin x and cos x are continuous for all values of x ; 
log x is continuous for all values of x> 0. (For x « 0, log x is not 
real.) 

(1v) tan x is continuous for all values of x except tlm, tin, | 
tim,etc. Asx Ln from the right, tan x — —00. Asx > Ln from 
the left, tau x — +00. Thus lim, __,, tan x does not exist. 


Similar statements can be made for cot x, sec x and cosec x. 


(v) The inverse circular functions have an indefinitely 
large number of values for every value of x. For the sake of 
convenience, throughout this book, we shall suppose that sin~' x, 
tan x ,cot' x and cosec^x lie between -tn and Lm (both 


values inclusive); and cos ' x, sec™' x lie between 0 and x (both 
values inclusive). 


sin! x and cos"! x (sometimes written as arc sin x and arc 
cos x respectively) are not real for values of x outside the domain 
[1,1]. Similarly sec™' x and cosec™'x are not real for values of x - 
between -1 and 1 (both values exclusive). 


All the inverse circular functions are continuous at every point 
within the domains in which they are real. 

Ex. 1. Show that sin x is continuous for every value of x. 

Let a be any value of x ; then 

[sin «~sin a|- |2sin i(x—a)cos 5 Gt a)| «2 [sin 1 (x-aj| (1) 
because |cos 1 (x-a)|«1. 
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sin 0 <9. Therefore, 
and in we have 


: n 0 
Now when 0 lies betwee < im, we see from (1) that 


a rea 

restricting x to values for which LG a) 
[sin x —sin a |«2|1(x- Jl. 

Ix-a|«&. 


. . if 
Therefore lsinx-sina|<e€ — ! 


[We have thus found 6; it is equal in this case to £ itself.] 


in x is continuous at 
This is true however small e may be. Hence sin x is cO 


x=a, whatever a may be. 
j f x. 
Hence sin x is continuous for every value o 


i itive integer, is continuous at 
Ex. 2. Show that x”, where n is a positive integ 


x=a. 
The value of x" at x - ais a^; then 
lat -a"|2|x-a|.|x^ ' Ex" ^as... a^! | 
«[x-a|.CIx Hx” ape..-da" | ) 
«|x-a|.nb"' . (1) 
where b is a fixed positive number greater than both |x| and |a]. 
Take an arbitrary positive numbers, and choose ô= e/nb"'. Then 
by (1), |x” -a"|«e& whenever |x-—al<6 
Hence x” is continuous at x=a. 


Ex. 3. Examine the continuity the function 


-X*, x<0 
- <1 
Weer a at x=0, 1,2. 
4x? —3x, lexc2 
3x+ 4, y22 


[Meerut 04, Purvanchal 04, Allahabad 05, Lucknow 06, Avadh 06, 
Delhi 07] 


Let h be a positive number, then 
atx=0,  f(0+0)=lim,,, /(0 A) - lim, ,,[5(0+4)-4] =-4 
and — f(0-0)-lim, ,, /(0-4) - lim, „[-(0-4}]=0. 
Since (0+ 0) # f(0-0), f is not continuous at x =0. 
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26 DIFFERENTIAL CALCULUS 
At x=], 


fU+0)=lim, ,, f+ 0)=lim, [4 (1-5! -3 (1+ h)] 21 
and f(1-0) z lim, ,, f(1-0) - lim, [5 (1-4)-4] - 1. 
Also, fJ) 2 [3x -4],., z]. 
Since f(1«0)2 f(1-0)- f(1), f is continuous at x 2 l. 
Atx=2, f(2-0)-lim, ,, f(2+0)=lim, [3 2 42) 4] 210. 
and f (2-0) x lim, ,, /(2-0) « lim, ,,[4 (2-4)! -3 (2-4)] 210 
Also, . f(2) =[3x+4],_, =10. 
Since f(2+0)= f(2-0)= f(2), f is continuous at x - 2. 
Ex.4. Discuss the continuity of the following function at x = a 
(x^ / a)-a, for 0«x«a 
f(x)24 0, for xz0 
a-(a /x!) for x»Q. 
| Avadh 07,09, Agra 09, Kashi Vidyapeeth 08, Lucknow 12| 


Let h be a positive number, then at x = a, we have 


f(a4 0) - lim, ,, f(a*A)- im, ac rs 


TE a (a? * 2ah h^ )-a' ` 2a! h ah? zu 
-lim,,,4 ——— >t *lim,,, ———;- = 
(a4 h) (a h). 





and f(a—0) - lim, ,, f(a-h) = im, we E 


h’ -2ah e. 





- lim, ,, 
Since  f(a4 0) = f(a-0)= f(a), f is continuous atx=a. 
EXAMPLES 


1, Show thatthe function f(x) = 3x^ + 2x—lis continuous for x = 2. 
! [Lucknow 2008] 


2. Show that the function f(x) -| x |is continuous at x = 0. 


[Rohilkhand 07, Avadh 11| 
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3. Isthe following function continuous at x =2? 
l-x, when xS2 
f(x)- 


5—x, when x>2. 


[Meerut 05, Lucknow 09, Bundelkhand 09| 
4. Discuss the continuity of the function defined by 


f()2|x|*| x-1|at x20 and 1. 
[Delhi 08, Kashi Vidyapeeth 10] 


Are the following functions continuous at x = 0? 





5S fxel ai (/x) when x*0 (5 now 05, Allahabad 09] 
0, when x=0. 
& qon (Ix), when x0 l 
- f= 0, when x=0. 
7. Prove that the function f(x): lgin^ x for x0, f(0)=1 
x 
is continuous at the origin. [Agra 08, 10] 
sin x 
8. Show thatthe function f(x)=4 y ’ for x#Q 
, l, for x=0. 
is continuous at the origin. [Avadh 2008] 
9. Examine the continuity ofthe function f(x)= TP át x= Q 
[Lucknow 2010] 
10. Show that the following function is discontinuous at x=1, 
x when O<x<+ 
f(x) ==< | when x =l 
I-x — when l«x«l 
ANSWERS 


3. Continuous. 4. Continuous at x=0 and l. 


5. Discontinuous. 6. Continuous. 


9. Discontinuous. 
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28 DIFFERENTIAL CALCULUS 


2.7. Types of discontinuity. We have already 


menüoned discontinuity at a point. We shall now list the 
different types of discontinuities. 


(1) Removable discontinuity. A function f has a 
removable discontinuity at a point a if lim f (x) exists but 
lim f(x) fla) ie. f(a-0)- f(a*0)» fla) 
This discontinuity can be removed by changing the value 
of f(a) such that lim f (x)2 f(a). 


(2) Discontinuity of the first kind. A function f is said 


to have a discontinuity of the first kind at a point a. if limits 
from both the left and right exist but are not equal. 


i. f(a-90)s f(a+0). 

f has a discontinuity of the first kind at a point a 
fromtheleft.if | f(a—0)z f(a) but f(a+0)= f(a) and 
from the rightif f(a+0)# f(a) but f(a—0)- f(a). 

(3) Discontinuity of the second kind. A function / is 


said to have a discontinuity of the sécond kind at a point a if 
neither of the limits f(a—0) or f(a+0) exist. 


f has a discontinuity of the second kind at a point, a 
from the left if f(a—0) doesnotexist and 


from the right if f(a+0) does not exist. 


Ex. 1. Examine the continuity ofthe following function at the origin 


sin? ax 
f()=—— for x#0, f(0)=1. [Meerut 10, Lucknow 12] 
| x 
«9 . 2 
We can write f as fœ- E 2g E = 
x ax 


For a positive number A > 0, we have 


, 2 
0+0)=lim, „o (0-4) - lim, ,, a’ sin a (0-- A) 
FOTO) = limao MEZ) Ime c | a (04- A) 
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itminim 


ah 


J 
Pe 4 


: 2 
; singh} 2 gj ash — 0 
=a’ lim,, 50 ae =q’ since ah —^ O0 


and — lim, ,,(sin 0/0) - I. 
,| sin a (0—5) 
Similarly f(0-0)-lim, „o f(0-A)=lim,.0 4 |^ 7 (9 4). (0—h) 


Since f(0+0)=f(0-0) hence lim, f(x)=a’ but f(0)-1. 
So, the function has a removable discontinuity at x = 0 which can be 
removed by taking f(0) =a’. 


Ex. 2. Discuss the continuity of f(x) -[x] atx>= 0. 
[Rohilkhand 2008] 


Using the definition of the greatest integer function, we have 


f(0+0)=lim, „o /(0 A) 7 lim, ,, [0+ ^] =0 


and f(0—0) - lim, ,, f(0-A)=lim, ,, [0-4]=-1. 
Also - f(0) [0] 2 0. | 
Since f(0+0)= f(0)# f(0—0) hence the function has 


a discontinuity of the first kind from the left atx=0. 
Ex. 3. Discuss the continuity at x = 0 of the following function 


ix l 
I (x)= 


e — 
when xz0 
l/x 





€ 


=] when x=0. 
[ Bilaspur 08, 09, Kumaon 10, Kanpur 11] 


Let h be a positive number, then 


| l l e (Oem -i 
u f(0x 0)z lim, ,, f(04 h)- lim, ,, IP 
Uh - 
l OP i 
= lim, ,, r = lim, ,, Per =] on 


dividing both the numerator and denominator by e^. Also as h — 0, 
both 1/A and e'^ tendto c». So e^ "^ — 0. 
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Again f(0-0)=li la Rl 
) my so J(0-A)= lim, T 
a A] 
m oza! as before . 


Since f(0+0) = /(0)+ f(0-0) , hence the function has a 


discontinuity of the first kind from the left at x = 0. 
EXAMPLE 
l. Test the continuity of a function at x =0 which is defined as 
follows: f(x) i =, Bey 


0 xs 
tan 2x 





2. Examine the continuity of the function f(x)= ,X 3€ 0, 
" 


J=1 at x=0. 


3. Test the continuity of the function 


] | 
f(x)=— cos ec FT - 
3 s ra? x*a f(a)=0. 
[Lucknow 08, Bundelkhand 08] 

What kind of discontinuity does the function have? 
[Kashi Vidyapeeth 2011] 


4. Test the continuity of the following function at the origin 


|x| 
S=] x’ chi [Kanpur 08, Raipur 15| 
lL x=0 
5. Examine the continuity of the function f(x) » ————— |—cos 2x 
x 


x#0, f(0)=0 at x=0. In case of discontinuity, state the kind of 


discontinuity. | Himachal 2005] 
6. Show that the function 
g* ~e lls A 
jr, x*0ü 
f(x) 94 e pe" * [Delhi 2006] 
0, x=0, 


is discontinuous at x = 0. Also mention the type of discontinuity. 


T. 


has three points of discontinuity. 


of discontinuities. 


I~ Awe WYN o 
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Show that the function I(x) defined by 
0, fo x=0 
for O<x<4 


| 
x 


fo X=3 


for i<x<! 


l 
| 

rile nl nl 
ES 


| 
x 


for xe 


Find such point 
[Meerut 05, Allahabad 06, Indore 07] 


— 
- 


s and examine the kind 


ANSWERS 
Discontinuity of the second kind at x = 0. 


Removable discontinuity. 


Discontinuity of the second kind at x =a. 


Discontinuity of the first kind from the left at x — 0. 


Removable discontinuity. 
Discontinuity of the first kind. 
Discontinuity of the first kind atx=1/2 


removable discontinuity at x = 0, 1. 





tS Oe Oa "^9. T 
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Differentiation 
Rh 


3.1. Definition. Ler f be a function defined for all real 


values of x in an interval L. ForaeL,if 
lim, ,, 2? )- fa) , J-a) 
h x-a 
exists, then this limit is called the differential coefficient of 
f(x) at the point x =a. It is generally denoted by f'(a). 


r lim, ,, 


The differential coefficient is also called the derivative or 
the derived function. The process of finding the differential 
coefficient is called differentiation. In simple terms, the 
derivative of a function measures the rate of change of the 


function. 


We have seen that a limit may exist or may not. The differential 
coefficient, therefore, may exist at x = a or may not. If it exists, we say 
that the function is differentiable at x — a. 


Notation. The differential coefficient of f(x)is written 


generally as < F(x) or f'(x)or Df(x). 


The differential coefficient at the point x = a is generally 
represented by f'(a) or {df(x)/dx},_ " 


3.11. Left hand and right hand derivatives. If 
La WO or tim, PO- fo 


lim, (0-0) x> (a 


| x-a 
exists, then it is called the /eft hand derivative of f ataand 
is denoted by /'(a—0) or L f (a). | 


32 


33 


DIFFERENTIATION 
Again, if f(x)- fa 
. f(a- - f0) or lim, |, (+0) ted o 
lim, — (0+0) h 
f ataand. 


solvet 
exists, then it is called the right hand derivative o 


R f(a). 
is denoted by f'(a+0) or | | u 
Clearly, a function f is differentia atx=a if 
f'(a—0) and f'(a+ 0) both exist and are equal. | 
| 32 Continuity and differentiation. The relation 


between them is given by the theorem below. 


ion is di ‘able at a point, then : 
. [fa function is differentia 
picis but the converse is not 


it is continuous at that point 


necessarily true. | | 
[Purvanchal 04, Lucknow 06, Avadh 08, Bilaspur 09, Kashi 


Vidyapeeth 08, 10, Bundelkhand 08, 11] | 
Let f(x) be differentiable at x-a, then f '(x)exists and 
fo) - f(a) (1) 


feni, E 


We can write f(x)- f(a) [0-9 (x-a), x*a. 


Taking limits on both sides as x > 0, we get 


lim, ,,[/(3)-- fa)}= tim, ,, 0909). tim, | (x -a) 
= f'(a).0=0. | [using (1)] 


ie. lim, ,, f(x) = f(a) which proves that f is 
necessarily continuous at x = a if it is differentiable there. 

We will now show that a continuous function need not 
be differentiable at a point. 


Consider the modular function at the point x 2 0 defined 
as follows : 
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34 DIFFERENTIAL CALCULUS 


| X when x>0 
fG)s|x|24 0 when x20 
-x when x<0 

It is continuous at x = 0 because limit of y as x — 0 from 

the right is 0, andalso the limit of y as x — 0 from the left is 0. 


. Thus lim, ,, y ex'sts and is equal to 0, which is also the 
value of y at x ^ 0. Hence the function is continuous at x= 0. 


i.e. f0+0)= (0-0) = f(0). 
But at x=0, | 
Rf'(0) = lim, o ALAL AD lim, | h = 0 | 
Mitte =]. 
| h 
iait f(0-2)-f(0) .. |-A4|-|0| 
and — Lf'(0)- lim, _,. — — - lim, ,, UEM 
h 
= lim, ,,—— =- 
(—h) 


Since Rf'(0) = Lf'(0), f(x) is not differentiable at x = 0. 
Ex. 1. Test the continuity and differentiability of the function 
I-x if x<2 


7e at x22. 


5-x if x22 [Avadh 2007] 
At x=2, the value of the function is /(2)=5-2=3. 
Now  J f(2*-0)-lim, ,, /(2* ^)-lim, ,,[5-(2-4)]23. 
J(2-0)- lim, ,, (2-5) - lim, [l+ (2-4)] 23. 
Since /(2+0)=/(2-0)= f(2), f is continuous at x = 2. 
For differentiability of / at me 2, we have 


m J(2*- h) - f(2) 
R f'(2)-lim,,,, h 


[5-Q«A]-3 4. ZA 


] bao =i 


= lim, ; 


DIFFERENTIATION 3o 
(2-h)-f(@) 
Again L/'()= lim, „o Lo 
| [I4-(2-4)]-3 
-h 


; =h a 
= lim, ,, -lim,,, 777 , 


Since R /'(0)* L f (0} f is not differentiable at x = 2. 
Ex. 2. Show thatthe function 
f(x)=xsin (1/ x), x € 0; f(0)-0,. 
is continuous but not differentiable at x — 0. 
[Jabalpur 07, Avadh 08, Indore 08, Magadh 05, 09, Bilaspur 10, 
Rohilkhand 10, Patna 09, 11, Kashi Vidyapeeth 09, 12, Raipur 11, 15] 


Atx-0,wehave, f(0+0)=lim, ,, /(0- A) 
- lim, ,, [Asin (1/ 4)] 2 0x a finite number= 0 


since lim, ,, sin (1/ 5) oscillates between -1 and 1. (Ex. of $ 2.4) 
Again, /(0—0)-lim, ,, f(0—A) - lim, ,,[(—/)sin (-U A)] 
l - lim, [Asin (1/4)]=0, as above . 
Hence, /(040)-2 f(0—0)- (0) which shows that the function 
f is continuous at x = 0. 


To test if fis differentiable at x = 0, we have 

f(0 5) - f(0) 
A 

hsin (1/ A)-0 
h 


R f' (0) 2 lim, ,, 


- lim, ,, - lim, „sin (1/ A). 


But lim, ,, sin (1/ A)oscillates between -1 and 1 and hence does not 
exist Thus, R f" (0) does not exist, Similarly, 


L f'(0) - lim, ,, ZO - /) - lim, ,, Asin (C1/ 4)-0 
(-h) i (- 5) 


--lim, „osin (1/4) does not exist . 


Hence, f is not differentiable at x- 0. . 
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Ex. 3. Show that the function 
f(x) 2xtan ^! x when x#0 and /(0) 20 
(i) is continuous but not differentiable at x = 0. 
[Kashi Vidyapeeth 08, Bundelkhand 07, 12| 

(ii) is not differentiable at x = 0. | 

|Purvanchal 08, Kashi Vidyapeeth 09, Lucknow 11] 
At x 0, we have, /(0+0)= lim, ,, f(0+4) 

- lim, ,,[^tan (1/h)] 20x 11-0 


since lim, ,, tan ' (1/ h) tends to tan™' oo 7 17. 


Again, /(0—0)-lim, ,, /(0—)- lim, ,,[(—)tan * (-1/ h)] 
| - lim, ,,[A tan  (1/4)]2 0, as above. 
Since f(0+0)= /(0—0) = (0), the function f is continuous at x = 0. 


f(Q-h)-f(0) ,., — htan" (1/4)-0 
1 


Now R f'(0)-lim, ,, : 5 


ho 


- lim, „o tan ' (1/4) 1m. 


FOTO) ats, (- A)tan ` (-1/ 5)-0 


LJ Quem as —h (-h) 


- - lim, ,, tan ! (1/4) -- 1m. 


Since R f'(0)+ L f^ (0) f is not differentiable at x = 0 . 


I/x - l/x 


Ex. 4. If fo) ex te x#0 and f(0)-0, 
e € 


l/x 


show that f is continuous but not differentiable at x — 0. 


[Meerut 05, Delhi 06, Kumaon 09, Lucknow 09, Raipur 11, Kashi 
Vidyapeeth 12, Bundelkhand 14] 


To test if f is continuous at x = 0, we have 


e^ ge "h 
f(0+0)=lim, ,, f(0+h)=lim, ,, A oh, Wh 
l-e ?^ 1-0 
-lim, ,, 4 -7 =0x — =0 
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-VA l/h 
UN Lg 


P h e 
Again f(0-0)= lim, o f(0-h)=lim, o e ) m eh 





Since /(0+0)= f(0-0)= f(0) the function f is continuous at x = 0. 


To test if f is differentiable at x = 0, we have 


h)-f(0) _,, f(h)-0 
R (0) lim, ,, ZAS = lim, „o 2 





, . ’ — — l; —-—— = | 
- lim, o Z ge 7 >o ]ze 7^ +0 
f(0-h)- f0) _,, f(-h)-0 
L f'(0)=lim, o 71, — =lim,_..4 T; 
| l “Uh o Wh gp =; 
slim, po mu g vr =lim, po ar] 041 pU 


+ 
Since R f'(0)+ L f'(0}.f is not differentiable at x = O . 
-EXAMPLES 
1. If f(x) 2| x| 4| x-1], test for differentiability at x = 0. 
|Allahabad 08, Kashi Vidyapeeth 10| 


OR Show that the function: f(x) =| x|+| x—1], is not differentiable 


atx 20 and x=1. [Delhi 07 (2nd part), Bundelkhand 13] 


2. Discuss the derivability of the function 


a - x«0 
f(x)24 2-x, Isxs2 at x=1,2 [Lucknow 2012] 


—2+3x-x?, x»2 


2 
3. Provethatthefunction — f(x)- x =l, x2 
l-x x«l 


is not differentiable at x = 1 [Indore 06, Jabalpur 08] 


4. Test the continuity and differentiability of the function 
i3 
Ssin-, xz 


f(x)s x at x=0 
‘ l x=] 
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5. Prove that at x - 5, the function (x) -| x-5| is continuous 
but not differentiable. |Bilaspur 2007| 


6. Show that the following function is continuous and 


l 
i a Š E 
differentiable at x = 0: f(x)= x ar. s 
xu 


0, 
[4vadh 06, Bundelkhand 06, Bilaspur 07, Kumaon 12] 
7. Prove that the following function is differentiable at x = 0: 


2 l 

e"" .sn-, x#0 

ff (x)= x 
0, 


|Avadh 2006] 
2x0 


8. Show that the function defined as follows is everywhere 
continuous but has no differential coefficient at the origin : 


f(x) =x {l++4sin (log x° )), when x 0 and f(0)=0. 
Test the function for continuity and differentiability at x = Q. . 
[Indore 2007] 
9. Test the continuity and differentiability of the following 
function at x -0 and x - 27 : 
1, for -o«x«0 
f(x)z=; l+sinx, for O<x<in 


PE l 
2+(x-3n), for im&x«o. 


CMM tt l a 2 


[Avadh 09 (2nd part), Rohilkhand 11] 


? E then show that f(x) is 


$ 
10. If f(x)-4 lee” . 
0, = 


continuous but not differentiable at x =0. [Bilaspur 08, Raipur 09] 


11. Show that the following function fi (x) is continuous at x =0 


xe" 
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ANSWERS 
2. Derivable at x 22 but not at x = L 
4. Neither continuous, nor differentiable. 
9. Continuous for all x but differentiable for all x except at x=0. 


3.3. Differential coefficient of the product of a constant 
and a. function. Let k be a constant and f(x) be a differentiable 
function. Then 


(& YQ) - lim 
clim, ofk £6 10- 703] = kf (x). 


kf(x+h)-kf (x) 
h 


h 


3.31. Differential coefficient of the sum or difference of 
two functions. Let:f and g be two differentiable functions, then 


(ftgyQ)of'(x)tg(x). 
Now (S tg) (x)= lim P 580 tM- $2)0) 


h 
- lim Tero) slg £C 17-80) 
= f'(x)+g' (x). 


332. Differential coefficient of the product of two 


functions. For two differentiable functions f and g, 


Cf 8y (x)= f(x) B(x) + F(x) a(x). 


Lt F(x) = f(x) g(x), 
Then F(x*h)- f(x * h)g(x +h). 
Therefore — F'(x)-(fg)(x) 


= tim LE +A) 8G 8) - f(x) g(x) 
h 


2i dta h-0 
but not differentiable at this point: f(x) 24 14 g"*' ? ^ | 
X-V x + — ks 
0, = lim F(x +h) {g(x +h) 8(x)} + (x) {f(x +h)— (x) 
[Rohilkhand 06, Lucknow 06, Allahabad 10 (1st part), Raipur 10, h 
12, 13, 14] | (by adding and subtracting one term in the riumerator) 
LU——X—— cacao t REP rrr 3 
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40 . DIFFERENTIAL CALCULUS 
= lim ife + jj £€ Du + zo 2€ T = zm 
h0 1 1 


=F (x) g'(x) + f(x) g (x). 
i.e. the differential coefficient of the product of two functions 
= first function x diff. coeff. of second 
+ second function x diff. coeff. of first. 
3.33. Differential coefficient of the quotient of two 
functions. Let f and g be two differentiable functions, then 


(f gy oy - EGO £09 - fe 609. 


{g (x)}? 
Let F(x)=f (x)/ g (x) 
Then F(x +h)=f(x+h)/ g(x +h) 
Therefore F'(x)=(f /g) (x) 


= f(xh)!g(x +h)— f(x)! g(x) 
Tao h 
s EMS) 
N g(x-h)g(x).h 
a 23 

(x) Mun = fay} - f(x) eee nce e 

— ]im 

á g (x +h) g(x) 

(by adding and subtracting a term in the numerator, and then 
dividing both numerator and denominator by /) 

ZWS) -Sag Q0). 

{g(x)}’ 


Le, the differential coefficient of the quotient of two functions 


(Diff. coeff. of Numer.) (Denomr.) 


2... = (Numer.) (Diff. coeff. of. Denomr.) 
Square of Denominator 


cce esa — ORT ERPS DEP PP Se TP TREE t FADE rrt ne emer oe a 


\ | 
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andard results to be committed to memory. 
ave studied the proofs of 


3.4. Table of st 
It is assumed that the student would h 


differentiation of these simple functions in school. 


d d -i 
— (k) = = a(x" j=" 
, —(k =0 (k =constant) 2. (x ) 

J "i / 





l 
d o9 =e" 4. l togx =— 
" de 2 dx x 
bea, Cg cia 4 | x- 
24 d )2a' loga 6. E Og, rad 
y. Z sinx =cosx 8. a aM 


9. 4 tanx -sec?^x 10. LE 
dx dx 


M. AT gion dans 12. d cose x = —cosec x.cot x 
ax dx 


»3.5. Chain rule of differentiation. This rule is useful 
in finding the derivative of a composite function, i.e. the 
function of a function. 


Consider the function sinx?.This is certainly a function 
of x but its derivative cannot be found by the rules given so 
- far. We know the derivative of x’, and also of sin x, but not of 
sinx’. In order to find the differential coefficient of-sin x^ , it - 
is convenient to regard it as a function of x^, which is itself a 
function of x. Thus sinx^ is regarded as a function of a 
function of x. ; 


Consider the composite function 
S= eh) a) = AAN 


where f (x) = f(t) and t= f,(x) such that the range ofthe 
function f, is a subset of the domain of the function f. Let 
f; f, and f, all be differentiable functions . B 


Since f(x) = f Lf. (x)] | 
therefore — f(x 4 h)- AU (x nh) 
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Also let f(x+h)=t+k | (1) 


where A is the incremental change in x and k, the 
corresponding change in t. 


. Then, as h — 0, f; h) 9. f, (x) because f, (x) is a 


continuous function of x (being differentiable), i.e. 1 - k — 1. 


Hence as h — 0, k also > 0. Also from (1), 
k = f(x x h)-12 fi (x h)- f(x) (2) 
Since f is a differentiable function, therefore 


ANE + hj - fiU GO 


d 
A — li 
JO im, s n 


fü k)- AO 


= lim, ,, 
h 
k h 
= lin, ,, AED AO jim, , LEAN LO) 


[using (2)] 
d d 
=a dae): 


i.e. AO = ty (t). a [since f = J,(x)] 


This important theorem is usually remembered (after 
dropping the suffix of f) in the form 


of = 4 . LA (3) 
dx dt dse —— 
The same result (3) can be written in an alternative form 
d _ af A f,(x)} df,(x) 
as a hU oz d{ f,(x)} d dt 
B (i * Y G9 7 f, Of (X) 
since S=, ef, (=F, L(x) and t= f,(x). 
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In the case of a composite of more than two functions, we can 
generalise the chain rule of differentiation. 
Ex. 1. Find the differential coefficient of sin x’. 


Put x’ =t. Then 


d 1 2 d i -4 i t Ld 
© (sin x? )= 7 Gin o f Gin 7 





2 
=cost. ad = (cos x^ ) 2x. 
dx 


Ex. 2. Find the differential coefficient of (ax^ + by. 
Put ax? +b =t. Then 
d 3 d 3 d 3 dt 
— b =— (Í =— (f — = 
c j ) he ) p P 
=3(ax? +b)? . Qax). 


Ex. 3. Find differential coefficient of log sin x. 


3t? £ (ax! +b) 


Putsinx=¢. Then | 
d a7 d dt 
— (log sin x) =— (log t) 2 — (log t) — 
g, Ca sin x) —- (log t) 7 M08 0) 
l d 


] l 
=— ,— sin x =—— .cosx=cot x. 
t dx sin x 


3.51. Differential coefficient of an inverse function. If 


_ there is a relation between x and y, we can either express y as 


a function of x, or x asa function of y. One of these functions, 
according to convenience, is called an inverse function. 
s =f E . 

Sin x,cos xetc., are examples of such functions. 


Let there be an inverse function f~! (x), i.e. let 

y= f^ (x), when solved for x becomes x= f(y). 

In the former function, x is regarded as the independent 
variable and in the latter y. If both the function f and its 


inverse are differentiable, then dyldx and dx/dy exist. The 


relation between these differential coefficients can be 
Obtained as follows : 
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By the chain rule of differentiation, we have 
dx dy dx. 


dy dx dx (1) 
which shows that dy/dx and dx/dy are reciprocals of 


ea 
other. Therefore, from (1), provided dx / dy #0, á 
dy _, [ax 
dx dy 


This formula is useful in differentiating inverse functions. 
3.6. Inverse Trigonometric Functions. | 
3.61. Differential Coefficient ofsin ' x. 
Let sin x-y then x=siny or dx/dy-cosy, 


Using the formula of the previous article, we have 


dx dy cosy /1 -sin? y aler’ 
; d. 4 1 
Le. —sin x= 





V1-x?_ 
It should be carefully noted that whereas sin? x means 
(sin x)’, sin! x does not mean (sin x)’. 
3.62. Differential Coefficient of cos! x. This we can find 
by a procedure similar to the above, or as follows: 
By trigonometry, we have cos" x 21m sin ' x. 
Differentiating both sides, we get at once 
Fp ee 
dx Jira” 
3.63. Differential coefficients of tan"! x and cot ! x. 
Let y-tan'x then tany-x or dx/dy - sec? y. 
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"MAC d t x=- ° 
We have similarly, a TE 


This also follows immediately from the equation 
cot x =1n—-tan” x. 
- -1 
3.64. Differential Coefficients ofsec x and cosec ^ x. 


Let y=sec'x then secy=*. 








dy =] dx = l = l . 
ROW dx dy sec y tan y sec y sec” y-l 
e LA PER 
| d 1 
Similarly Tx cosec : x= eof 


This also follows immediately fror1 th2 equation 


- -l 
cosec !x-im-se; x. 


To summarise : 











1 
1. 4 an^ x= J 2. — cos! x 2— 
dx 1-x? 1-—x^ 
d -1 l d -1 = l 
3. —t ys - 4. —cot x=- 
dx en +x? dx 1+x? 
5 Lo I 6. —cosec!x =— 1 
dx xx? -1 x 4x? -1 


3.7. Hyperbolic Functions. These functions are defined as 

follows: r eg 
cosh x =1(e* re^") sinh x =1(e* -e™*) 

tanhx-sinhx/coshx cothx=coshx/sinhx 


sech x= 1/cosh x cosech x = 1 / sinh x. 


d d l l 
Now IANTULLE - Ll. - (i) We notice that 
dx dy sec’ y  l«tan? y . DE : 
i rh cat! xim sciet een caet ety 
C. . dx AI a -l(e? +2+e™)-l(e™ -24e77) -1(242) 
WEIRrAr Re traen —— iC ERE rm 
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e 2 ò 
L.e. cosh' x - sinh?x zl. 


si d , d 
(il) Again — sinh x 21 —(e* —e^*)zl(e* +e7"): 
dx 2 dia ) 4 ): 
. d " 
I.e. — sinh x = cosh x 
dx | 


Similarly . < cosh x =sinh x 


(iii) Other formulae, which can be easily verified, are : 


E. tanh x = sech? x a coth x = - cosech? X 
dx dx 


EA sech x = - sech x tanh x 
dx 


LA cosech x = - cosech x coth x 
dx " 


3.71. Inverse Hyperbolic Functions. These functions are 


defined in a similar manner as inverse trigonometric functions 
If y =cosh™ x, then x =cosh y =3(e ” re). 
Multiplying by 2e”, and transposing, | e^" —2xe" +1=0. 


Solving as a quadratic in e?, 


e? =x tx =l. 
yr=logirigdx" -]). 


The principal value is defined as the one in which the positive 


Therefore 


- sign is taken, and is the value which is usually denoted by cosh "x 





Hence cosh” x = log (x ^ Vx? -1} 
Similarly sinh! x = log {x - x? +1} 
tanh” x = Zoe 1-x : 
l+x 


The differentiation of the inverse hyperbolic functions, 
therefore, would present no difficulties. 
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3.8. Differentiation with regard to a function. Suppose 
we have to differentiate sinx? with regard to x^. This means 
that we consider x^ to be the independent variable. Putting 
x! =/, we have diff. coeff. of sinx? with regard to x? 


 d(snx) d 





= — (sinf) = cost =cosx’. 
d(x’) dt 
We can derive a general rule as follows : 
Diff coet of FG) wrt.) 1e, E09. 
d$ (x) 
= d where f=0 (x) 
=U m. GOLA yy 5351, 
Hence AGO 7) / dó (x) : ' 
do(x) dx dx 


Ex. Differentiate sinx w.r.t. log x. 
Thus, diff. coeff. of sinx w.r.t. log x 

. d (sin x) 

~ d(logx) 





E sin x) L hag-a 
dx de ” l 
3.81. Generalisation of the rule for differentiating a 
function ofa function. To differentiate the function ofa function, 
in practice actual substitution can be dispensed with. A help 
towards this end is to note that the Chain Rule formula 
a(t) df dt 
de p Da also be written as follows : 
aU)" LAO) KE) 
| AO) d 


Ex. Differentiate log (sin x? )" with regard to x. 

We first differentiate 
n (log sin x? y! 
l/sin x?, 


this with regard to log (sin x) and get 
. We then differentiate log (sin x^) w.r.t.sin x? and get 
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48 DIFFERENTIAL CALCULUS 


We have to multiply both these results by the differential coefficient 
of sin x? with regard to x”. For that we differentiate it first with regard to 
x^ and thus get cos x^. We have now to multiply the product of all these 
by the differential coefficient of x^ with regard to x. The latter is 2x. 
Hence the required differential coefficient is 


S qossiaty ,OMoESnx J TETS E; us 
xc d(logsinx?) d(sinx*) d(x?) d 
=n (loz sin x? )”! . (V/sin x? ).cos x? . 2x. 
This is an example of differentiation-of a function of a function very 
many times. 
3.82. Logarithmic Differentiation. When a function of 
x is raised to a power which is again a function of x, neither 
the formula for x” nor that for a* is applicable. Then we 
have to take logarithms and differentiate. This process, 


called logarithmic differentiation, is also useful when the 
function consists of the product of a number of functions. 


log x 


Ex. 1. Find the differential coefficient of (sin x) 


Let y - (sin x)"**. 
Taking logs, log y=log x. log sin x. 
. - | dy ] l ; 
Differentiating, —.—-=logx.——.cosx+-—logsin x. 
y dx sin x x 


Therefore » = (sin x)"** (log x .cot x+ (log sin x)/ x} 


log x 


Ex. 2. Find the differential coefficient of x* + (sin x) 


Here we cannot take logarithms directly. In such cases we have to 
find the differential coefficient of each term separately. 


Let y=x". Then log y=xlog x. 


1 dy 1 dy , 
Therefore —.—-=x.-+logx or -= =x" (l+ log x). 
j y dy x P dx 


Again let z — (sin x)"**, Then log z = log x. log sin x 


log x 


So Ž - (in x)^** (log x.cot x+ (log sin x)/ xj 
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Therefore a (x^ + (sin x)^*") 
ax 


= x' (1+ log x)- (sin x)"* * (lcg x.cot x+ (log sin x)/ x}. 


3.83. Differential Coefficient of the product of any number of 


functions. 
Let yes. 50). 450). 4 U) 
Then . log y=log f, (x)* log f, (x) ...* log f, (x). 
Therefore 1 Met BD PORC PER h 0) l 
yd f(xy hæ) f, (x) 


or 


2 - 4/6) 0) 0. L504 AOL OA). f(x) 8... 


i.e. to differentiate the product of any number of functions multiply the 
differential coefficient of each function taken separately by the product 
of all the remaining functions and add up the results. 


EXAMPLES 
Find the differential coefficients of the following : 
a^ * with respect to sin"! x. 
log, x with respect to x?. 


tan ^ ((V1-x? -1)/x} with respect to tan ^! x. 
tan ' (2x/ (1-x?)) with respect to. sin (2x/ (1- x? )). 


(log x)*" *. 6. xlogx.loglog x. 
(tan x)"*+(cotx)™*, g. eg" 


1o. XY +4 


= 
x" +3 


l. 
2. 
3. 
4. 
5. 
Zi 


9. log ——— —— 





Il. If x^— e*7, prove that dy. logs 
d (l+log x)? 


ANSWERS 


pet 


R sin! 
. qu * log a. 


| MELDE NE 
(log x)": 5 2 : 


(log x)/ (x log x)+cos x log log x}. 
log x. log log x4 log log x+1, 
(tan x)* 


HOO t 


x 2 | 
Cos ec x log(ecot x)— (cot x)™* sec? x log(etan x) 


Scanned by CamScanner 





———— << NN Doioecsc!)óg-:! t LL 


| 
1 
: 
I 


$ 
|] 
n 
1 
t 
DP 
ji 
1 
1 





50 DIFFERENTIAL CALCULUS 
8. we log (ex). 9, Wxvx4+1. 


10. x^ (x? 4) ? (x? 43)? (2/ x) -x/ (x? +4 )(x? +3)]. 


3.84. Implicit functions. If the relation between x and y 
IS given by an equation involving both, and this equation is 
not immediately solvable for y, then y is called an implicit 
function of x. On the other hand, when y is given in terms of 


Xy is called an explicit function of x. 


In the case of implicit functions, there might be more 
than one value of y for each value of x, and there might be 
other complications. But, without paying heed to these, it is 
possible to get the value of dy/dx by mere differentiation of 
the given equation as it stands. 


_ Ex. 1. Find. dyldx, when x^. y' + xy - c-0. 
` Differentiating, we get 5x* + 5 y* y' + 569! + y)=0. 


Therefore dy | dx 2 -(x* * y)! (x * y^). 


Wehave y=sinx+y or  y'-y-sinx. (on squaring) 
bus ! dy dy cos x 
. = = or — —— , 
Differentiating, we get (2y-1)— =cosx 2y-1 


3.85. Parametric equations. Sometimes x and y are 
both expressed in terms of a third variable, usually called a 
parameter. We can always find dy/dx in such cases, without 
first eliminating the parameter. 

Thus, if x = f, (D), and y = f;(t), then 

dy —dy, di dy / dx 
dx dt dx dtl dt 
Ex. If x-a(t-sint) and yza(1-cost) find dy/ dx. 
Differentiating, | dx/ dt -a(1-cost) and dy/ dt = asin b 
dy _ dy, dx _ asin t | 2sin 5 tcos jt IT 


Then | k OF dt a(l-cosf) — 2sin? 1t 


A 
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3.86. Transformation. Sometimes an algebraic of 
trigonometrical transformation before differentiation 


materially shortens the work. 
Ex. 1. Differentiate tan ' (2x/ (1-x^)) 
2x _ 2tanO 


= : = tan 20 
l-x? 1-tan*8. 





Put x=tan®. Then 


d. . 
Therefore Jun "gx! (12x? jo n ! (tan 20) 


d d E 
= —(20)=—(2tan x)= R 
as ) dx 14x? 


Ex2. If yvl-x? «x4 1- y? =1, find dy/dx. 
Let x=sin A and y=sin B, then 
sin B J1-sin? A «sin A V1-sin® B =1 


sin (A + B)=1 





or sin Bcos 4 +sin AcosB=1 i.e. 
or - A+Besin'1 ie. sin x+sin™ y-sin ! I. 
Differentiating, we get 


L, l 5 
dx 








+ 
1-x*? Ji y? 
x + 3x‘ + 6x + 2x7 + 6x «2 

Y +2 i 





=0 or a 
dx 


Ex. 3. Differentiate 


Dividing by the denominator, we find that the given expression 
=x? + 3x+6-10/ (x? +2). 
Differentiating, we find that the required differential coefficient 
10.3 x? 


Ex. 4. Differentiate log Grapes" 
| ax+b 
Th . LJ a% 
e given expression =? log (x? — 1) + 2 log x - log (ax + b). 


, Therefore the required diff. coeff. = zx ps. ae 








3(x!-1) 3x ar+b 
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EXAMPLES 
Find dy/ dx when 


K x”. y! «1. 2. x!'«y' =a’, 


3. e log y=sin™ x+sin™ y. 
2 
4. lf siny=xsin (a +y), prove that Gi 8n tat) 
sin a 

[HINT: Write x=sin y/sin(a+ y), then find dy/ dx - / (dx/ dy)] 

5. If x Je y yita -0, prove that dy/dx--1/ (14 xy. 
(HINT: Transpose, square and solve for y. Reject the root y 2 x which 

does not satisfy the given equation and differentiate the other root.] 
Find dy/dx when 


(cosx ).......10 inf ‘ sin x 
6. y z(cosx) 9? 00 y=—— M 
y =(cosx) y cos x 


sin x 
1+ ——————— 
1+C0S x... 00 


8. x=a(cost+log tants), y-asint. 
9. x-3cost-2cos! t, y=3sin t—2sin? t. 
10. x-3at/ (1-7), y-3at^ | (1-0). 
11. x-logt-sin f, y=e'+cost. 


-Differentiate the following :: 





12. tan? | £253 : [X dat e [Put x = asin 9] 
1+sin x pou 
_ m 
14. tat? 1 —— |. [Use tan! x-tan ! y-tan ^ a 
1+ ax l+xy 


Vita! vq i [Put x’ =cos20 and show 
Vl+x? -V1-x? 


that y=12+9. Now differentiate. ] 
ANSWERS 
1. —y(y+xlog y)/x(x+ ylog x). 
2. [y + y* log y]/[x” log x+xy*"]. 


15. tan” 
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3. yJ1- y! {I-V1-x7 e* log y}/ (e' J1- y! - yw1-x?. 
" -(y* tanx) 7. (1+ y)eos x-e ysin c 
1- y log cos x 1+2y+cos x —^sin x 
8. tant. 9. cott. 10. t (2-0)/ (1-287). 
11. 1 (e' -sin t)/ (12 tcost). 12. -1. 


13. 1/ Va? -6à.  14.-V (1x!) 18. 3/41-x*. 


3.9. Differentiation from first principles. Differentiation 
from. first principles means that the propositions about the 
differentiation of sums, products, function of functions, etc., are 
not to be applied; neither are the results of differentiating the 
standard forms to be assumed. The process is of no practical 
utility; but a knowledge of it is desirable. So those standard forms 


. which have not already been differentiated from first principles, 


and also some typical examples, are considered below. 


x+h x 





s @ p ~ rue. e'e^ -g? 
(i) xe =lim, so —>— =lim, sy z 
2 3 
^q Deae Eu E 
7 lim, ,, e! .— - lim, ,, e*. 
h 


- h? 3 
' =e" lim, ,, ehe epe nete 


m d = 
(ii) 2 Box slim, . SG 8) mex NGA 


h 
-lim, |. cos x-cos (x+h) | im 2sin Gr ih)sini 
— "uu —-—0 . ~ 
hcos (x+ h)cos x m hcos (x+h)cos x 


-lim, |. sin (x -- ih) sin 15 
m, a4—————. 7. Sn E 
h cos (x+h)cos x m tan x sec x. 


The differentiation of cosec x is similar. ` 


(ii) To differentiate sin ' x, put y —sin ^! 


x and 
yt+k 


=sin (x- h). Ash 0, k also — 0. We have now 
x+h «sin (y+k) and x-sin y. 
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34 DIFFERENTIAL CALCULUS 
Therefore h=sin (y+k)-sin y, 
or TEL (y+k)-siny k 
k h 
_sin (y+k)-sin y sin ' (x+ h)-sin ! x 
k ' h 
. * a] CI 
Taking limits as A — Q, e y =cos y en E 


l l l 


— — 
«X L————————— 


COS y J1-sin? y 1-x? 


The above method will apply in the case of all the remaining inverse 
circular functions. 








Therefore X i ys 
ax 


Ex. Differentiate sinx’ from first principles. 
sin (xy. -sin x? 
h " 
sin (x h} -sinx? (x A)! -x° 
-lim, ,44—————À————.-——— 
(x+h) -x h 


a ous 
—sin x^ —lim, ,, 
dx 


- (peni ae cime 
Ead 5 uomen 


2hx + h’ 

sin + (2hx+h’ ) 

wim, feos} teh nae 

= (cos x? ) 2x. 

sin 1 (2hx +h? ) 

h50, —————— >l; 2x«h2x; 
because as ^h — Lk) 
and cost {(x+h)’ «x ) cost {x? x). 


3.10. Transformation of equations. It is sometimes 
required to change the independent variable from one to 
another in a differential equation to simplify it using the 
Chain Rule of differentiation. This is illustrated below with 


an example. 


a 


DIFFERENTIATION 


Ex. Transform the equation " 
d’ jady uoi 
dry y+ 2a (le SS +y=0 

15 

by the substitution x —tan zZ. [Indore 07, Raipur 15] 


We have to change the independent variable from x toz. 





Now x=tan z, so die "f dz sec? z 


dy dydz 3:9 (1) 
dz 


d'y d(dy|. 4| te Go t) 
and "de dx) dz\de) dx. dz dz 


d? 
-|- 2cos zsin z2 scos? 21 (cos? z) 





2 d? 
d Y... 2cos! zsin ot coat oe. (2) 
dx? dz a ^ 


or = 
Substituting x = tan z, (1) and (2) in the given equation, we have 


2 
(sec* »|- 2cos! zsin zZ cos" 2-1 +2tan z sec? z cos? 2 y=0 


2 : 
or tina Dd 9 25295 pud 
dz dz 


dz? 
which is the transformed equation. 


EXAMPLES 


Transform the equations / change the independent variable in the 
following equations : 
| d'y, dy 


|. x! P i tp by the substitution x =e’. 


dx? 
[Raipur 12, 14] 
2 i d'y Lo, a" =0 gi 
Ta aur given that x-l/z. 


d'y dy 
2 
J. (l-x jx ken pad where x-cosz. 


[Jabalpur 07, Indore 08] 
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2 


d'y 


. cosx +sin x 2 2ycos? x - 2eos' x where z —sin x, 


| ded 2006] 


d'y dy 
sin? 2z —- +sin 4z — +4 0 by puttin tan z =e 
de? i y= yp g 


[Jabalpur 06, Bilaspur 10] 











d'y dy 
de qua CO t Aycosec! x=0 by putting z=2log tan ty, 
. [Jabalpur 06, Raipur 15] 
ANSWERS 
d!y ies d'y * 
PINE d i d. = +a’y=0. 
2 li ‘ 
d’ 
f?in’ y= 4. a 2y=2(1- z^). 
2 : : 2 
d X4 y=0. 6. d o 
dx? dz? 





4 r 
Simple Applications 
E 


| 4.1. Velocity. The student must be familiar with the 


idea of velocity. Suppose now that a particle is falling under 


gravity, SO that the velocity of the particle goes on sen 
What exactly is meant by the velocity at a particular instant 

Assume that the particle started from A at the instant 
from which we reckon time. 

Assume further that at time ¢ the particle is at B, and let 
AB = s. What is the velocity at time ¢ ? 

Suppose we wait till the time has become » 4 h. Let the 
particle then be at C, BC being equal to k. ; 


QM 
Then k/h is the average velocity Fe LN 
ihe interval h under consideration. 
, A 
But this average velocity must be greater 
than the velocity at the beginning of the 
interval because the velocity is increasing. If 
we take h to be very small, the velocity at x 
time / would be very nearly equal to k/h but c 


not exactly. This difficulty would remain, 
however small h may be taken, provided it 
is not made zero. 


But if we make h zero, then k also becomes zero; so k/h 
takes the form 0/0 and we cannot infer what the velocity is. 


Hence we have to define velocity as the limit of k/h 
when h—- 0. 


Now, if we regard ¢ as an independent variable, we may 
write s = f(t). 


*JA 
~J 
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Thus velocity = ds 
ty df 


We may expect, therefore, that differential c 
alculu 
would be very useful in mechanics. 


4.11. Acceleration. If v is the velocity at time t, 
considerations similar to the above will lead us to define 
acceleration as follows : | 


: dv 
acceleration = — 
dt 


Ex. A particle is projected downwards with a velocity u and 
the acceleration is constant and equal to f. Find the velocity, at any 
instant and the space described in time £. 


dv 
Here bahd 


We can guess, therefore, that 
v=ft+A (1) 
where A is a constant. 


[The student might wonder why ft + A has been taken instead 
of simply ft, the latter value of v does make dv/dt equal to f as 
required. But he must remember that ft is merely a particular case 
of ft + A, viz., the case when A is zero; and a particular case might 
not serve our purpose.] 


It is given that the velocity is equal to u when ¢ = 0. 
Substituting these value of v and ¢ in (1), we get 


u-f.0-A, 
which gives the value of A. Thus (1) becomes 
y-us ft 
But v = ds/dt. Hence 


ds 
—-u fi 
dt f 


We can guess, therefore, that 
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1 
s=ut+ > fv +B 
But s = 0 when ¢ = 0. Hence B = 0. We have therefore 


l 52 
=ut+— ft 
s z 


4.2. Increments and their ratios. If x is 3 at first, and 
then becomes 4, we say that there is an increment of l in x. If, 
however, x is 3 at first and becomes 2 afterwards, there isa 
diminution in x; but it is more convenient to say that there is 
an increment of -1 in x. 


In general, if x changes from x; to x2, the increment in x 
is x; - xi, whether x; - x, be positive or negative. The 
increment in x has so far been denoted by h, and the 
increment in y by k. But in the application of differential 
calculus it is more convenient to denote the increment in x by 
x, the increment in y by dy, and so on. 


. The reason is that if there are many quantities which change and we 
use letters like 5, k, /, ... to denote their increments, it becomes difficult to 
remember which symbol is the increment of a particular quantity. But the 
student must be careful to regard àx as one symbol, and not as the 
product of 8 and x. 


We shall now show that the differential coefficient of a 
function y of x with respect to x is the limit of the ratio of 
corresponding increments in y and x, as the increment in x 


tends to zero (positive and negative increments both being 
considered). - 


If y is a function of x, say y = f(x), and x, y and x +h, 
y* k are pairs of corresponding values, then the ratio of the 
Increment in y to that in xis k/h. 


Now lim, ., 5 - lim, o ML 


= lim, , 


J(x * h)- f(x) 
0 h i 
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be: lim, ,, zd = 2 


which proves the proposition. 


In the usual hotation for increments, 


4.3. Rate of increase. Consider the problem of 8 4.1 
again, in which s is the distance described by a particle in 


time ¢. The average rate of increase of s in an interval of time 
ot 


. increase in s in the interval dt ie és 
eeu c E T 


St » A. or 
Therefore, the rate of increase of s at time f 
ôs ds 
= ]im —=— (by 84.2). 
bi 0 St dt ( y § ) 


So we can assign a new meaning to the differential 
coefficient ds/dt. It is the rate at which s increases with t. 


But it is not necessary that the independent variable be 
time. We can conceive of the rate (at a given instant) of 
growth of y with x. - " 


The differential coefficient dy/dx will then be the rate 
at which y increases with x. 


Ex. A balloon, which always remains spherical, has a 
variable radius. Find the rate at which its volume is increasing with 
the radius when the latter is 10 inches. 


If the radius is x, the volume (say y) is 1m x’. | | 


Hence the rate at which the volume increases with x is 
(in x’) ie. 4g,3x’., 


Hence the required rate of increase = 4 1.3.10? cu. in. perunit 
(1 in.) increase in the radius. 


Sup 
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(Verification. We can verify the above by elementary methods. 
pose the radius becomes 10 inches + 0.01 inch. 
A 3 R 
Then the new volume is 11(10.01) cu. in. 
The old volume was 10° cu. in. 


Hence the increase in the volume = in (10.01? - 10°) cu. in. 
The increase in radius = 0.01 in. 
Thus the average rate of increase of volume with radius (in cubic 
inches per inch) 
(O4, 100P -10° 


“3 0.01 
| =u 10? + 3.10? . (001) 3.10. (001)? + 


(001) —10°}/Q01, by the Binomial theorem, 


| =n (3.10? +3.10. (001 (000) 2 25.3.10! nearly. 


- which is the same as before. Hence we have approximately verified the 


calculation made above.] 


By supposing the increase in the radius to be / instead of 0.01, 


the average rate would have come out as 


-inQ.10 «3.10.5 1?) 


and taking the limit as /— 0, we can easily show that the exact 
(and not merely an approximate) rate is 2T 3. 10*. 


. 431. Meaning of the sign of the Differential 


| Coefficient. Let y or f(x) be a function of x. When x =a, 
the function has the value f(a). If x is given a small positive 


increment, f (x) might become greater than f (a), or might 
not. If it does, we may express this 


fact by saying that f (x) increases 
With x at x = a. 


We took the increment in. x to be 


. Small. If we take a large increment (say PR 


instead of PQ as shown in the figure), the hs PQ R X 


. A 
a amaaa aaa Try ILERE ER Piel Perlis Piola, Peete feild oe ee treet ie eia iss im MR IT 
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new value of the function might be less than before even though the 
function may be increasing with x. When we say.that /(x) increases with 
x atx = a, we mean merely that we can find a number / (i.e. PQ in the 
figure) such that f (ath) > f(a) when 0 < h < hy. This is sometimes 
expressed by saying that f(a+h) > f(a) for sufficiently small (positive) 
values of h. 


We can now show that iffor any value, say a, of x, the 
differential coefficient dy/dx is positive, it means that y 
increases with x at x = a. On the other hand, if dy/dx is 
negative at x — a, it means that y decreases as x increases. 


For, if dy/dx is positive at x — a, 
f(a-* h)- f (a) 
h 


must be positive, at least for sufficiently small values of h. - 


This means that f(a + h) - f(a) must be positive when h is 
positive and negative when h is negative, provided | | is 
. sufficiently small, i.e. f(x) must increase with x at x = a. 
Similarly, if dy/dx is negative at x = a, f (x) must 
decrease as x increases. - | 
The student should note that " f (x) decreases with x " means 
that f(x) decreases as x decreases, and so he must not use this 
expression when he means that "f (x) decreases as x increases". 


We shall show in a later chapter what happens when dy/dx is 
zero and is thus neither positive nor negative. We shall show that at 
such a point f(x) has got, in general, either a maximum (greatest) 
or minimum (least) value. 

Ex. 1. Show that the function x? steadily increases from 
x -—o0to x=+00 but x* decreases from x=- œ to x =O and 
then increases. 

If y.= x°, dy/dx = 3x’, which is always positive. Hence for 
every value of x, x? increases as x increases. 
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Again if y x^, dy / dx -4x?, which is negative when x is 
negative, and positive when x is positive, which shows that for 
negative values of x, x' diminishes as x "Janna (algebraically, 
of course) but for positive values of x, x” increases with x. 

[The student should draw graphs of these functions.] 

Ex.2. The top of a ladder 20 feet long is resting against a 
vertical wall on a level pavement, when the ladder begins to slide 
outwards. At the moment when the foot of the ladder is 12 feet 
from the wall, it is sliding away from the wall at the rate of 2 feet 
per second. How fast is the top sliding downwards at this instant ? 
How far is the foot from the wall when it and the top are moving at 
the same rate ? | 

At time ¢ seconds reckoned from some fixed instant, let the 
distance of the foot of the ladder from the wall be x feet and the 


height from the pavement to the top of the ladder be y feet. Then, 


by Pythagoras theorem, 
| ! x? +y? 2207. (1) 
Differentiating with respect to t, we have 
hg, DE dy 
x—+y—=0, z 
dt ý dt e 


At the moment mentioned in the problem, x — 12, dx / dt 2. 
So y —16 by (1), and dy/ dt = 7s by(2). 


Hence the top of the ladder is sliding downwards at the rate of 
15 feet per second. 


Again, if dx/dt and dy/dt and are equal numerically, (2) shows 
that x must be equal to y. Hence by (1), the value of x then is 
1042 ; i.e., the foot of the ladder is at a distance of 1042 feet from 
the wall when it and the top are moving at the same rate. 


EXAMPLES | 
l. Prove that if a particle moves so that the Space described is 


Proportional to the square of the time of description, thé velocity will be 


Proportional to the time and the i 
rate of increase of th ity wi 
constant. e velocity will be 


rs SR r aana a AN E ARS OTO Po precevers ENNES a RETETA m 
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2. A point moves in a fixed straight path so that s = vt ; Show that the 
acceleration is negative and proportional to the cube of the velocity, 
3. If the path of a moving point is the sine curve 
x=at, y-bsin at, 
show (i) that the x-component of the velocity is constant; and (ii) that the 
acceleration of the point at any instant varies as the distance from the axis 
of x. 

4. Show that the volume of a spherical soap bubble increases Anr? 

times as fast as the radius. | 

5. Sandis being poured on the ground from the orifice of an elevated 

pipe and forms a pile which has always the shape of a right circular cone 
whose height is equal to the radius of the base. If sand is falling at the rate 
of a cubic cm. per second, how fast is the height of the pile increasing 
when the height is b cm. ? . 

6. A point source of light is hung a feet directly above a straight 
. horizontal path on which a boy b feet in height is walking. How fast is the 
boy's shadow lengthening when he is walking away from the light at the 
rate of c feet per minute ? 

7. A rod AB, 10 feet long, moves with its ends A and B on two 
perpendicular lines OX and OY respectively. If A is 8 feet from O and is 
moving away at the rate of 2 feet per second, find at what rate the end Bis 
moving. | 

8. An inverted cone has a depth of 10 cm. and a base of radius 5 cm. 
Water is poured into it at the rate of 13 c.c. per minute. Find the rate at 
which the level ofthe water in the cone is rising when the depth is 4 cm. 

9. A particle describes an ellipse whose semi-axes are4 metres and 2 
metres with a constant speed of 1 metre per second. Find the velocity of 
the foot of the perpendicular from the particle on the major axis, when the 
particle is at a distance of 1 metre from the major axis. 

10. If force is M to the space rate of change of kinetic energy and 
kinetic energy = + my’ prove that force = ma. 

11. Prove that as x increases, 

(asin x + bcos x)/ (csin x + d cos x), 
where a, b, c, d are constants, either i Increases for all values of x, or 
decreases for all value of x. 
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12. Find the range of values of x for which the function 
x? —6x? -36x47 
increases with x. 
ANSWERS 


6. bc/(a—b) ft. per min. 


8. 3/8n cm. per sec. 


5. a/ nb! cm. per sec. 
7. 22 ft per sec. 

9, 42/11 m. per sec. 
44. Approximate Calculations. Small Increments. 


by _ dy 
Since lim, o 2r de 


12. x<-2 and also x> 6 


we must have, for small values of 5x 


y o approximately; 
x dx 
i.e. ôy = (2) approximately. 


This formula is very useful in calculating small changes, and is of 


. immense importance in the theory of small errors, in physics, and in 


several other branches of science. It will be shown later that we can safely 
employ this formula whenever óx is so small that its second and higher 
powers can be neglected. 


NOTE. If 5x is an error in x, 5x is called the absolute error. The 
relative error in x is àx/ x. The percentage error is 100(8x / x). Thus if 
an error of 0.01 cm. is committed in measuring a length of 5 cm., the 
absolute error is 0.01 cm., the relative error is 0.002 and the percentage 
error is 0.2. 

Ex. 1. If the radius of a spherical balloon increases Sy 0.1 
percent, find approximately the percentage: increase in the volume. 


The volume = V, say, =4nr°, where r is the radius. 


By logarithmic differentiation, 
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Hence A ES ór approximately. 
r 


Multiplying both sides by 100 and putting 0.1 for 100 dr %, 
we have at once : = 
the percentage increase in V=3 x 0.1 approximately. 


Ex. 2. Given log, 4 = 1.3863, find log, 4.01. 
é(log x) 2 (1/x)8x 2 } x 0.01 = 0.0025. 
log, 401213863 400025 213888. 

EXAMPLES 


Therefore 


l. Givenlogio 4 = 0.6021, calculate approximately logi 4.04, it 
being given that logio x = 0.4343 log, x. 

2. Given that logio e = 0.4343, find logio 10.1. 

3. Theangular elevation of the top of a vertical flagstaff at a point 
on the ground d metres from the foot of the flagstaff is 0. Find the error in 
the height h ofthe flagstaff due to an error 50 in the angular elevation. 

4. A gas expands isothermally. If the volume v and the pressure p 
are connected by the relation pv = constant, find the increase in pressure 
when the volume of a quantity of gas under a pressure of 20 kg. per 
square cm. is altered from 1000 cubic cm. to 999 cubic cm. | 

5. Atoweris ata distance of 500 feet, and its top is observed to be at 
an elevation of 30°. Calculate the total height of the tower, supposing the 
height of the observer to be 5 feet. If the angle of elevation was really 30? 

12', what error has crept into the calculated height of the tower ? Given 
12' = 0.0035 radian approximately. | 

6. Theradius ofa sphere is found by measurement to be 18.5 inches 
with a possible error of 0.1 inch. Find the consequent error possible in (i) 
the surface area (ii) the volume, as calculated from this measurement. 

7. The pressure p and the volume v of a gas are connected by 
the relation pv ^ = constant. Find the percentage increase in the pressure 
corresponding to a diminution of 1/2 per cent in the volume. 

8. The time 7 of a complete oscillation of a simple pendulum 
of length / is given by the equation T = 2n 1! g, where g is a constant. 
Find the approximate error in the calculated value of T corresponding to 
an error of 2 per cent in the value of 7, 
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9. With the usual notation, if A be the area of a triangle, prove 
that the error in A resulting from a small error in the measurement of c is 


given by 
BA - Afl/s+1/(s—a)+ V (s-b)-V (s - c)jàc. 
4 
ANSWERS 
1. 06064. 2. 10043. 
3. dsec? 0 58. 4. 0.02 kg. per sq. ém. 


5. 294 ft.; 079 percent. 6. (1) L 85x 81 sq. inches; 
| (2) 04x (18 5)! x cubic inches. 
7. 0.7 per cent. 8. lpercent. 
4.5. Application to the Theory of Equations. If f (x) 


isarational integral algebraic function of x, and the equation 


f(x) «0 has two roots equal to a, then f(x) must be of the 
form (x - a)? F(x). 


By actual differentiation we see that the equation 


| T ‘(x)=0 must in this case be 


2(x — a)F(x)+(x-a)’ F'(x)=0 
so that a is also a root of f (x) = 0. 


It is easy to show similarly that whenever a is a multiple 


_ root of f(x) =0, it will also be a root of f(x) 2 0. Thus, by 


finding the G.C.M. of J (x) and f(x), we can find such roots. 


_ Ex. The equation x*-x? -x41-0 has one double root 
Find it and hence solve the equation. | 


Here aU -x'-x*l)24x) 3x? —] 


The G.C.M. of 4x? —3x? —1 and x* -x? -x «1 is x -] 
 Hence(x —1)? is a factor of x* -x? | 


-x +l. 
By division, we find the other factor tobe x^ + x « l 


This equated to z i 
ero gives the roots T ; 
roots as p +13 i 


Hence th 
| e four roots of. x* — x3 y lare N 


L L -i4143i, -l-1 3i. 
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4.51. Approximate Solution of Equations. Newton's 
Method.* If we have to get a better value of a root of the 
equation f(x) 2 0, when it is known that its approximate 
value is a, the proposition of $ 4.4 is useful. 

For, if a-- 8x be the root, then f(a+5x) must be zero. 

Also, as a is an approximate value of the root, ôx must 
be small. So by § 4.4, 

f(x) = f (x) 8x nearly, 

i.e. f(a-8x)- f(a) = f'(a) x, nearly. 

Hence, we have, since f/(a- x) 70, 

ôx =—f(a)/ f'(a), approximately. 

This determines 5x, which added to a gives a better value 
of the root. It is obvious that f(x) need not be algebraical. 

NOTE. Taking a+ x as the new approximate value of the root, the 
above process can be repeated to find a still better value of the root, and 


so on. e 
Ex. Find that root of the equation 


x* -12x+7=0 
which is approximately equal to 2. 
Here f '(x) 2 4x? -12. 
So f'(2)220. 
Also f'2)2-1 


Therefore 8x = + 1/20 = 0.05 
Hence the root is approximately equal to 2.05. 


[Repetition of the process a few times would show that the 
root is 2.047275567 correct to 9 decimal places. The method, 
however, becomes very laborious after one or two steps.] 


* Named after Isaac Newton (1642-1727), the great English 
mathematician, who was the first to invent the calculus (see the 
Historical Note at the end of this book). The method given here is the 
modification originally given by Joseph Raphson (1648-1715) a Fellow 
of the Royal Society, London. Hence this method is also called the 
"Newton-Raphson Method". 
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4.6. Applications to Geometry. Another meaning of 
the Differential Coefficient. The differential coefficient is 
useful in evaluating limits which cannot be found by mere 
substitution (Chap. XV), in finding maxima of functions 
(Chap. XIV) and in expanding functions of x in powers of x 
(Chap. VII). 

In Geometry it is useful in finding tangents and normals 
of curves (Chaps. VIII and IX), the rate at which they bend 
(Chap. X) and their shapes (Chap. XI). 

These various topics will be dealt with in due course. In 
particular, it will be shown that if 
y= f(x) bea curve, then the tangent y 
to itat any point (x, y) makes with the 

axis of x an angle y whose 
trigonometrical tangent is dy/dx, i.e., 
dy 
tany - — | 
dx O T r X 
This gives us a new meaning of 
me differential coefficient, which is of great importance in 
e application of differential calculus to Geometry. 


EXAMPLES (MISCELLANEOUS) 


l. If at time ż the dis 


placement s of a particle movin 
from the origin is given by Mii 


S=asint+bcost, 


find the velocity and acceleration of the particle. 


2. A stone is dropped into a calm lake, sending out a series of 


how rapidly i i , : 
seconds after the stone hits the w pidly is the disturbed area Increasing / 


3, 


A military obs i 
erve ; 
of a mil T In an aeroplane is ascending at the rate 


es an hour. If the radius of the earth be r miles, how fast is the 


ee = el 
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visible area of the earth's surface increasing in square miles per minute ; 
minutes after the plane left the ground ? 


4. Van der Waal's equation for a gas is 
(p*av* Yv-b)-k 


where p is the pressure, v the volume, and a, b and k are constants. What 
is the change in volume per unit increase in the pressure ? 


5. A particle moves along the parabola y. = 2px in such a way 
that its projection on the y-axis has a constant velocity. Show that its 
projection on the x-axis moves with constant acceleration. 


6. A revolving light 5 km. from a straight shore line makes 
two complete revolutions per minute. Find the velocity along the shore of 
the beam of light at the instant when it makes an angle of 60? with the 
shore line. 


7. If the height of a cone increases by a per cent, its 
semivertical angle remaining the same, what is the approximate 
percentage increase (i)inthetotalareaand (ii) in the volume, assuming 
 thata is small ? 


8. The angle of incidence ọ and of refraction y are connected 
by the relation sing@=psinpy, where p is a constant. If @ should 
change from 60° to 59°50', what would be the corresponding change in 
the value of y supposing that its former value was 4509 

9. The area of a triangle is calculated from the angles 4 and C 
and the side b. If a small error 6A is made in measuring A, show that the 
percentage error in the area is approximately 


1005A.sin C / {sin A.sin(A +C)} 


10. The rate of flow Q of water per second over a sharp- edged 
notch of length /, the height of the general level of the water above the 
bottom of the notch being A, is given by the formula 


Qsc(I-h/ Sj" 
where c is a constant. | 


Show that for a small error & in the measurement of h, the error 50 
in Q is 


71 
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1c(I- h/ 5) h^. 8h. 


11. If f' 60207 0. for asx sb show that f(x) is an increasing 


function of x in this interval. 


Two points A and B lie on a 
s of, and at equal distances 

i i Sho 
d point not on the line AOB. à 
ái ints A and B is increased if the distance AB is 


fixed straight line. They are on 
from, a fixed point O on the line. 


opposite side w that the sum of the 


P is any fixe 
distances of P from the po 


| increased. 


12, Solve the following equations by finding first their multiple 
roots 
(i) 4x'-27x! -25x-6-0 
(i) x‘ +3x? -3x! -7x4 6-0 
(ii) 8x* -20° «18x -7x+1=0 . 

13. What condition must a and b satisfy in order that the 
equation x^ +x? +ax+b=0 may have a double root ? 

14. One root of the equation 

x* -12x? -12x-3=0 
is approximately equal to 4. Find it correctly to two decimal places. 

15. Show by means of a rough graph that the least positive root 
ofthe equation tanx-ix between x and 3x2. Find this least root 
correct to four significant figures. 

16. Show by starting from the rough approximation x=n asa 
root oF the equation sin x= ax, where a is small, that a much better 
approximation can be obtained as 

| x=(l-a+a’)n. 
17. Show that for X,>X,, 
-| at 
tan x, ~tan™ x, <x, —x, [ Allahabad 1995] 


18. The angle A of a trian i 

gle ABC is found b measurement 
be 63 degrees, and the area is calculated b i a 
the percentage error in the c 


15 minutes in the measure 


y the formula + besin A. Find 
alculated value of the area, due to an error of 
d value of A. 
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19. A circle is drawn with its centre on a given parabola and 
touching its axis. Show that if the point of contact recede with a constant 
velocity from the vertex of the parabola, the rate of increase of the area of 
the circle is also constant.’ | 


20. ABCD is a rectangular protractor in which AB = 6 inches, 
BC = 2 inches and O is the midpoint of AB. An angle BOP is indicated 
by a mark P on the edge CD. If in setting off an angle 0 degrees, a mark is 
made 1/100 th of an inch along the edge from the correct spot, show that 
the error in the angle is | 


9sin" 0/10 degrees. 
ANSWERS 
1. acost-2bsint;-—asin t -4bcos2t. 
2. 2nc't sq. ft. per sec. 2 
3. 120xar'/(60reat). - 
4.. -(v-By! / (pv? -av«2ab) 
5. ` X x km/min. ei ty BS 
7. 2a,3a. | 
8. Decrease by 5' 4. 7 
12. (i) -1,-1,3 and-2. 
(ii) 1, 1,-3 and 2. 
(i) 1, 1, Landl. - 
13. 4(3a - 3b - a? ) - (a -9bY.. 
14. 3.91. 
15. 4275. 
17. 3e" (6cos 3t -sin 3r). 
18. (5x/ 36)cot 63°. 





the nth differential coefficient of y bein 


... would be written as yy y", etc. 


" adding a suffix: thus (Yassa OF (y, ), 
', also be indicated by f” (a). 
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5 
Successive Differentiation 


— ——À —— 








—— 


5.1. Definition and Notation. If y be a function of x, 


its differential coefficient dy/dx will be, in general, a 


function of x which can be differentiated. The differential 
coefficient of dy/dx is called the second differential 


coefficient of y . Similarly, the differential coefficient of the 


second differential coefficient is called the third differential 


4 coefficient, and so on. The successive differential | 
‘coefficients of y are denoted by ` 


dy d'y d'y 
dx' d d? 








This method of differentiating a function successively is 
called successive differentia ion. - 


"Alternative methods of writing the nth differential coefficient are 


In the last case, the first, second, third etc. differential coefficients 


The value of a differential coefficient at x= is usually indicated by 


. If y= f(x), the same thing can 


Bea. If 


We have Vin yt y Ii =a, (1) 
Let x=CcOs a and y 7c0s D, then (1) becomes 


old 
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cos a 4/1-cos? D +cos B 1-cos? a =a 


sin (a+B)=a 


or a+B=sin™ a so that | = x+cos”' yssin' a 


TAS 


or cos a sin B+cos sin a =a i.e. 








Differentiating w.r.t. x, 

















ir — PER Q) 
dx Ji-x? 
Differentiating again w.r.t. x , we get 
J E ERN NN c2» 2-1- y. dp 
dy airy 
dè 1x" 
wt "m = 2 
EE >|- | AES 
ls" ]-x Il-x 
a OA A ee - [by (2)] 
l-x 
yvl-x? «x4l- y! 
sc (1 xy 
' d'y | -a (7 
Hence > dé “(ext yt [by (1)] 


Je 2. If y=acos (log x)+bsin (log x), show that 
| (0 xy,*xy*y-0. 
[Avadh 08 (1st part), Bundelkhand 06, 11, 12 (1st part)] 
We have y=acos (log x)+ bsin (log x) (1) 
Therefore y, =[-asin (log x)]. - + [b cos (log x)]. - 
T x y, =-asin (log x) bcos (log x) 
Differentiating again w.r.t. x, we get, 


y, + y, =[-acos (log x)). —[-bsin (log x)]. - 


x 


~~! {acos (log x)+ bsin (log x)]= E [using (1)] 
X 


Hence x! y,*xy,* y70. 
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0), find 2% at o- 
Aix. 3. If x= a (0 —sin 0), y 2 a (1-cos 0), fin px at 0-7. 
[Dethi 2008] 
Here x-a(0-sin0) > Z = a(1-cos 0) | 
and | yz-a(1-cos0) > 2 -asine 
dy dy d9 asin8 
g dx dð dx a(1-cos0) 
l l 
5: dy 2sin 0cos m t10 
dx 2sin? 10 
d'y 210.1 dA 1 l 
=— 4A .—.—— eus ane LÀ OU TRE 
de cosec' 1 s j cose 3 2 (1-050) 
2 
or d Y = oset 192 at 0-27x 
| dx? 4a 4a 
Jax. 4. If  p? =a’ cos? 0 b^ sin’ 0, (1) 
2 242 
prove that p+ 2 P- LR [Jabalpur 03, 06] 
d p 
Differentiating (1) w.r.t. 8, we get 
dp 1 1. gem 
2p— ——2a'sin8cos0 -2b^sinOcosO . q ~ 
Te **g8 Gn 
or eer = (b? — a? )sin 20 | (2) 
Again differentiating (2) w.r.t. 0, we get 
| d d 
2p af +3 2) =2 (b° — a! )cos 20 
dip 2 | 
ii j Fl = (rina! Joos 29 (3) 
Multiplying (3) by p?, we get 
,@° aP, dp Y 
pF ry, +p ‘(2 = p' (b! —a! )cos 20 
i.e. d'p : 
p —— ry, "Op (b? oe i» z 
—Ra ao 
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n WE SE F (bà-ay. i 
p' (b! -a eos? 0-sin* o) - 2? sin? 20, [Using (2)] 


= p’ (b° cos? 0. a* sin? 8)— p' (a cos? 0. b? sin? 0) 

| | +a‘ + b* -2a! b? )sin* 0cos? 0 

— (a* cos? 8+ b? sin? 8) (P? cos? 0. a? sin? 0)- p' 
-(a* +b* —2a! b? )sin? 0cos? 0, [Using (1)] 


d l 
p‘ + p? FS — a^! b? (cos* 0 +sin* 0-4 2sin? Ocos? 0) 


— a! b? (cos? 0 - sin? 0)! 2 a? p? 
2 212 
I a oS) f Hence Proved 
p 
EXAMPLES 
4L If y= Asin mx+Bcos mx, prove that y, + m^ y=0. 
p If y=e™ sin bx, prove that y, —2ay, + (a? +b’) y=0. 


[Kanpur 2005] 

3. If y=Ae ^! cos ( pt + c), show that 
d'y 
d? 


5 «2k en! y-0 where n^" =p’ +k’. 
[Lucknow 11, Kashi Vidyapeeth 12] 


4. If y-sin (sin x), show that y, + y, tan x+ ycos! x 0 
| [Patna 2005] 


5. If NUN CX y=0 
d'y 2a’x’ 








6. If y!-3ax! +x’ =0, show that ^ + 7 — y =Q 

t d "LL show that y, oe [Agra 2008] 
8. If ay=sin (x+ y), prove that y[l+(dy/ dx)]’ = 

9, If x=log 4, ye -1, find e 


10. If ax? + 2hxy + by * 2gx * 2 fy * c -0, show that 


D*y=A(hx+ by f) ° where A» abc + 2 fgh - af^ - bg? - ch’. 


|Agra 03] 


and 


SUCCESSIVE DIFFERENTIATION TT 
ANSWERS 
9, 44. 
5.3. Standard Results. Calculation of the nth 
derivative. 


(1) If y 2 (ax * b)", then y, 2 m.a(ax* py" 
y,2m(m- 1).a’ (ax + by"^?, etc. Hence 
D" (ax + b)Z m (m- D)(m-2)...(m-n* I)a" (ax t b)" " 
In particular, 
D" (ax + by ! =(-1)" n!a"(ax* b 


If m is a positive integer, the (m+1)th and all the 
successive differential coefficients of (ax + b)" would be 


Zero. | 
(2) If y=e™,then y, =ae™, y, =a’e™, etc. 


In general, D"e™“ =a"e™, | 
(3) Similarly D* a* = (log a)" a’. 
(4) If y=log(ax + b), then y, =a(ax+ bY', 
Yı - CD) a’ (ax + by ?, y, 2 (-1) à? (ax + b) ?,e 


In general, D log (ax + b) = CD" (n-1)!a^ 
(ax + by 






—n-1 





(5) If y =sin (ax + b), 


7 avenge dne adalar tiki Lm), 
y, =a’ , Os(ax Fb a a? sin (ax + b +n), 
A sq sin(ax + b+ à in) etë 


-In general, 


D" sin (ax + b) =a" si 
(6) Similarly teet eta 
T D cos (ax + b) =a" cos (ax + b+1nn) 
aries. Putting a=land b = =0, we have | 
D" sin x = =sin(x +4 nt), 
D" cos x = =Cos (x +t mn) 
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(7) If. y 2 e" sin(bx + C), then 
Jy, =e” bcos(bx + c) + a e” sin (bx + c). 
a —rcosó and b=rsing, we have 
y, =r e" sin(bx ++). 
Similarly y, =r’ e^ sin (bx + c+ 26); etc. In general, 
D" (e"sin (bx + c)) 2 r"e"'sin (bx c + no), 
where r =(a° * b)", and $ - tan" (b la). 
(8) Similarly 

D” {e™cos (bx + c)) =r"e™ cos (bx c + n4), 

where r and $ have the same meaning as before. 


Putting 


5.3. Decomposition into a Sum. Before applying the 


above standard results to particular functions, it is often 


necessary to break up the given function into a sum of 


suitable functions. Some methods ‘for this are dealt with 


below. 


(1) Partial Fractions. For finding the nth differential [ 


coefficient of a fraction whose numerator and denominator 
are both rational integral algebraic functions, the given. 
fraction must be decomposed into its partial fractions. 

op 
(x! -3x42) 
3 x? l 8 


AO MOOR, =x+3-—-— 
(x! —3x+2) (x—1)(x -2) x-1 


Ex. Find the nth derivative of [Bilaspur 2009] | 


We have 


by breaking into partial fractions. 


Therefore, if n >l, 


l 8 
NE n+l ! BUS. S MTM EN 
z( 1) (0) | 
(2) Use of De Moivre's Theorem. Even when we 


cannot break up the denominator of a given algebraic | 
fraction into real linear factors, the above method can be used | 


dx" (x -D(x-2) | 
| 
Í 


after resolving the denominator into its linear 


\ \ 
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factors, real or 


imaginary. 


NOW: 


Yn 


If y=tan7' a then 


Ex. 1. Find the nth differential coefficient of tan! x. 


[Delhi 07, Lucknow 10] 
yi2M (0x). 


| | (n 
Tex? (tila) 2x-i xti 





n-\ l €D" (-D' € FE . 
Therefore y, =D (=)- 2i (x-i) Qi 


To get rid of the 'i' in the above derivative, put 


x=rcos $,1-rsin 9; then 


7" 2ir" (cos $-isin 6)” (cos >+ isin $)” 


=(-1)"" (n —1)!(1/ 2i) r” Keos ġ— isin $)” — (cos $+ isin >) "} 


© =(-1)"' (n —1)!(1/ 2i) r” (cos no + isin n>) — (cos n$ — isin n>)} 


where 
i ' «5 3 
_Ex. 2. Find the nth differential coefficient of sin x cos x. 


- Therefore 


=(-1)""'(n-1)!r™ sin nd. 
But r^" =sin" à 
Hence D"tan^ x 2 (- 1^! (n - D!sin" ọsin n6, 


$-tan ^! x. 


[since 1 2 7 sin Q] 


. . 6 — =l 
Let cosx+isinx=z; then cosx—isinx=2Z 


l 


-1^^:.« E - 
Therefore 2cosx2z tZ ,2isnx-z-27 . 


Also, by De Moivre's Theorem, 
2cos px z z^ + zt 2isin px2z^ -z *. 
25 2! it sin? xcos! x 2 (z sp ty (zz "y 
=(z' —z*)-2(2°- 278)-2(24 —27*)+6(z?-27") 
—2 isin &x—4 isin 6x — 4 isin 4x + 12isin 2x. | 
Hence 
D" (sin? xcos? x) 2 277 (8" sin (8x + 4m) - 2.6" sin (6x + irm) 


—2.4" sin (Ax + 1 nr) 6.2" sin (2x + 1 nm)}. 
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¿i SUCCESSIVE DIFFERENTIATION 83 : 

D^ (uv)={(D"*! i). va D" u. D v) | l i 
*"Ci(D'u.Dv«pD'-! uD? v)«... Ex 2. Ilf  y""4y"" 22x, prove that | 

+ y on {D"- PN u.D'eDb'' u. D'y v} + | | (x? -1) Y,a * Qn Dx y, 4*0 7m) y, -0. i 

* {D u. D” v+u.D"*! y v} n [Meerut 04, Rewa 05, Allahabad 06, Indore 04, 07, Agra 09, i 
Rearrangin h | Lucknow 04, 05, 08, 10, Kashi loan 10, Rohilkhand 06, 11] 

g, we have iJ 


ma 
- 


n+ h Vm gym 22x je. y""-2xy"" «1-0. 

Dr" Qw)-(D"*' u).v+(1+ "C )(D" u.D v)... en bd 

HC, + C (DT dro aiit ; 

But "GR CIC ttc yum RENEE i yt x!-] ie -y=(xtVx?-1)” 
r r+l 


rl" 


Hence D"*! (w)2(D"*' u).v+"*'C, D” u.Dv +... 
pe og D", u. D'*' V+.. +U. D**! y 


Solving this as a quadratic equation in y ", we have 





Therefore y, *m(x£ Nx! -1)" (sz 


Therefore, if the theorem is true for any vius of n, it is r | ur n Qtr D" 
true for the next value of n. | | E. ! 4x! -1 
But it is easy to see that it holds for n — 2, for | Squaring both sides, we get (x° —1) y, 2m y. 
Duv)=(Du).vt+u.Dv — = Differentiating again w.r.t. x, we get | 
Therefore — D'(uv) -(D'u)J.v 42D u.Dv u. Dv 2(x?-1) y, y, *2x y 22m y y, \ 
Hence, by induction, the theorem must be true when or (à -1) y, +x y, -m y y, =9 à 
n = 3,and also when n = 4; and so on. Thus it must be true for Applying Leibnitz's Theorem, we get ' 


every positive integral value of n. 
Ex.1. If ^ y=e*™ is (or x=sin [(log y)/ a]), prove that 
(1-x )y«2 ~(2n+ 1) xy, ; -(n° +a *)y, =0 
[Jabalpur 03, Indore 03, Guwahati 05, Allahabad 05, Avadh 06, 


i i i ee eh he wo c s sy 


(x? -1) y,,.+"C,y,,,-2e+" Cy, 29 xy +” C, y, m y, =0 
or (x-1y,,*Qx)ny,, *n(n-l) y, *xy,, ,* ny, -m. y, =0 
o = (x?-1) y,,, +(2n+ 1) xy,,, +(m’ ^m ) y, 20. 


me A 


> . 


Agra 06, 08, Rohilkhand 03, 10 (1st part), Raipur 15] Ex. 3. Differentiate n times the differential equation P 
: : | asn^x . i tp 
Since : y=e , we have A (07:2) 2-22 ea! y-0 with respect to x. 
^. gen x a -x? ? =a? y’. | 
ADU US or “(=x )y, Fay [Lucknow 2009 (1st part)] 


Here D'((1-x*) y,} 


Differentiating this wart. x, We get ; 
=(1-x") y, 2 * n. (72x) y,, *(1(-0/25(-2) y, 


(1-x^)2y, y, -2x y, 22a! y y, i D'( 
TT | -X =Z- _ 
Or - (1-x? ) y, —x y, =a? y [Dividing by 2 y, ] bj yi)--xy,,u-ny, 
D (a y= a! y,. 


Applying Leibnitz 's theorem, we get | 
Adding ee eor d 


. d- -xX 23552 -(2x)n y, 7 -n(n- 1) y, — Ymi T -n y, =a’ Y, 
M : i.e 1 quy d" y i 
or (1-x 3) ya -Qn* Dx y, sur +a Ys =0 ' ve (1-x ot a ~ One x^ — +O rai. =0 | | 
: c | dx" x | 











ragot re a ETE - - 
- $— -a - 6 
M > > 4. 
2t oor mA C Inl a ee ee See ee THREE CERT 


Scanned by CamScanner 








Scanned by CamScanner 








Scanned by CamScanner 


88 i 
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B | 
r (1x!) p txy, =mvV14x? "Jy-mmy [using (2)) | Also find y, (0). [Delhi 2005] 
or (Lex) y, +x y, -m! y=0 (3) s, If y=cos(msin~'x), find y, (0). [Himachal 2005] 
Differentiating this n times using Leibnitz's Theorem, we get 6. If yae" ^*, prove that 
2 
(cx ) y, t2nx y, en(n-l1) y ex y, +72), -m'y,-0 (1-x” )y,,, —(2n+ 1) xy, , 7 (n* +4” )y, =0 
2 ; 
aid (x) y, +(2n41)x Ymi +n? -m° )3, =0 (4) and hence find the value of y, at x=. 
Putting x= 0 in (1), (2), (3) and (4), we get | [Patna 04, Gorakhpur 05, Agra 06, 08, Rohilkhand 10, 12] 
YO)=1, yı O=m, y, (0)=m and | ANSWERS 
2 2 ' ? 
-27 = ^ 0 j 
J (m =n) y, (0) (5) 1. Owhenz is odd, and 


Putting n = 1, 2, 3, 4 etc. in (5), we get 
y;(0)=(m? - P) y, Q) e m (m -1*) 
y,(0) 7 (m° -2*) y, (0)= m (m -2?) 
»,(0) 7 (m* -3° ) y, (0) =m (m? - Y? -3° ) 
X(0) » (m* -4° ) y, (0) 2 m^ (m? -2? (m? -4?) 
In general, when z is odd, then | 6. [(n-2) «a ][(n—-4) + a’ ].....(3? + à)14 à^).a when n is odd. 


(71)? (n -2)! (n-4) (n—6y.....2 -2 when n is even. 
4. 0 when n is odd; (n—2)?(n—-4)’....47. 27. 2when n is even. 
5. 0 when nis odd; 


m? (22 -m' 4? -m° )....((n-2y —m’} when n is even. 


y, (0)7 [m^ -(n-2) J[n? -(n-4y ]......... (m) —1°)m [(n- 2) + aè (n7 4) + a^ J...(4* + à 2 @è).a when nis even | 


and when n is even, then j 
y, (0) = [m -(n-2y ][n? -(n-4) ].......... (m? -2! ) m. 


EXAMPLES | | ^1 
l. If y-[log {x+ JI x, find (y, )o. 
[Rohilkhand 04, Meerut 05, Kashi Vidyapeeth 09 (2nd part)] | ; y 
2. If y-tan x, thenprovethat — (1 x^) y, 4 2x y, =Q hi 
Find the value of y, (0) and show that when n=2p, 4p+1,4p+3, | | 
then its value is 0, (n—-1)!, - (n — 1)! respectively. 

[Agra 02, Jabalpur 07] 

3. If y-l(tan 'x), show that - 
(y, 190427 (y), * n (1-1 (n-2)C(y,.;), =Q . | 

4. If y=(sin™'x)’, show that ; 

(1-x) y,, ,- Qx DESAT -ny, = 0, H 
[Delhi 05, Agra 08, Allahabad 12] | ' | li 
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Cauchy sequence is convergent. For a complete space we can 
give the definition : 


A sequence {Sn} is convergent if for any positive number 
e€ however small, we can find a number N such that 
I$, —s,|«€ forall m, n>N. 
This is known as Cauchy's criterion of convergence. 
Le. a sequence converges if and only if it is a Cauchy 
sequence. 


6.2. Infinite Series. Let u, be a function of n, which 
has a definite value for all positive integral values of n. Then 


an expression ofthe form _ 

HU, +u, +U, +.. tuU, +., 
in which every term is followed by another term, is called an 
infinite series. The above series is denoted by 


» 
Xu, or 25. 


nzl 
and the sum of its first n terms is denoted by s,. 
An example of an infinite series is the geometric series 
I-ie-() € +... (1) 
Let us consider the sum of its first n terms. For this series 
$, -2-(1) or 2-s,-(1) E 
We see that when n gets larger and larger, (4) ‘become 
smaller and smaller. By choosing n sufficiently large, (3) "'can 


be made as small as we please. Therefore s, approaches the limit 2 
as n tendsto infinity. A series like (1), for which s, tends to a finite 
limit, is called a convergent series. 


Now consider the infinite series 
14-242? +2? +... (2) 


In this case s, —2" —1 As n increases, 5, also increases; and by 
choosing n sufficiently large, s, can be made to exceed any given 
number, however large that number may be. Thus s, tends to 


| 
| 


Í 
t 
t 


~p 
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infinity as n tends to infinity. A series like (2) is called a divergent 


series. j 
There is a third type of series: consider for example 


1-141-1-41-1-..., 
1-345-7-49-11-.... 


In the first series s, is equal to lor 0, according as n is odd or 
even. In the second series s, is alternately positive and negative, 
while numerically it goes on increasing as increases. Such series, 
in which the sum to n terms fluctuates from one value'to another, 
or from a positive value to a negative value, and does not approach 
a limit, are called oscillatory series. 


Rules of algebra, like addition, multiplication, etc. cannot be 
always applied to infinite series. For example, denoting the series 


or 


(2) by S, and writing 
S=14+2+4+8+16+..., 
we have 2S = 2+4+8+16+.... 


By subtraction we get $ ——1, which is absurd, since all the 


terms in S5 are positive. It can be shown that the addition of two 


infinite series is valid for convergent series only; and their 
multiplication is valid for a particular class of convergent series. 
For this reason, it is of importance to find out whether a given 
Series IS convergent or not. 

We frequently make use of infinite series in calculus. For 


2 3 
X 
l¢x¢ 24% 4 
2! 3! 
Unles i i 
S we can assign a definite meaning to the sum of an infinite 


Series, it will not be of 
any use to deal with sy 
NOW proceed to do this. es 


6.2 : eue 
E Definition of Convergence. The concept of limits 
meaning z Chapter II can be utilised to give an exact 
? the convergence and sum of an infinite series. 
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DIFFERENTIAL CALCULUS 
2. 16-124. 9-22 + u = 
3. I+24+3444_ - 
4. baud *4x au if|x|«1 
ao $ REP REN 
. 4 l 
(m+ 1)(m+ 2)" (as (mad) (n 3)(m+4) "" 
[Kanpur 1995 
6. (8, 2+ log. 24 log, $+ log, $4... : 
ANSWERS 
L. Convergent. 2. Convergent, 3. Divergent. 
4. Convergent. 5. Convergent. 6. Divergent. 


SERIES OF POSITIVE TERMS 

6.3. Some general theorems. 

of the first n terms of every series. Therefore the definition of 
convergence cannot be applied directly in every case and we 


have to devise other methods for testing the convergence of a 
given series. 


We cannot find the sum 


The following general theorems on infinite series will be 
found useful in obtaining such methods. The last two 
theorems are for series all of whose terms are positive. Tests 
of convergence for such series are easier to obtain. We shall 
see later that quite often the convergence of a series of 
positive and negative terms also depends on the convergence 
of a series of positive terms. 


THEOREM I. For every convergent series >, u, 
lim u, = 0. 
For u, =s, —s,_,.On taking the limits as n > co, s, and 
Sn-ı both tend to the same limit s. Therefore u, > Oas n >o, 
From this theorem we can devise the following test : 


If lim u, #0, the series is non-convergent. 


If in addition the terms of >. u, are all of the same sign, 
the series is divergent. 





etym tm —ÓÀ 


a  — 5" — 


true. if 
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The student should note that the converse of the above theorem is not 
lim un = 0, the series may or may not be convergent. 


For example, consider the series 


l l l l 
1+ —= + — + St FH tee 

UB d Tn 

Since the terms go on decreasing, | 

11 e MS 
=1+—+——t...+—= >= + + - 
»cieg tg ut Tn dn dn 7 dm 

s » An, which tends to infinity as n tends to infinity. Therefore the 
ve. 5,200, | yas n 
sie is divergent, even though lim u, = 0. 

Thus, in order that Y u, be convergent, it is necessary 
but not sufficient that 

lim u, = 0. 


THEOREM II. The nature of an infinite series ana 
unaltered by the addition or removal of a finite -— pi J 
terms, or by the multiplication of each term by a 
number (# 0). | | | 

Let u +u, +... be a given series, and let 
at+u, +u, +... be a series obtained by adding one pis 
term to it. Denote by 5, the sum ofthe first n term of the firs 


series, and by S, the sum of the first n terms of the second 


series. Then 
S,=ats,_, 
so that lim S, =a+lims, ,. 
If s, tends to a finite limits as n 2 eo, S, tends to ats. 
Ifs — œ as n — co, S, also tends to infinity. If s, oscillates, 


so does S,. Hence the nature of the series remains acis 
by the addition of one term. A similar proof shows that 1 


remains unaltered by the addition of a finite number of terms. 


e 
: . If a = - u,, the second series becomes uz + us * .... So th 
theorem is true for the removal of terms also. 
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The series is divergent if the above ratio is greater than 
or equal to unity, 


(i) Let the series beginning from the specified term be 
denoted by 


u u u 
and let <r, er, no, where pe]. 
u u, 3 
u U,- u. u 
Then p = Sy 





n ? ib 
Un» Un,» Uy U 


«r.r...r.r.u, ie ur", 
Hence u, + u, +u, +... is term by term less than the 
series 
Moturturegeurt e. (1) 


Series (1) is convergent since r<1 (Ex. $ 621). 
Therefore the given series is also convergent. 


E x u u u 
(li) Again,if —»r p... 
u, u, u, 


where r 21, then the given series is term by term greater than . 


the divergent series 
u +u rtur? +... 
Hence it is divergent. 
COROLLARY. The series V u, is convergent if 


and divergent if limu,,, / u, >l. 


, Let lim u„,, / u, be /, and consider first the case when /< 1. 
Choose a positive number £, such that / +e < 1. 


Then we can find a number N such that 


n+l 


u 
] 

omnes 

u 


n 
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for all n > N. Therefore, for all except a finite number of terms, 


u 
mon SP hE 
u, 
a fixed number less than unity. Hence the series is convergent. 
The proof when /> 1 is similar. ij 
When lim u,,, / u, =1, the test fails; and we cannot say 
whether the series is convergent or divergent. 
NOTE. The student often wonders why it is necessary that u, , , / u, 
should be less than a fixed number which is less than unity. He thinks that 


‘this statement is equivalent to saying that u,, , / u, is always less than 


unity. But this is not so. If u,, , / u, is always less than unity, the series 
may or may not be convergent. 


For example in the two series 


] | 
pde ok a and Pee iir 
2 n 


BB T s 
yni (n*1) and [n/ (n4 D]? 


u,, , / 4, is equal to 


"respectively, both of which are less than 1. But for both of these there is 
. no fixed number | such that 


u,,,/u, «I«l 


for every value of 7. Now the first of these two series is divergent while 
the second is convergent (§ 6.3), which shows that it is not sufficient for 
convergence that z,. , / u, be less than unity. It may be noted that for 
both the above series lim v, . | / u, 7], and so the results are not contrary 
to the corollary. 

In applying the ratio test, it is more convenient to find 
lim u, , | /u,, than to find a number less than 1 and exceeding 
each ratio. If this limit is unity, then further tests should be 
applied. 


Ex. 1. Test the convergence of the series 


2 3 4 
X x X 
— + —— + —— +—— +..., where x> 0. 
5-6 7.8 


1-2 3.4 
| [Avadh 08, Kashi Vidyapeeth 09] 
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Test for convergence the following series for positive value of x 
8. 143x+ 5x! + 7? 4+... 
9, 1° 42*x4+ 3%x? + 47x +... 


3 15 * as 
10. a+ ax jim S he A dee gh das 


10 7 ol [Indore 2005) 


ll. 1+—x+-x* +—x’ + 
5 9 


1 2 .f3Y T OE 
12. <4 rH =] at 1x?«... 
2 3 B GE = 


ANSWERS 


2. Divergent. . 3. Convergent. 


1. Divergent 


5. Convergent. 


4. Convergent. 6. Divergent. 


7. Convergent. 8. Con. ifx «1 div. if x21 


9. Con.ifx«l div.if x 21 10. Con.ifx«] div. if x 21 


11. Con. ifx «Ll div.if x1 12. Con. if x « L div. if xxl 


6.5. The series »1 / n? . The infinite series 


1 l 1 l 
TT E pe +. 





is convergent if p> 1, and divergent if p<. 


[Meerut 05, Indore 05, Himachal 06, Patna 07, Jabalpur 08, 
Bilaspur 09, Kashi Vidyapeeth 10, Raipur 13, Allahabad 13] 


CASE I. Let p > 1. As the terms are all positive we can 
group them as we like. Now group them as follows : 


l 
1 (1.1 1 1 1 x) 
La + )+(getatart T 


] 1) 
—RoetLm|te ( 
T 5) 
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s series is less, term by term, than the series 


Thi 
La Lyt |, Lat») 
1^ + JP 2P 4^ 4^ 4P 4P 
l l ] 
t ( 8^ g^ 8^ ) e 
But (2) can be written as 
2 4 8 
l+ — + — + — + 
9P 4P gP 
which is a geometric series with the common ratio 
9/2? =1/2”'. So the series (2) is convergent since 


1/2?! <1. Therefore the series (1) is also convergent. 

CASE II. Let p = 1. Then the series becomes 
1+4+4+4+.... The terms in this series can be grouped as 
Ie (121) (iie (rue)... (3) 
This is, term by term, greater than 
l+t+(4+1)+(} +L+l +1)+(4 +...42) +4... | 
E | I-jv-i-icl-4.. 

_ Which is divergent. Therefore (3) is also divergent. 
CASE III. 


I.e. 


Let p « 1 (negative values of p- bei 
f: hd p being 
| included). Then the series is term by term greater than the 
| Series (3), and is, therefore, divergent. 


f 
| The series 2: l/ n" will be found useful as an auxiliary series for the 
| upose of the comparison test given below. 


6.51, Comparison Test. Zf Su, and »» are two 


f Series of * 4. 
Positive terms such that li ; 
hon. ; at lim (u / v lS fini 
"zero, then the two series a co Fano 
| divergent. 
l en we can 


re either both convergent or 
/V,=1. Choose a small positive numbere (< /): | 


find a number N such that 


Iu, / v, - l|«e 
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for all n > N. Therefore, for n > N, 
u,/v,<l+e 


and u, / v, >l-e. 


(2 
If v, is convergent, Y (1-- £)v, is also —— 
Again by (1), V. u, is term by term less than Y (^c) 
except for a finite number of terms. Therefore > u, is also 
convergent. 


(il) If 5^ v, is divergent, so is Y, (/-e)v, . Also, by (2), 
>, ù, is term by term greater than >, (J-€) u, except for a 
finite number of terms. Therefore Y u, is divergent. 


To apply the comparison test to a given series > u, , the 
auxiliary series 5° v, must be chosen in such a way that 
lim uw, / v, is non-zero and finite. This can generally be done | 
by taking v, equal to the term of the highest degree in n (or. 
the lowest degree in 1/n) occurring in u,,. 


j 
| 


In simple terms, applying the comparison test means that 
if the " larger " series converges, so does the " smaller " one 
and if the " smaller" series diverges, so does the " larger" one. 


Ex. 1. Test for convergence .9' [Jn? +1-7] | 
= [Jabalpur 09] 


Here u, =n" $1)-n=n(141/n’)'? -n | 
-n(tezQ/m')-10/nf) +g 7n | 
-1(1/n)-1(/m)s.... | | 

Take v, 21/7, then 
jim u, / v, -lim(; -10/ m) +...3=4 4 
which is finite and non-zero. Since » v, is divergent, therefore | 
Y. u, is also divergent. i 
Ex. 2. Test the convergence of the series 


| ax xt x 


6 
— + —— + —— + — t... 
avi 342 443 544 


f 


to oo. [Lucknow 1995] 1 
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Here u, =x"? /(n& 1) n and rt / (n 2) [n » 1. 
- +1)vn 

Therefore lim =+ NM 
u, (n 42) 4n *l 


"-- i 
Hence (by the Ratio test), the series is convergent if x^ « 1, and 


x? =x’. 





divergent if x >l. 


If x? =], then u, =1/(n+1)Vn andtaking v, 21/ n^" ,we 


findthat — lim u, / v, =1. 
.. Since > v, is convergent, the given series also 1s convergent 
for x? =] : 

EXAMPLES 


Determine whether the following series are convergent or divergent. 


I l l n 2LP [3 
.l-—--*--t-2ee 0 2. ,j—+.,/— +.,/— +.... 
;| 3 5 7 2 V3? V4? 








[Jabalpur 07, Himachal 07, Indore 08, Avadh 11] 


1 2 3 4! 
| 4. pA os T Pr [Meerut 2004] 
5 2-3 4 5 
. Py» 4 [Garhwal 06, 10, Avadh 10] 


Test the convergence of the series whose general term is: 


n 
Are, (a+ nb 





[Garhwal 07, 12] 
[Kashi Vidyapeeth 2008] 


[Meerut 03, 05, Allahabad 05, Avadh 06, Patna 07, 


xd Bilaspur 07] 
convergence of the following series for x » Q 

eius la, l; n jf 
ar Tha tit x" /(n* +1)... 
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108 DIFFERENTIAL CALCULUS 
Doa uu aV a Kashi 
"AO 3 84 457 [Kashi Vidyapeeth 2919) 
2 3 
Bl bee 
x+] x+2 x+3 
2 n 
14. - NN E C S 
a+b a+b a-n? +b 
ANSWERS 


Divergent. 


2. Divergent. 3. Convergent. 


Divergent. 5. Con. if p>2, div. if p <2. 


7. Divergent. 


1 

4 

6. Convergent. 8. Convergent. 
à | 


Convergent. 10. Convergent. 
11. Con. if x € 1 div. ifx>1 

12. Con.if xx | div. ifx>l. 

13. Con. if x«l div. if x21 

14. Con.if x «|. div. if x21 | 


6.6. Comparison of ratios. /f >, and >, be two. 


————— HÀ 


series of positive terms, then uu, is convergent if (i) » v 


is convergent, and (ii) fram and after some particular term | 


n+1 n+1 l | 
e $ 

i j 

Ua Va | 


yu is divergent, if (i) v, is divergent, and (ii) from 
and after some particular term | 


u Va l | 

3 noti 
-=> Since the removal of a finite number of terms d a 
alter the nature of the series, we shall suppose t | 
inequality is satisfied from the very first term. 


u, Vj Uz, _ V3 
L Let | —«—, —«—.,... 





i.e. 


«A ( v, Y, Y, be V, ) 
Ls vy? 


Therefore, if »v. is convergent, Su, is also 
convergent. 


i 
IL Let =>; m= 


- E u, U, d$ 
e Then u, +u, +u, +... +u, =u | 1+ +=... 


uy wu u 


y y y 
> u pe ur ee. 
vy V; V 


3 . u 
kie. >(v +v, +V uev, ). 


W 
. Therefore, if $y, is divergent, Su, is also divergent. 
NOTE. The test for convergence given in the article above can also 
be stated as follows : 
> u, is convergent if (i) > v, is convergent, and (ii) from and 
after some particular term 
U, ` y 


n > no 
y 








u 


n+ 1 n+ | 


This form of inequality is often more convenient to apply, as in the 


articles 6.61 and 6.62 below. The test for div 
similarly, 


By taking 9" 1/ n? for 
derive tests which are ve 
When lim u, 


ergence can be stated 


>: v, and applying the above test, we can 
ry convenient for determinin 


"aede g convergence 
| /u, is unity, 
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6.61. Higher Ratio Test ( or Raabe's Test ) A serie 
k S 


u, Of positive terms is conver y accor 
i vergent or divergent i 
B 0 ding 





. u 
im n| : -1 tere 
Une 


Let in vn a 
Unt 


where / > 1. Choose a number p lying between / and 1 and 
compare the given series Siu, with the auxiliary series 
| / n”. This series is convergent since p> 1. 
Therefore, > 4, will be convergent if from and after 
some particular term 


+1)? p 
m. Scan a 2 or (142) 








Unset n n 
ie. if Ms 5442, PP), 
Uu, 1 n 2n 
-] 
Or ` | al -1 poe 102, (1) 
U, 1 2n 


By taking n sufficiently large, the left-hand side can be 
made to approach l as nearly as we please, and the ri ght- hand 
side can be made to approach pas nearly as we please. Also, / 
is greater than p. Therefore for all sufficiently large values of 
n, the inequality (1) is satisfied. Hence » u, is convergent. 


The other case, when / < 1 can be proved similarly. 


NOTE 1. The above test should be applied only in those cases in 


/ u, =1 and the simple ratio test (§ 6.4) fails. When the 


which limz,, , pena’ 
e shown 


present test also fails, further tests are necessary. It will 


§ 6.73, however, that in such cases the series is divergent, provided that 


u, / u,, does not involve n as a logarithm or an exponent. 


n+ | 
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NOTE 2. The student should note that for the simple ratio test the 
limit OF Mav /u,, was determined, while the present and all the 
subsequent tests (§§ 6.62, 6.72, 6.73) employ the ratio u, E 


Ex. Test for convergence the series 








AM »6 1, 5:69 5, 96912 4, 
;**7.0 74013 7-10-13-16 
3.6.9... (8n-3) _n-1 
indi Mn 77 10.13..Qn4D) - 
20 $69..0n-33n n, 
Á “nsi  7.10-13... (3n 41) n +4) 
Therefore = EE and lim - =x. 


Hence the series is convergent if x « 1 and divergent if x> 1 


` (considering only positive values of x). If x — I. 








| 4 
lim n “n -l|-limn Sn ze] _4 
ae 3n 3 


which is greater than 1. Hence the series is convergent. 


6.62. Logarithmic Ratio Test. A series of positive 
terms is convergent or divergent according as 





im {n log Uy jo or <l. 
Uist 
Let lim n log (u, Y u,,,) — I, 


where / > 1, and choose a number p lying between / and 1. 
Then, comparing the given series du, with the auxiliary 
series 9 1/ n^, which is convergent since p > 1, we see that 

4, is also convergent if from and after some particular 
term 





u ] +n)? p 
— >! i), or { 144] 


Uns n’ n 
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112 DIFFERENTIAL CALCULUS 
Taking the logarithms of both the sides, 
if log —"- > p log ( $ J 
nal n 
M u | ] l 
i.e. if log —— > p| - -— + —~-... 
Uy 2t 2n 3pm | 
Or nlog—2—» p+2 "T" 
Una ni 2 3n 


By taking n sufficiently large, the left-hand side can be 
made to approach / as nearly as we please, and the right- 
' hand side can be made to approach p as nearly as we please. 
Also,!> p. Therefore the above inequality is satisfied for all 
sufficiently large values of n. Hence > u, is convergent. 


The other case, when Z< 1, can be proved similarly. 


This test is an alternative to Raabe's test and should be applied when 














lim u,/u,,, —-l and taking the logarithm of u,/u,,, makes the 
evaluation of the limit easier. 
Ex. Test the convergence of the following series 
2x 3° x^ 43 x? 54 x^ 
1+—+ + + Tos 
2! 3! 4! 5! 
[Himachal 06, Rohilkhand 10, Garhwal 11] 
"ptem n+l)” x" 
Here u, TV O O and Une} +1) xe 
n! | (n +1)! 
Ur, +1)" IY n 
Therefore OT Asi .— x 
u, n"! n+l n) n+l 
and lim u, / u,,, =ex. 


Hence the series is convergent if ex « 1 i.e. if. x< l/e; and 
divergent if x> l/e. If x= lle, we have 


-im nog 


4, 





lim n log 


ENIMS RN 
(14-1/ n)"^! 


n+) 


t 

] 

" — 
. DN - = 

i 
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= lim n (loge - (n - 1) log (1-- 1/ »n)j 


n-li n -1l n-l, | 
— . ran + ——— - een 


= lim T -1/20) (nD /30 e 


r 


which is greater than 1. Hence the series is convergent for x= l/e. 


EXAMPLES 


"Find whether the following series are converg 


a(a*), a(a*D(a*2,.— 
12 123 


ent or divergent. 


l. l-a-* 
[Kashi Vidyapeeth 2012] 


EIS | Vs [Himachal 2007] 


— + + — 
4? 4?.8? 4? .8g .12? 


Test for x » 0, the convergence of the following series. 


2 4 IA RT. 6 , 
3 eee ESS EST x , | [Rohilkhand 2008] 
2 4 24.6 8 24.6810 12 
2 2 42 2 42. «2 
4. xt 4 At 27 E x* 4 ....[Bundelkhand 


X + ————X *—————— 
3.4 3.4.5.6 3.4.5.6. 7-8 
06, Bilaspur 07, Garhwal 09, Raipur 11, 14, Allahabad 14] 


5. 1+ icc PLANE + 


Raipur 2015 
2 24 24-6 [Raip | 














+ 
22 3 4! 5 


[Himachal 05, Indore 06, Bilaspur 06, Jabalpur 07, Garhwal 09, 
Avadh 11, Allahabad 13] ' 
ANSWERS 
1; Con. if a € 0, div. if a » 0. 


3. Con. if x? <1 div. if x^ >L 


2. Convergent 
4. Con. if x? <1,div. if x? >L 


5. Con. if x«l,div.ifx21. 6. Con. if x «l/e,div. ifx »1/e. 


4s 
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Taking the logarithms of both the Sides, 


: u 
if log > plog(1+ +} 
n+l nj 
n+l n 2n? 3n? 
"T nig > pe PLI 
n+] n 2 3 n b 


By taking n sufficiently large, the left-hand side can be 
made to approach / as nearly as we please, and the right- 
hand side can be made to approach p as nearly as we please. 

Also, l > p. Therefore the above inequality is satisfied for all 
sufficiently large values of n. Hence x is convergent. 


The other case, when / « 1, can be proved similarly. 


This test is an alternative to Raabe's test and should be applied when | 


lim zu, / u,,, —1l, and taking the logarithm of u,/u,,, makes the 
evaluation of the limit easier. | 
Ex. Test the convergence of the following series 
2c Se" 4 x OS 
1+—+ + + 
2! 3! 41 5! 








Pues 





[Himachal 06, Rohilkhand 10, Garhwal 11] 


n-i n-] noon 
Here u, =" *¥ and ZAE ses 
n! (n +1)! 
n+ +1)” l 
Therefore nl PL 
u, n"! n+l nj n+l 
and lim z, / u,,, =ex. 


Hence the series is convergent if ex «1 i.e. if x< l/e; and 
divergent if x ^ l/e. If x= l/e, we have 


=limn bel 


u, 





lim n log 


n+l 


"M AMT 
(19 1/ n)! 








m HÀ ÁÀ—H MÀ 
1 
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= lim n (loge -(n- 1) log(1+1/n)} 


-] n-l n-1l 
inni ed 
n 


h is greater than 1. Hencethe series is convergent for x= l/e. 
EXAMPLES 
^Find whether the following series are convergent or divergent. 


a(a+l), a(a*D(a*2, — 
12 123 


whic 


l. l+at 
(Kashi Vidyapeeth 2012] 
bid TO + qoc [Himachal 2007] 
4 48 44.8.12 
Test for x » 0, the convergence of the following series. 


2 4 o. 5.7. j l 
Ix 135x 13579? X i.. [Rohilkhand2008] 





B ee 
24 2468 2-4-6-8-10 12 
2 2 42 2 42 g 
Ax? PERT P T x 1-289 0 d + ....|Bundelkhand 
3.4 — 34-96 — 34.56.78 


06, Bilaspur 07, Garhwal 09, Raipur 11, 14, Allahabad 14] 
l 13 , 13-5 , 
——x + 














5. l4+—x+—rx'°+ [Raipur 2015] 
2 2:4 2-4-6 
9? x? 3? x! a" xt 55 x? 

6. x+ + + T... 


2! 3! 4! 5! 
[Himachal 05, Indore 06, Bilaspur 06, Jabalpur 07, Garhwal 09, 
Avadh 11, Allahabad 13} 
ANSWERS 
1; Con. if a<O,div. ifa» 0. 2. Convergent 
3. Con. if x? <1,div. ifx? >L 4. Con. if x <1 div. if x? >L 


5. Con. if x«l,div.ifx 21. 6. Con. if x< 1/e div. ifx 21/e. 


Áz 
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6.7. Cauchy's Condensation Test.* 7f the function 
fín) is positive for all positive integral values of n, and 
continually decreases as n increases; and if a is a positive 
integer greater than unity, then the two series, > f (n) and 
> a" f(a") are both convergent or both divergent. 


Write the first series >. f(nyas follows: 


{f() + f(2) tos f(a} 
+{flatl]) +f(at+2) — 8 f(a’)} 


+4 f(a +1) + f(a 2) +t f(a’) +... (1) 


Then the terms in the rth group are 
f(a"! +1) 4+ f(a ^! +2)4+...4 f(a’). (2) 
Each of these terms is greater than the last one, viz., 


f(a"), for the terms go on decreasing by hypothesis. Also 
the number of terms is a” - a ^. Hence the sum of all the 


terms in (2) is greater than (a^ -a"') f(a"), that is 
f(a! +1)+ f(a"! +2)+... 
+ f (a )»(10- a7! )a' f(a’) 
Giving to r the values 1, 2, 3, ..., n successively, -and 
adding, we get 


$0» -a) Vasa’) 0 


Again, since the terms go on decreasing, each term in (2) 
is less than f(a"~'), and their sum is less than 
(a’ —a’') f(a’), that is, 

f(a *1)* f(a ^! +2)+... 
+t f(a^)«(a-1)a"^! f (a^!) 


* Named after Augustin Louis Cauchy (1789-1857), a profound 
French mathematician. He was one of the leaders in infusing rigor in the 
treatment of infinite series. | 





M — MM HH M [—HÓ 
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tting r equal to 1, 2, 3, ., 7 successively and adding, 
Pu 1 > 3 9 


we get 


Spncavaa say O 
l 

2 rx 3 

! hows that if >a’ f(a") 1S 

The ped y rr " while (3) shows that if 


vergent, 

S'a r Ka 7) is divergent so also 1S >, f(r). | 
Generally it is immaterial what value 1s assigned to a. 
The infinite series 


6.71. The series y» / n (log n)". 
| | 
-—— — uei + 
P 2 (log2)" j 3 (log 3)? n (log n)” 
is convergent if p> 1, and divergent if p <1. 


We shall apply Cauchy's condensation tes 
convergence of the given series. In the present case 


f (n)=1/n (log n)" 





t to test the 


and therefore | 
a" f(a”) =a" / a" (log a^)" =1/(n log a)" 
-(1/n?)(loga) ^ 

The constant factor (loga)? is common to every term. 
Also, AU n? is convergent if p> 1 and divergent if p <1. 
Therefore the given series is also convergent if p > 1 and 
divergent if p x 1. | 

6.72. Another Ratio Test. The above series can be used to 
devise the following test which can be applied when 
lim n (u, / u,,, —1)=1 and so Raabe's test fails. 


n+l 
A series V u, of positive terms is convergent or divergent 
according as | 


imo H, EIL or «1 
Has 
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f the series 
! Test the convergence o 
Let imf a| Sn DELE EE 3 2 4 P. 4^ 
Hasi I+ 37% 37 5? 5? + 37, 82, ae 
where / > 1, and choose a number p lying between / and 1. Then 
i balpur 09 
the series Şi /n(logn)? is convergent, since p > 1. Comparing cii a 06, Jabalpur 09] 
dM u, With this series, we see that È` u, will be convergent if | 7 27. 4? ..Qn-2). 
u, (n +D {log (n e Dy" a) Here Hn =a, 83... (2n - 1) 
£ Unai "n (log n) 9? . 4? Qn -2y (2ny 
*, for all sufficiently large values of n. Sand ^ Unset 732. 52 .. (2n 1). 2n +D 


. Now, for large values of n u, (ny 


Therefore —— = Qn +)? 


log (n +1)=log n+log(1+1/n)=logn+1/n+..., u 


and the right-hand side of (1) becomes 


] l g l 
UH 1+ +... =( 1+ ) 1+ p t... 
n n logn n nlogn | 


dietus P + terms involving higher powers of 


which tends to 1 as n — %. Proceeding to the next test, we See that 


E Je Qn-1y -Qn) 4n4l 
n n- —] |=n— 











(2n y" dn 





- which again tends to las n o. 


nand log n in the denominator. Finally, applying the test of the preceding article, we find that 


























Hence the condition (1) can be written as | 
u I lim} n| “2 neem od nuni ee os 
NC E SONNEN, T Em." "— Ce 4n án 
"NT n nlogn a ERR VOLI, 
^ - Since this limit is less than 1, the series is divergent. 
c 2 | > T | pit og" p This example is a particular case ofthe following general rule. 
n+l ; 
. 6.73. A general rule. A series y. u, of positive terms is 
Or n —1|-1 $ logn> p+ terms involving n and divergent if 
Une! 
j n -1 
log n in the denominator. E. | Une 
Now the left-hand side tends to / and the righthand side tends | lsanalgebraic function of n which tends to 1 as n — œ. 
to p as n — co, and I > p. Therefore the inequality is satisfied for i : ELA 
large values of n. Hence $ u, is convergent. Let A is. or ls a +a i T 
-i 
The other case, when / « 1, can be proved similarly. Uns n tbn + 
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the terms of the highest degree in the numerator 4 
denominator being the same, because the limit of "à 


expression is 1. 
. u | 
Then lim fe Jn log n 
Une) 


= lim 
n +b nko! 0g n 
- lim f Ale + logn 
n t. n 


Now the first factor tends to a, - by and the second factor 
tends to zero as n — œ. Therefore the limit is zero, which is 
less than 1. Hence, by the theorem of the preceding article 

u, is divergent.* 


An independent proof can be given by comparing 2. u, 


directly with }°1/n (logn)’. 
EXAMPLES 


| Find whether the following series are convergent or divergent 


2 2 2 
p CEN Mog) is EE +... [Bundelkhand 2011] 
n . 


p 3* 


| | l! 4... [Rohilkhand 1995] 








2. pL———ÀÓÀ4 4 —___ 
- (log2) = (log 3 (log n)" 
ac n J 
3. [Allahabad 1995] 
2 Vlog n 
j, 2 20D eee [Meerut 2004] 





b b(b+1) b(b+1)(b+2) 


r 17, 2* 


* The theorem can be proved similarly if n (u, / us + ; - 1) involves 
fractional indices or the radical sign. By an algebraic function we mean 
that it does not involve z as a logarithm or exponent. 








SOY oat m^ 
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rails aad 2-72 [Rohilkhand 1994] 


152-3" 
Test the convergence ofthe following series for positive values of x. 
e 
2 1? 3^ [?.3?.5* r ; , sani 
Vy, xt Se [Rajasthan ] 
6 P PP PAG 


ap , ala + DB(B* D 2 
7. n 12 y (y * 1) x 


a(a*D(o*28(-0(08*2 5, ps9 
123.y. (y + D (y + 2) 
[Allahabad 05, Himachal 06] 
ANSWERS 
||. Convergent 2. Divergent 

3. Divergent 4. Con. ifb—-a>l, div. ifxzL 
5, Divergent 6. Con. ifx «1, div. ifx2 L 
7. Con. if x <I, div. if x> I; when x=1,con. ify-a -ß » 0, 


div. ify - a. - p <0. 


= 6.8. Test for Alternating series. The infinite series 
u — u, + u, —..., in which the terms are alternately positive 


and negative, is convergent if each term is numerically less 


than the preceding term and lim u, = 0. 
Suppose lom db > 7 > th, Sus 
and lim v, — 0. Consider the sum of an even number of terms. 
Then | | 
$5. - (14 = u, ) + (u; u u4) tet (15, 1 e U>,)s (1) 
Which can also be written as 
San =U, — (U, — U, )— (U4 —u5)— ...— Up. (2) 
Since the terms are decreasing, the expressions within 
rackets in ( l) and (2) are all positive. Therefore we see 
d (1) that s3 is positive and increases as n increases; and 
iW See from (2) that it always remains less than u;. Hence Sz, 
St tend to a finite limit (§ 6.3, III). 
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ju, [+ s | + oot s D e 
series each term of which is positive and numerically 





Now consider the sum of an odd number of terms, Since 


S2n41 — San T Unai 1 

: i (3) ut esponding term of 2? ,u,. 

and limu — 0, therefore s mi yal to the cor E 

San a a i.i tends to the same limit ay | “4 If the series Şu, is convergent, it is not necessary that 
"m | e also convergent. For example the series 

Hence s, tends to a finite limit whether n is even or odd LI "| ? jalpi 
Therefore the series is convergent. B 2 9 Ww 

NOTE. The student should note that it is necessary for is convergent, but the corresp onding series orp eines 
convergence that limu, =0. If lim v, is not zero, we see from (3) that L+i4i4i4.... 

55,4; tends to a limit different form 52, and therefore the series is is divergent. To distinguish between the two cases which can 
oscillatory. An example of such a series is 2-2+4-5+.... | arise We give the following definitions : 

If the terms are alternately positive and negative and go on | — Aseries 2,4, containing positive and negative terms, is 
increasing numerically, it can be shown that the series is oscillatory in said to be absolutely convergent if the series 2 "| 5 
this case also. convergent. 

Ex. Show that the alternating series 1-L+1-1+4.... is u, is said to be conditionally convergent if > u, is 
convergent. -— 

ergent while u | is divergent. 
[Himachal 2007] VTE | 2j | 
. is conditionally convergent while the 


jesd ae ore! we 

Here the terms are alternately positive and negative, each term Thus tie nis Ira t3174 Pu 1] 
is numerically less than the preceding term, and lim z,, i.e. series m + 3743 + 
lim (1/ n}, is zero. Hence the series is convergent. 


is absolutely convergent. | 
It will be found that in a conditionally convergent series, the positive 


terms and the negative terms taken separately form two divergent series. 
When their terms are suitably arranged, the difference gives a convergent 
series while their sum naturally gives a divergent series. In an absolutely 
convergent series, the positive and negative terms both form convergent 
series. 


By $6.81, it follows that if >| u,| is convergent, > wu. is also 
C 
onvergent. Therefore the absolute convergence of a series implies its 
ordinary convergence. | 


6.81. Changing the sign of terms. If we take a convergent 
series of positive terms and make the sign of some of the terms 
negative, the new series thus obtained is convergent. 

For, if we denote by s, and 4, respectively the sums ofthe first 
n terms of the two series then, numerically, 7, cannot be greater 
than s,. Therefore 1, cannot tend to infinity. Also, lim u, is zero. 
Therefore 1, cannot oscillate and must tend to a finite limit. Hence, 
the series is convergent. 

6.82. Absolute Convergence. Consider the series 
u, +u, +...+u, +... in which any term may be either 
positive or negative. Let | v, | denote the absolute value of Um 
that is, | v,| - u, if u, is positive and | u,|=—u, if Yn 
negative. Then 


were 
Ee ae mcn m e nmm m mtem —— 
r —— 

7 


E . . L 
X. Discuss the convergence of the binomial series : 


Lax 470-71) 2 n(n-l...(n-r-«l) , 
> x a —X +... (l) 


Whe e JD 
n» is not a positive integer. 


LI ee ee, € 
" — ——— —— à 


d 
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u it 
We have —** =” epe). à 


If x is positive, (2) is negative for large values of r and so the 
terms in (1) are alternately positive and negative ultimately, If y is 
negative, (2) is positive and ultimately the terms in (1)are all of the 


same sign. It is most convenient, therefore, to test the series for 
absolute convergence. 


Now, by (2), lu. llu, | |x| as r> o, 


Therefore the series is absolutely convergent if| x | « 1, i.e. if 
-l« x«l 


If |x|> 1, we see from (2) that |u, ,, / u, | » 1 forall sufficiently 
large values of r. So the terms go on increasing numerically as r 
increases. Therefore the series is divergent (if the terms are 
ultimately of the same sign) or oscillatory (if the terms are 
alternately positive and negative). 


. When x —-1, the terms are ultimately of the same sign and 
lim u, ,, / u, =L Therefore, applying Raabe's test, we get 








r(n+l) 


limr| —2--1 |=lim "m 


r-n-1l 

Hence the series is convergent for n > 0, and divergent for 
n « Q. 

When x = 1, the terms are alternately positive and negative for 
large values of r, and we can apply the test of § 6.8. It can be 
shown that lim u, =0 only when n» -1. Therefore the series Is 
convergent for n» —1 and oscillatory for n < —1. 


6.83. Steps for testing the convergence of a given series. Whenit , 


is required to test a given series for convergence, it is convenient to apply 
the tests in the following order. 

A glance will show whether the given series is (i) a series with terms 
alternately positive and negative; or (ii) a series of positive terms, which 
is not a power series *, or (iii) a power series of positive terms. 


we m 


m ———— > + 


3 4 gi OO Rs — — " 
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step 1. For series (i) the test for alternating series (§ 6.8) should be 


lied. | 
* For series (ii) an inspection should be made of the nth term, and if 


ible lim u should be determined. If lim u,#0, the series is divergent. 
t im y= 0, u, may be comparable with 1/ n" . If so, comparison test 
d d be applied. If u, involves log n, Cauchy's condensation test can be 
s 


applied. 

Step 2. Incase the above tests are inapplicable, He ratio test ja 
be applied. If this fails on account of lim z, , , / u, PONE 1, Raabe's test 
(§ 6.61) should be applied. If this also fails for a similar reason, and 


u. /u.,, is an algebraic function of n, the series is divergent (§ 6.73). 


Step 3. The logarithmic test (§ 6.6) should be applied as an 
alternative to Raabe's test when n occurs as an exponent in u, / u,,, The 
root test (§ 6.41) is an alternative to the ratio test and should only be 
applied in special cases in which the mth root can be easily evaluated. 


Step 4. For the power series (iii) the ratio test should be applied 
first. If the series is in powers of x, it will be found that lim z,, , / u, 2 Ix 
where / is some constant. For x < 1 / J, the series will be convergent and 
for x> 1/1, divergent. Forx - 1/1, the series should be treated just as in 
case (ii) above. 


Step 5. If a power series is to be tested for such values of x which 
make the terms alternately positive and negative, the alternating series 
test (§ 6.8) should be applied. 


EXAMPLES 


Find whether the following series are convergent, divergent, or 
oscillatory : 


liio E 1 [Jabalpur 07, Bundeikhand 09] 


— — 
—— 
—— € — 


——— + 
* Xta x«2a x+3a 


* A serie 
4 Power seri 
Volve x, i 


S in ascending powers of x (or some other number) is called 


es. Thus a, +a x & a, x? 4......., where ag aj, a ,... do not | 
S à power series. k 
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log 5 
4. M (-ly x" in. 
5. (i) rco E m (ii) pid a 
am 
6. Are the following series absolutely convergent ? 
e l 1 l 

(i) bun E Atv 

(i) 1- ES "zh P Wes [Indore 2008] 

(iii) TENE p ; 

4 8 16 
(iv) 1-2x4 3c! - 4»? 4..... 
ANSWERS 

1. Convergent 2. Convergent 3. Oscillatory 
4. Convergent ifx <1; oscillatory if x > L 
S. (i) Oscillatory (ii) Convergent if x € Ll; oscillatory if x > 1 
6 


. (i) No (ii) Yes (iii) Yes (iv) Absolutely convergent if 


x «1; not convergent if x21. 


Find whether the following series is convergent or divergent. 


EXAMPLES (MISCELLANEOUS) 


belts 


[Allahabad 06, Himachal 07] 














SON RRR v mm mette YN d Bertin RIN rect 
se Cu UT C J T MÀ T = 





as, 9*x | (a+2xy 
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n 


3 
I 2 24. + +¢$ 
TA 14248 1344 l+nJjnt+l 


| p 13 "(x J' 
"(1 (x) 24.6 


[Kashi Vidyapeeth 08, Allahabad 12} 


e 


= 


oo 
pU Aw 
x rs 

l 
— | N 
VS 

+ 
PAN 
ae ar^ 

l 
iu 
ee 
b 

+ 
ít 
"EP 
E > 

I 
wl > 
| a 

+ 


[Allahabad 14, Raipur 15] 


Test for convergence the series whose nth term is: 




















| n! +a , wi -n 
EST 2a Wd | 
i 1. Ls dots aL anf. 
| cos (14n) ` 14. sin? (1/7) 
| 115. . (log n)! n. : » | 16. .nlog n log log n. 

A Test the convergence ofthe followin i series for positive values of x : 
is " nx" 
an YS | 19. 
1: Diar c 18. rs Ez 

ES ! n" oma aM 
20. a ert A : 
| sy uA Te, pan, 
Eoi UAM LAE (n+ 1x" | 
AN T VIE 
[Garhwal 08, 10, Kashi Vidyapeeth 12) 
gat, le B3 r* [95 x 
cot 43 24.35 


EE 3 «4A 


| |Bilaspur 08, Raipur 12, 14] 
3 
ata) S, 


l 2! jb. 
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26. x* (log 2)? +x? (log 3)? + x! (log 4)? 4 .... 
l+ 1/2 l+ 1/24 13 

27. xx +x eus |Allahabad 11, 14) 

298. If i mt Ana Bn tact yg 

u m 


y 
Expansion of Functions 


" g 
2; OM tan"! bn’ then? 4. 


where k is a positive integer, show that the series 
A—a-1>0 and divergent if A-a-1 «0. 


en If "y u, is a convergent series of positive terms, prove that 
PX u, willalso be convergent 


2, “n 15 Convergent if We have seen that the ordinary processes of 


ction. 
7.1. Introdu ement of terms, 


iti | i Itiplication, division, rearrang 

ition, subtraction, mu i ang 

a given power, taking limits, differentiation, etc., though 

Ca i f terms, may break down for an 

U applicable to the sum of a finite number of terms, Sai 

pt | ions i j ite series obtaine 

oit 2; 1-U if 2U, Is convergent and - infinite series. The expansions in the form of wean PAP 

U, #1 n - the methods given below are therefore to be regarded merely 

U ANSWERS s expansions, which may not be true in exceptional cases. 


7.11. Maclaurin's Theorem. [Bundelkhand 06, Avadh 





1. Divergent. 2. Convergent if p>1; divergent if p «1 05. 08, Bilaspur 07, Raipur 11, Kashi Vidyapeeth 12] 

3. Convergent. 4. Convergent. 5. Divergent. À e f(x) be a function of x which can be expanded in 
6. Divergent. 7. Convergent if p » 2; divergent if p <2 .— powers of x and let the expansion be differentiable term by 
8. Convergent. 9. Convergent. 10. Convergent. -— term any number of times. 

11. Convergent. 12. Convergent. 13. Divergent. : Suppose f(x)= A4, * Aix * 4x AX tex’ 

14. Divergent. 15. Divergent. 16. Divergent. ` Then by successive differentiation we have 


17. Divergent if x <a, convergent if x> a, supposing a » 0. f'(x)=A, +2A,x+ 3A,x* + 4A,x° du 
f(x) 22. A, 43.2 A,x € 4.3 Aux ^ ..., 
f'"'(x)23.2.14, + 4.3.24,x + ...; etc. 

Putting x = 0 in each of these, we get 


f(0)- A,, f'(0)2 A, f" (0) 221 4,, f" (0) 2314, ... 


x 
Hence! f(x) = f(0) 4- xf '(0) 4 314 "*(0) 
26. Convergent if x < I; divergent if x > 1; the result holds for all = x) 
values of q, positive, zero or negative. | j 


18. Convergent ifx#1 19. Convergent if x < I; divergent if x 21 
20. Convergent. 21. Convergent if x < l; divergent if x 2:1 
22. Convergent if x < Į divergent if x > L 

23. Convergent. if x < b divergent if x > L 


24. Convergent if x < e, divergent if x 2 e. 





25. Convergent if x «1/ e, divergent if x 2 1/ e. 









et x" = 
ave Ue of (0)+..... 


This result is generally known as Maclaurin's Theorem. 





27. Convergent if x < 1/ g divergent if x 2 1/ e. 


30. Convergent. 
127 
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p 1. Expand sin x by Maclaurin's theorem. 





ie [Delhi 06, Patna 08) 
Let f(x)=sin x then f(0)=0, 
J" (x) =cos x, f'(0)=1, 
Jf" (x) 2 -sin x, f/'' (0) 0, 
f'' (x) - -cos x, f''(0)=- 
etc. etc. 
f@(x)ssin (x+ imm), f (O)=sin in 
| O-0ifnz2m, | 
and "ad IFis2msl 
Hence 3 : Pe c 
'sinx-04 x. 14042 C408. X0 (= ay x Siu 
| PM Omani 
4 T3 Sr mm Qm«ly 


Ex. 2) Apply Maclaurin's theorem to prove that VA 


log secx - 1x? +4 ix tix... 


[ Jabalpur 04, Indore 07, Agra 09, Lucknow 10, Bundelkhand 13| 


Let y=log secx then y(0)-log120 

y, = SEXE tanx y, (0) tan 0-0. (1) 
CX — | 

J, =sec" x y, (0)=sec? 0=1 (2) 


y, =2tan xsec’ x=2y, y, 
Using (1), (2) and (3), we get — 
Ve = pz +27 N =20 + ,H VO) =Al40)=2_— A) 
Using (1), 2), (3) and (4), we get | 
=22y, y, *Y44*Y1)7 204A rp ) so that 
| on 2(04.0)-0. ' 
| Again, y, =y, y, + Y 3 434i) = 
so that y,(0)=2(0+4.1.2+0)=16. | 


»X(0)-5,(0)»(00-0 — Q) 


Xy, Y 8 4y,y, +BY) 


we Y UB d CHEN Pene 0 can Primeon errr euman aae aeaa a aaa TETTI TTT] 





X Mo ten p ey 4 


"Or e sin xxx! mm... t2 
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Hence by Maclaurin's auis 


x. x 0 xí 16 
Saas A E teed tine 
log secx= Ux omae ar Sis 6l 


-L "in 
log secx - 1x Cx +4x + 


x. 3. Apply Maclaurin's theorem to show that 

, PF 2x! 2!x 5 
e! sinx exex a esl 
[Gorakhpur 06, Lucknow 08, 11, Kumaon 11] 


or 


n 
" x 
, 2" sini nn: — t... 
— 9 n! 


< Let y -e' sin x, then y (0) - 0. 
| The formula for the nth derivative is 
D" (e" sin (bx c))- = p" e" sin (bx c n$) (1) 
| where r 2 (a? +67 )""and $= tan" (b/ a). 
i Pinas b= Amie? =0in (1), we have 
y, = = D" (e* sin x)= 2”? e* sin (x+1 nt) | (2) 
since r=2"* and 6-77 
P Now taking n = 1, 2, 3, 4, ...... and putting x — 0, we get from 
y,(0)=2"?.sin 2n 2L 
y, (0) 22:sin į n=2 
y, (0) 2 2". sin ig-2!5..-2 
y, (0) 2 2).sin 3 22? 0-0. 
y, (0) 2 2".sin 3x 227^ (-+)=-2’. 


PE 2"? e* sin (x 1m) 
uy,72 e'sin (xin): 
oy, = 27" e* sin (x+in) 
| ly, =2’ e* sin (x+ m) 
Ly, = 2? e" sin (x $m) 
Hence by — theorem, 


o y, 
e* ‘Sinx= OFZ? 2, 2x) 2x 4d 
2! 3! 5! 


82 n lg x" 
sin 7 i: T... 
n! i 
n 
: x 
"! sinl m-—-.... 
3! S! - pn! 


Ex. 4. With the help of Maclaurin's theorem give the expansion PA 


2x! 2? x 5 


f(x) « tan x in ascending powers of x. [Jabalpur 2003] 
+ Let y=tanx then y(0)=0 


yy =secrx -— y,(0)=1 | 
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y; = 2sec’ xtan x 2 2yy, y,(0)=0 
y 229 y, +2 yy, 

-2y/ *2yy, »,(0) 22 
X 749 y, *2y y, *2yy, | 

=6y,¥ +297, y,(0)=0 
Ys = Oy, y, + OY, y, *2y, Y, + 2yy, 

-6y, -8y y, +29, y, (0) =16 


Using Maclaurin's theorem, we get 


x? x? x! x) 
tanx-0-x. TENE gt. "M Uc IS: 26 
2! 3! 4! 5! 


or iia ota a "m 
3 15 
NOTE. When the nth differential coefficient of the function cannot 


be found, the mth term of the expansion cannot be ascertained. It is 
possible, however, that the nth differential coefficient be known for x ^ 0. 


EXAMPLES 
Expand the following functions by Maclaurin's theorem: 


l. cosx  [Kanpur2006] Ê secx. [Bilaspur 2009] 
3. log (1+sin’ x). JA. sin^! x. [Agra 2010] 
5. tmn ix [Indore 06, Avadh 06, Jabalpur 08, 09] 


[Himachal 05, Garhwal 07, Jabalpur 09, 
[Agra 05, 10, Meerut 11] 
[Meerut 04, Agra 04] 


f log (1x). 


x 





e 
7. e* secx. or 
COS X 


Apply Maclaurin's theorem to show that 
] 


(5 x! 3x 
e" pax eg. 
2! 4! 


2x! 2? x 4 2? x 5 25 xy? | 
(9) e* cos x= I¢x-——-= =~ 4 are 
3! 4! 5! 7! 


[Raipur 12, Bundelkhand 14] 
10. Prove that. `. [Jabalpur 2008] 


log(1+sin x) =x—x? /214- x? /31—2x* / 41 5x / S13 4... 


| Bundelkhand 2007] 








find the, general term. 
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‘a's theorem the first five terms in the 
Obtain by Maclaurin's t 
2 sn of log (1+sin x). [Meerut 2007] 
il By adeat s 
t logcosh x 21x' - tHL Hoi 
La * lido [Jabalpur 2007] 


i2. Prove that 
e? cos bx =1+ ax 


ni2 
P e V cos (ntan ! (b/ a)) .... 
n! 


2 2 
205 it , 4 = ) + 





[Kumaon 2012] 


13. Expand e" *cos bx by inu. dnd theorem and deduce 


— 20. + = cos 30 +. 
g'*5* cos (xsin a)=l+xcosa +2 = cos 31 


that 
[Rohilkhand 07, Avadh 11] 


log (1-x)) in powers of x by Maclaurin's 


. Expand log (1- 
de cs [Avadh 2009] 


theorem as far as the term in x. 
15. Expand log, (1-- e” ) in powers of x. 
[Kanpur 11, Rohilkhand 12] 
16. Find the first three terms in the expansion of e' / (e* +1) in 
powers of x by Maclaurin's theorem [Lucknow 2006] 
17. Expand e° sot in powers of x by Maclaurin's theorem and 





? = 2 - 3 
. sin“ 0 sin’ 8 
Hence show that e? =1+sin 0+ T +2 - + 


[Rewa 05, Jabalpur 05, Kumaon 08, Lucknow 12] 
ANSWERS 
1-x^ /2!+ x! / 41-x* 4 613... (D^ x^^ / (2n)!... 
Lx! / 214 5x* / AU 6135 / 61... 
x-ix*4.Giy*42eg. 
xU. aah xt SPURS Pan 
x-ix! ttxt 1x! Ht (HI) x! ^ (2n-1) +... 


x-ix! tix! txt tt (-1)"'x"/nt... 


DY uA Ac deer go ups 


Lr xx! Vx! e... 


3 
a 
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. 14. xlix tin. 
15. MEME Mcr Gi 
16. ai cial od s 


zs x? 
17. irae a eat jac (2 ea!)ats... 


7.2. Taylor's Theorem. Let f (a + h) be a function of h ` 
which can be expanded in powers of h, and let the expansion 
be differentiable any number of times with respect to h. 


Suppose f(a+h)= A, + Ah e A,R! + A,h? + 
By successive differentiation with respect to h, we have 
f'(a* h)- A *42A4,h «3 AR +44,h + 


; d d dt | 
since — f (a4 h)- — f(t).— - 
a? ) nO where taf, 


=f'(@).1=f'(a+h); 
ff "(at h)=2.1A, +3.24,h4+4.34, h° + 
f'" (a+ h)=3.2.1.4,+4.3.2A, A+... etc. 
Putting h = 0 in each of these, we have 
f (a) 2 4. f (a) - A. f" (3) 2214, f" (a) = 314, 
Hence 


——— PS 
S(a+h) =f(a)+ (a+ at (9t sa) 









This is known as Taylor's Theorem. 


> Ifwe put a= 0, and hz x in the above result, we get the 


particular case known as Maclaurin's Theorem. 
Taylor's theorem is adeb quoted as 


f(x h) - f(x)* hf y f) 5 K pma) 
T. Hp (x) +... 


-which is obtained at once from the above on esie aby x. 





. 0r log sin x = log sin 2+ (x -2)cot 2+ 
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A more useful form is obtained on TUM h by (x = 4). 


Thus S(*)= f(a)+(x-a)f' (ajy mA. ze LT f "(a) 


(x- a 





Gc ff (avt f" (a) +. 


| which is an expansion in powers of (x— i 
; 1. Expand log sin x in powers of (x-2). 
j 


[Poorvanchal 04, Agra 04, Allahabad 05, Avadh 07, Raipur 10, 14] 


Let f (x)= log sin x. (1) 
This can be written as f(2+x-2)=log sin (2+ x2) 
a 


E : since (1) is to be expanded in powers of (x-2). 


Then . /(2)- logsin 2 
| f' (x) 2 cot x, 
f'' (x) » - cosec* x, 
f'"(x)- 2cosec^x.cot x, f'''(2)- 2cosec” 2 cot 2, etc. 
Hence by Taylor's theorem, we have Y. 
f(x) = f(2+x-2)= f2)* «-2)f'Q) l 
QUEE 2 peo €2- (x- 2 


(x-2 y 
2! 


f 'Q) 7 cot 2 
f" (2)=—cosec’2 


f" Q»... 


(—cos ec? 2) 





3 
OL. (2cos ec? 2cot 2}... 


4Fx.2. Expand sin x in powers of (2-1) 


[Meerut 05, Agra 04, 06, Jabalpur 06, Lucknow 07, Bundelkhand 
07, 08, Avadh 08, Rohilkhand 06, 10, Kashi Vidyapeeth 12] 


Let f(x)=sinx _ then S(4n)=1 
'(x)=cos x f'(Gn)=0 
1"G9)--: 


Jf" (x)2 -sinx 
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f'""(x)2-cosx 

f" (x) ssinx 
By applying Taylor's theorem, we get 
sin x= f(x/ 2) (x-n/ 2) f"(n/ 2 (x-2/2) f" (n/2) 


f'"(An)=0 
f"(An)=1 etc, 


l 
egi 872 P(12) = n2) f" (n12)*... 
l l | 
or sinxzl-—(x- 5.-—(x- t 
2:9 TES) 1/2) -.... 


AG. 3. Expand 2x «7x? « x-1 in powers of x-2. 
[Indore 05, Gorakhpur 06, Raipur 09, Allahabad 10, Kashi 
Vidyapeeth 10, Agra 11, Kanpur 11, Lucknow 12] 
Let - f(x)= f(24 x -2)22x? «7x! 4x-] 
Then /f(2)222! «472! «2-1-245 


f'(x)26c +14x41 f' (2)=53 
f''(x)212x414, f'' (2) =38 
3" '*(x)12 f"'(2)=12 


and f”, f",.... are all zero. Hence by Taylor's theorem, 
fG)- f Q)* 6-2) f Qy« E- f Q) 
eq o2? Pr). 
.245453(x-2) 4 19(x - 2)! +2(x-2)’. 
Æx. 4. Prove that 


tan ^! (c4 jf) e tan x sin z 352 —(hsin z) 97 = 





: sin 3 3 
+(hsin z)’ End .., — Where z 2cot^! x. 


[Rewa 05, Gorakhpur 05, Agra 07, Bilaspur 10, Kashi Vidyapeeth 
11, Raipur 11, Kumaon 13] l 
Let f(x)stan"! x then f(x Ah) «tan! (x- À) 
Since z-cot'x, therefore 
l d 1 = 
_ ; aia aie =- : —--—SIn zZ. 
l+x l*cot'z | cosec'z 








t- 
dx 
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Do 1) X 


l 2 
' x)= b — A Z. 
Now, S'(*) l+x? 1+cot?z cosec?z 


f" G)- — (sin? z) =2sin zcos <= 


=~—2sin zcos zsin? z [- dz/dx=-sin? z] 


— —sin 2zsin? z 


f" G) e CL [-sin 2zsin? z] =- [sin 2zsin* 2}E 


=- [2cos 2zsin? z - sin 2z 2sin zcos z](-sin? z) 
- 2sin? z [cos 2zsin z sin 2z cos z] 
` 22sin! zsin (z+2z) -2sin? zsin 3z and so on 


. Now, by Taylor's Theorem 
Jarh = SOE FG) o po) f")... 


| i a h., . , 
So tan (x h)-tan"' x+— sin z sin 2-7 (sin 2z sin* z) 
W uis 4 
+- 2sin zsin 3z+... 
sin 2z 
P. 
sin 3z 
d 
X 7.3. Expansion by Algebraic and Trigonometrical 
| ethods. When we want only the first few terms of an expansion, 
it 4 very often more convenient to use the Binomial, Exponential 
M d MURIS theorems, or the well-known expansions of sin 
and cos x, in conjunction with al i i i 
a i gebraic or trigonometrical 
à be = Should be taken not to omit inadvertently any term of 
er tower than, or the same as, that of the highest order term 


tàn (x 1) « tan x (hsin z ) == - (hsin zy. 


+(Asin zy - 


Fetained 


Ex. Ex sin x 
xpand e*"* as far as the term containing x*. 
We have e" e" 1/64...) 


= "-—— 
I+ (x-1x te)*i(-ig gg: 


Bd. d 
EG Ex" +. PRS eg 
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=l+x-1x° titi (x? -ix ti )t (x? +...) + (x' LN 
=l+x¢ix? stx tu, 
7.32. By differentiation of a known series. Occasionally it 
is possible to derive an expansion by differentiating a known 
series. l 
Ex. Show that sec? x21 x^ 4 2x* +. 
We know that tanx=x+1x° 423° +.. 
Hence, by differentiation, sec? x=1+x? * 2x +... 
EXAMPLES 
4J« Using Taylor's theorem, prove that 


log (x+ h) =log h+x/h-x? 12h? «x! 13h! -.... 
[Jabalpur 08, 09] 


[Lucknow 2004] 


Expand the following in powers of the quantity indicated. 


Z2 cosx inpowersof x-im. 
« logsin(x+ h) in powers of h by Taylor's theorem . 
[Bundelkhand 09, Meerut 10] 
4. log, cos (x + A) in powers of h. 


74 tan"! x in powers of (x -17) by Taylor's theorem . 
| [Bundelkhand 12, Raipur 15] 


6. sn(ix-9) in powers of 8. [Lucknow 09, 11] 
| x x! 

7. Provethat log (xeh)-logghr — +a 

[Rewa 04, Jabalpur 08, 09] 
2 3 . 
8. Prove that ; = 2 wd * m a +... | Bilaspur 2008] 
; th ox x^ ox ix 
9. Prove that 


f(mx) e flx)+ (m- T». f'a) (m-f "O 


eg, (m- D. f" [Agra 2007! 


] 
[HINT: Write f (mx)as f (x * (m— 1)x} and apply Taylor's Theorem 
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x ein, 


2 
vate, E- La -(4) ty ( X 
10. Pro E) | feo) l+x fe l+x} 2! 
[Rohilkhand 08, Raipur 13] 


1 
[HINT: Write / E) as f (--5) and apply Taylor's Theorem.] 





ANSWERS 
et ly pay ET O) 
2, Al (x-7 7) ae ac 7 s]. 


log, cos x—/ tan x —1 h? sec? x -1 h’ sec? x tan x-... 

tan? 47 (x-im)/(l- L8 )-n (x-in? /4(1- Lm? y +... 
(I 42)[1-0—0? /21-0? /31-0* /414 05 / 51—...] 

.4. Rolle's Theorem. Jf f(x) is a function, which is 


ID t 


(i) continuous in the closed interval [a, b], 
^. (d) differentiable in the open interval (a, b), 
and (ii) f(a)- f(b) 
then there exists at least one value ; 
of x, Say ce 
that f'(c) 2 0. d 4 = 
Gag 05, Himachal 05, 07, Avadh 08, Lucknow 08, Garhwal 
: 09, Jabalpur 09, Kanpur 08,12, Bundelkhand 12, Raipur 14] 
To prove Rolle's theorem, consider the following cases: 
E 1. The truth of this theorem is obvious if f(x) isa 
fis) ant. Then f (x) =0 for all x e(a, b). Geometrically 
‘NS a straight line parallel to the x-axis. 
^C 
m 2. If f(x) is not a constant, then since it is 
3 inn in the closed interval [a, b], it will either increase 
3€ as x takes values greater than a. s 


Su 
functi a f (X) increases for x > a. Since f(a) = f(b), the 
Point, sa ill continue increasing till it reaches a maximum 
Y C € (a, b) and then begin to decrease. 


V 
Í 
[| 
& 
H 
M» i 
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Obviously, c + a and c b. Nowas f(x)hasa maximum 
value at x = c , then for any very small positive number h, 


f(c*h)- f(c) €0 and f(c-h)- f(c) «0 


fe h- FO) y ang LED-I g 
h E -h ' 


or 


Taking limits as h — 0 , we have 
R f' (c) x0 and L f' (c) 2 0. 
But since f(x) is differentiable in (a, b) the only 
possibility for R f/'(c)2L f'(c) is f'(c)-0. 
Case 3. The proof of this theorem is similar when f(x) 
decreases for values of x greater than a. 


Geometrical Meaning of Rolle's theorem. The theorem can 
be geometrically interpreted as follows : 


If the ordinates at the end 
points A and B are equal, then Y 
there exists at least one point on 
the curve between these 
ordinates where the tangent is 
parallel to the x-axis. There 
might be more than one such 
point (as in the figure). 





Oa 


If f (x) is discontinuous at any point between a and 5, or if 


f'(x) does not exist at some point, the theorem may not be true. 


Thus, in the figures given below, f'(x) does not exist at x =C. 


In these cases there is no point between a and 5 where the tangent 
to the curve is parallel to the x-axis. 


© a € b 





-— ——— M —— evra: " 


—— 


gp es Tunesien | CUM, PERRI TF mee FTA Se, tmm pamm — 


E 
g 


EXPANSION OF FUNCTIONS 139 


Ex. 1. Verify Rolle's theorem for the function 
[0, x/ 2]. 
Since the sine, cosine and the constant functions are continuous, it 


follows that /(x) is continuous in the closed interval [0, x/ 2]. 


f(x)ssin x+cos x-1 in 


Also f (x«)=cosx-sinx exists for all x e[0,x/2], so f(x) 
is differentiable in the open interval (0, 1/2). 
We have f(0)2 f(n/2)=0. 
Since all the conditions of Rolle's theorem are satisfied, hence there 
must exista c € (0, 1/ 2) such that f" (c) - 0. 
(de ` cose-sinc=0 or. cosc-sinc or c=n/4 which lies in 
the interval (0, 1/ 2). Hence Rolle's theorem is verified. 
Ex. 2. Verify Rolle's theorem for the function 
f(x)=(x-a)’(x-b) for all xe[a,5b] [Rohilkhand 2012] 
On expanding the polynomials (x — a)? and (x —5) by the Binomial 
theorem, their product f(x) is again a polynomial of the 5th degree in x. 
Hence : f is both continuous and differentiable for all real values of x ` 
Also f(a)2 f(b)z0. 
Thus f(x) satisfies all the conditions of Rolle's theorem, hence there 
must exist a c € (a, b) such that." (c) - 0. 


Now  f'G)z2àx- a) - b *3(x - ay (x - b? 
-(x-a)(x - b [2(x - b) 3x - a)] 
| -(x-a)(x - b) (5x -3a-2b). 
So f'(c)20 gives | (c - aXc - b)! (5c-3a-2b)- 0 


Le. 

T c-a,b Or iGa-2b). 
Ince c lies i ; 

Thus S In the open interval (a, b) , hence ca and cx p. 


= : $ 1 
C -:(3a-2b) which lies in (a, b) verifying the theorem 


Ex. 3, i | 
3. Verify Rolle's theorem for the function f(x)-| x| in [-1, 1] 


W 
ji € have F(1)=] 1| 21 and f(-)»| -1|21. 
w S()= f(-1)=1 
€ can See th t . : . 
*Xept maybe at s i (x) is continuous for all values of x in [-1, 1] 
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Here . —lim,, f(0+A)=lim,,.| 0+h|=0 
and lim, ,, f(0—5) - lim, ,,| 0-5 | 20 

Also  f(0)2|0|20 

Therefore lim, ,, f/(0- 1) 2 lim, ,, f(0-/) - f(0) 


Hence f(x)iscontinuous at x 2 0 and thus at every point in [-1, 1). 


To test if f(x) is derivable at x 2 0, we see that 
i 0+h)- | | 
f (0+0)=lim, ,, ee =lim, . il = limo - -] and 


-h | 
| ELE! 


f' (0-0)- tin, ., 1077/09, | 
4-0 ues E 


lim, ,, —— 


Since f" (0+0)% f" (0—0) the function is not differentiable at x 20 | 


and hence the condition of differentiability at each point in the open 
interval (-1,1) is not satisfied. Therefore, Rolle's theorem is not 
applicable to f(x) -| x | in [-1, I]. 

Ex. 4. Verify whether Rolle's theorem is applicable to the function 
f(x) 22 (x - 1)? in the interval [0, 2] or not. 


If a function fails to satisfy even one condition of Rolle's theorem, | 
then the theorem will not be applicable to the function. Let us consider | 


the differentiability of f(x) in the open interval (0, 2) . 
: 2 
f (736-D^ 
So f(x) is not differentiable at x =1 and therefore in (0, 
Rolle's theorem is not applicable to the given function. . 
EXAMPLES 
Verify Rolle's theorem for the following functions: 
fG)ex -6x «11x-6 in [1, 3} [Jabalpur 07, Bilaspur 08] 


Now which does not exist at x = i. 


2). Hence | 


[Lucknow 2006] | 


y LI a pet oa ai MESSEN - 


1. 

2. f(xy=x(x+3)e™”, in [-3,0]. |Kumaon " 
3. f(x) -10x -x in [0,10] [Kanpur 20 i 
4. f(x)=xXŻ in [-1,1} - [Lucknow p | 
5. fQ)s(-D QD in[-1) [Bundelkhand 2 M 


fo)s(Q +2x-3)e" in [-3, ]} 
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8. f(x)=sinx in [0,7]. [Bundelkhand 2009] 
7. f(x)=e"(sinx—-cosx) in [47,47]. {Jabalpur 2004} 





! 2 
9. Prove that the function /(x)=log x" +ab 
+ 


(a+b)x 
[Lucknow 04, 08, 11] 
. Discuss the applicability of Rolle's theorem for these functions: 
10. /(x)-x' in [2,3] 
11. f(x) =log [(x? +2)/ 3x] in [12]. 
12. f(x)=tan x in [0,7]. 
A. Show that there is no real number & for which the equation 
x! -3x+ k =0 has two distinct roots in [0, I]. 
Qu. Gy 


14. If —— + — + 
n+1 n n-1l 


satisfies the 


conditions of Rolle's theorem in (a, b). 


an-ı 








+...+ +a, =0, 


prove that the equation 
a,x" +a,x""'+a,x" 7? *..*a, ,x*a, -0 
has at least one root between 0 and 1. 
ANSWERS 
. 10. Not applicable since /(2)  f(3). 
11. Applicable as f(x)-0 at x2 in (1,2). 


12. Not applicable as f is not continuous at x= 


[Lucknow 09, Allahabad 12] 


1 
;T-. 


7.5. Lagrange's Mean Value Th 
eorem. 
function which is aoe 
(1) continuous in the closed interval [a, b] 
a (ii) differentiable in the open interval (a, b) 
; , » 
en there must be a value of x, say ce(a, b), such that 
f(b)-f(a)  , 
ce cw fte) 
K . 
Sen 05, Himachal 04, 06, Jabalpur 05, 08, Avadh 09, 
chery s 10, Allahabad 08, 11, Kanpur 11, Patna 11, 
: 09, 12, Kashi Vidyapeeth 10, 12, Rohilkhand 12] 
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Consider the function F (x) defined in such a manne 


SS rina ad r 
it satisfies the conditions of Rolle's theorem. that 


Let F(x)2 f(x) Cx (1) 
where C isto be chosen such that Fi (a) = F(b). (2) 
From (1) and (2), we have f(a)+Ca= f(b)+Cb 
J(5) — f(a) 
Or aC =f. I 
ba (3) 


We are given that f(x) is continuous in [a, b] and 


differentiable in (a, b). Also, Cx being a polynomial, is 


continuous in [a, b] and differentiable in (a, b), therefore 
F(x) is continuous in [a, b] and differentiable in (a, b). Also 
F(a) = F(b). | | | 
Thus F(x) satisfies all the conditions of Rolle's theorem, 
So there must be at least one value of x, say c € (a, b)such that 


F'(c)-0 i.e. f ()+C=0 [from (1)] 
or f'(c)2-C. or f (- 10-109) [using (3)] 


which proves the proposition. This theorem is also called the 
first mean value theorem of Differential Calculus. 

7.51. Another form of the Mean Value Theorem. If we put 
b-a =h, then a+6h, is equalto a if 0 =0, and is equal to b if 
0 =. | , 

Hence a 405 , where 0 «0 < 1, means some value between 
a and b. So the above theorem can be written as 

f (a * h) - f(a) - hf' (a *0h), 
or f(a * h)2 f(a) - hf' (a 9h) where 0«0«1. 

7.52. Geometrical Meaning of Lagrange's Mean Value 
Theorem. Let P and Q be two points on the curve y = f (x). 
Further, let the abscissae of P and Q be a and b respectively. Then 
if PO makes with the x-axis an angle y, we have, by geometry 


JF (O)- f (a) 


tan 
T b-a 
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Also, if the tangent to the curve at 


R(x,» y, ) makes an angle y, with the Y Q 
x- axis, we know that, i, 
tan V, = f' (x, ). 
Hence. the mean value theorem 
merely asserts that there is some point Oo T z 


between P and Q where the tangent is 
parallel to chord PQ, provided the curve has a tangent at every 


point between P and Q. This is geometrically obvious. 
Ex. I. Verify Lagrange's mean value theorem for the function 
j(x)=v4x" -4 inthe interval [2,4]. — [/ndore 04,07, Jabalpur 04,09] 
Since f(x) has a real and distinct value for each x €[2, 4], f(x)is 
continuous in [2, 4]. 


x . 
Now /f’(x)=+ (x? -4 yi? (y= which exists for 
Xx! —4 


each xe (2, 4)so f(x) is differentiable in (2,4). 
Also f(2)=0,  f(4)=V12 =2V3. 
-= > Hence, by Lagrange's mean value theorem, there exists a c € (2,4) 
such that f (e) -LAO /(4)- f). 243-0. 
A b-a 4-2 2 
Now f'(c)= = : -43 ie. c!23(c-4) or c=tV6 


.. Discarding c--46 since only c J6 € (2, 4) , the theorem is 
verified . 


Ex. 2. Let f be defined and continuous on [a-h, a Ah] and 
derivable on (a—h, a+ h): Prove that there is a real number 0 between 
0 and 1 for which 

f(a-* h) - f(a-h)=h{ f' (a+ 95) + f' (a-0h). 
Consider the function defined on [0, 1] such that 
F(x)- f(a + hx) - f(a hx) where xe[O0, 1] (1) 
Then F is continuous on [0, 1] and derivable on (0, 1). Hence by 
ud du Mean Value Theorem, there exists a number 0 between 0 ànd 
at F(l)- F(0) - (1-0) F' (0) 








Lag 
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ia S(at+h)- f(a-h)=h {f'(a+0h)+ f' (a-0h)} [using (1)] 
since F(0)-0 and F(l)= f(a-* h)- f(a-h), 
Ex.3. Using Lagrange's mean value theorem, show that 


x 
rem «log (14x) «x, X20. [Delhi 07, Bundelkhand 11] 


Hence show that 0<log (1-x)! -x^ < l, x>0 = [Dethi 2008) 

Let J(x)=log (l+x) in [0, x] 

Now f(x) being the logarithmic function (x > 0), it is continuous on 
[0, x] and derivable on (0, x) , hence by Lagrange's Mean Value 
Theorem, there exists a number c in (0,x) such that 


LO)-IM y a. - de log (1+x)-0_ 1- 





| x-0 : x l+c 
or log (1+x)=—. | 
207 ) l+c | (1) 
Now O<c<x so l+c<l+x o Š <. (2) 
l+ l+c 
Again since 0<c<x, ode so using (2), we have 
+c 
PPS RT ie * «lo (l+x)< in 1 
mor Mi matey s — x 
l+x I+c l+x : | tuse Cl 
or Ata : E Or LIE WC M 
x log(l+x) x x log(i+x) x 
or | Eo inp 0«log (I-x)'-x' «1 for x»0 | 


7.6. Cauchy's Mean Value Theorem. An important 
extension of the mean value theorem is the following : 
If (i) f(x)and g(x) are both continuous in [a, b] 
(ii) f '(x)and g'(x) are differentiable in (a, b) 
and (iii) g'(x) #0 anywhere in (a, b), 
then there is a value of x (say c) between a and b, such that 
fb) - f(a) _ .£ (c). 
g(b)- g(a) g'(c) 
[Himanchal 05, Delhi 05, 07, Agra 09, Patna 10, Kumaon 
10, Lucknow 10, Allahabad 10, 13, Raipur 11, 13, 15] 


D 
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Consider the function F (x) defined in such a manner that 
it satisfies the conditions of Rolle's theorem. 


Let —-— F (x)= f(x) * € g(x) (1) 


‘where C is to be chosen such that F(a) = F(b). (2) 


We notice that g (b) - g(a) #0; forif g(d) - g(a) =0, 
then g(b)= g(a), so that by Rolle's theorem, g (x) must 
vanish for some value of x between a and b, which 


contradicts condition (iii). 


From (1) and (2), we have 
f(a)+C g(a) = f(b) * C 8(b) 
o- FO) fa) " 


P ~ g(b)-g(a) 


Since C isa constant and we are given that f(x)and g(x) 


| are continuous in [a, 5] and differentiable in (a, b), so F(x)is 


continuous in [a,b] and differentiable in (a,b) Also 


^ F(a)= F(b). 


Thus F(x) satisfies all the conditions of Rolle's theorem, 
so there must be at least one value of x, say c e (a, b)such that 


F'(c)=0 ie. f'(c)+C g'(c) =0[from (1)] 





or £O ace LORI ao [using (@3)] 


g (c) g(b)-g(a) 
which proves the proposition. This theorem is also called the 
second mean value theorem of Differential Calculus. 
NOTE. By putting g (x)-x in the above theorem, we find that 


- Cauchy's mean value theorem reduces to Lagrange's. 


Ex. 1. If f(x)=x’ and $(x)=x , verify Cauchy's mean value 
theorem for the given functions in the interval [a, 5]. LAvadh 2010] 
Since f(x) and (x) are polynomials, both are continuous and 


differentiable in [a, 5] for all real values of x . Also $'(x)212 0 for all 
es (a, b). Hence by Cauchy's mean value theorem, for c e (a,b), 





f’(c)_fe)-fa — 2c b'-a 
$à'(c) $6(b)-8(a) it bea 


oF c=1!(b+a) which lies in (a,b) verifying the theorem . 
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Ex. 2. If in Cauchy's mean value theorem, f(x) 
g(x) 21/ x, then cis the harmonic mean of a and b, 

Now f'(x)2-2/x! and g'(x)=-1/x?, 

Since Cauchy's mean value theorem holds true for f(x) and g(x) 
therefore for ce (a,b), we have | ' 

= Je). f(b)- f(a) o €2/€) _ BP = 1/ a? 

€ (c) g(b)-g(a) . (y c) I/b-la 
2 

or See cb 
c ab(a-b) 
harmonic mean of a and b. 


- l/ x? and 





or c= dab which is the 
a+b 


EXAMPLES . 
Verify the mean value theorem for the functions: 


l. f(x)=x’, in [a,b]. 
2. f(x)=2x? -7x+10 in [2,5] | [Rohilkhand 2008] 
3. f(x)=logx in [Le] [Kanpur 2003] 
. Find 'c' of Lagrange's mean value theorem for : 
4. f(x)-x'-5x!-3x, a-L b-3 
e. f(x) 2x(x-1)(x-2); a 0, 5 21. 
[Jabalpur 06, Patna 07, Rohilkhand 11, Allahabad 11] 


[Jabalpur 2005] 


6. f(x)-(x-1)x-2)x-3)in[0,4]. - [Lucknow 2007] 
7. f(x)=sinxcosx in [0,7]. 
8. f(x)-e' in [0,1]. | 
9. Separate the intervals in which the polynomial 
2x? -15x? +36x+1 is increasing or decreasing. [Delhi 2006] 
10. With the help of the mean value theorem, show that if x » 0, 
log. (x4 1) Bie €. where 0«0«L 
1+ 0x 


. [Allahabad 05, Bilaspur 09] 
11. Use Lagrange's mean value theorem to prove that 


I*x«e'«le*xé', where x»0 [Himachal 2007] 
x 


l+x 
[Indore 05, 06, 08, Lucknow 09, Bilaspur 10] 





12. By mean value theorem, prove that ——- < tan xe x»0 
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13. Verify Cauchy's mean value theorem when f(x)=x +1 

d g(x)=2x° in [1, 2]. | Jabalpur 2008] 

g Find the 'c' of Cauchy's mean value theorem for the following 

irs of functions : 

| 14 f(x)=1/ x’, g(x)=1/x in [a,b]. [Bundelkhand 2005] 
15. f(x)=sinx and g(x)-cosx in [—4 7, 0]. 


16. f(x) 2 x(x- 0(x-2), g()2x(x-2)x-3) in [0, 1]. 
[Agra 09, Kumaon 12] 


[Raipur 12, 13, 14] 


pa 


17. f(x)- e' and g(x)=e™. 
sina-sinB og where 0«a «0 «a «im. 


cos a —cos f [Lucknow 2012] 


19. Ifin Cauchy's mean value theorem, f(x) Ax and $ (x)21/ Vx, 
show that 'c' is the geometric mean between a and b. 


18. Show that 


[Jabalpur 2009] 
ANSWERS 
4. 1 5. I-1421. 6 21243 7. in,in 
8. log,(e-1) _ 9. Increasing in (— oo, 2), (3,0) 
and decreasing in (2, 3). 14. 2ab/(a+b). 


15. -1n.  16.(5-43)/6. 17. 1(a«b). 

7.7. Taylor's Theorem. Finite Form. (Generalized 
Mean value Theorem). A more general theorem than the 
one of Mean Value is Taylor's theorem. The method of proof 
is similar to that of. $ 7.5. The theorem is as follows : 


If f (x) possesses differential coefficients of the first n 
orders for every value of x in the domain [a, b] then 


f(b) - f(a)« (a) f (0) + P= p (ap... 


(b-ay ,, (b-a)! wi 
t= he. t 4 (a) 


+ — f^ (a -0 (b - a) 
Sor some value of 9 such that 0<0<1. 
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Consider the function F (x) given by 
F(x)- f(b) - f(x) -(b-x)f'(x) 


b- 
( G- Cf" je NC e n ft (x x)-.. 
b- xy! 
"ea, fre boa n Q 


where Q is a constant given by the equation » — 0, i.e. by 
0= f(b) - f(a) - (b-a) f'(a) -... 
-d/Q-1)9(5-a)' f ""(a) 
—(1/n!)(b-a)’ Q. (1) 
Substituting 5 for x, we see that F(b) also is zero. Now 
F(x) consists of a finite number of terms the differential 
coefficients of all of which exist, and so F'(x) exists for 
every value of x from a to b. Here we can apply Rolle's 
theorem, which shows that F'(x) vanishes for at least one 
value (say xı) of x between a and b. 
Now differentiating F(x) we get 
F'(x)2— f'(x)* f'(x) -(b-x) f(x) 
(b-x) =) 


+ (b-x) f" (x)- PSA 
(b-x)"" ., "na 
7 Gyr ft Gp e 
(b-x) 
Le. "p -(Q- f "69 
Hence the equation F'(x,)-0 besamies 
G- g- f"(%, =O ie Q- FG) 
(n- 1)! 


Writing a + 0 (b — a)for Xp where 0« 0 «1, substituting 
the resulting value of Q in (1) and transposing, we get 
Taylor's Theorem as enunciated. 


P fG) o £() * xf (0) «3 f Ot 
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Taylor's Theorem is more usually quoted in the following form, 
obtained by writing x for b: 


pay = sa) + (x—a) f(a)  €72- 


f '"(a)*.. 


(x-a)""' 
(n -1)! 
But if we put h for b- a, and ia a din x, we get the form 


"is uc 


eL gt (x+ 05) 


f " (a j A2. if {a+O(x-a)} (2) 





safer A) = =f(x)thf ' +t f '"'(x)4.. 


. Putting a 7 0 in (2), we get Maclaurin's Theorem: 


f*'(0) += (6x) 





"s -1)! 
7.7 1. Taylor's Series. If we denote the sum of the first n 


terms on the right of equation (2) above by S, (x) and the 


(n+1)th, i.e. the last term by R, (x), Taylor's theorem can be 


written as 
| Sœ) =S, (x) + R, (x). 


-. Suppose now that f (x) possesses differential coefficients 


E ofall orders in a domain (a — À', a + X)of x, so that n may be 


taken as large as we please without violating the conditions 
under which Taylor's Theorem was established. Suppose 


further that R „(x)—> 0 as n œ, for every value of x in 


(a-À', a À). 


‘Now let n increase indefinitely. Then S, becomes an 
infinite series and we get 


Kx) = f (a) + (x-a) f'(a) 
+ QI. fogat, e Y AS 
Where a-A'«x«acà. 
This theorem also is known as Taylor's Theorem. 





Scanned by CamScanner 





150 DIFFERENTIAL CALCULUS 


When we want to distinguish the finite ex 
section from the infinite series obtained here, the former is referred to as 


Taylor's formula or Taylor's development in Jinite form, and the latter 
as Taylor's series, or Taylor's expansion. 


pression of the Previous 


If the function to be expanded is algebraic and rational, and of degree 
m (say) f ^ * ? (x)andall the succeeding differential coefficients vanish, 
So, the expansion is finite, and questions of convergency do not arise. 


7.72. Lagrange's form of the Remainder. R, (x) is 
called the Remainder after n terms, because it is equal to the 
result of subtracting from f(x) the sum of the first n terms of 


the Taylor's Series of f: (x) . Various expressions can be found 
for it. The one used above, viz., 


R(x) = € r* (a4 0(x-a), 


is called Lagrange's form of the remainder. 


7.73. Cauchy's form of the Remainder. In § 7.7, in the 
assumed expression for F (x), if we had written the last term 


as (b—x)Q instead of — (1/ n!)(b — x)" Q, and carried out . 


the rest of the investigation as before, the expression for R, 
(x) would have come out as 


(x-a)'ü -0)"" 
(n -1)* 
This gives Cauchy's form of the remainder. 


R,(x)= f" (a € 9 (x-a)}. 


Of course, even for the same function, the values of 0 in the 
. remainders after n terms in Cauchy's and Lagrange's forms would not be 
the same. 

7.8. Some Expansions. 

I. sin x. The formal series obtained by Maclaurin's Theorem 
in the previous chapter viz., 

sin x -x-x! / 31x! / 51—..., | 

is convergent for every finite value of x. Moreover sin x and all its 
differential coefficients (which are one of the functions +sin x, cos x) 
are numerically less than or equal to 1, whatever be the value of x. 
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Hence for every value of x, R, S(x — a)' / n!, which +0asn — oo. 
Therefore sin x ex x^ / 31e x* / 51—... for every value of x. 
3, cosx. The expansion of this is similar to that of sin x. . 


3, log (1+). The formal series which we get by the method 
f$ 22 is convergent only if —1<x <L. Hence we consider only these 
0 , 


values of x. : 
J. x»0. Lagrange’s form for R, gives 


R, (x)=(-1)"" ary 1-02 "m ; 


which — 0 as n — c, because ( x/ (1-- 0 x)) " is not greater than unity, 
whatever n may be, when x is positive and not greater than 1. 


II. x «0. Cauchy's form for R, gives 


n-]l on ] 1-8 "n 
R, (x) - (-U) err ; 








14 0x 


which —0 as n — «o, because by supposition | x | «1, so x" — 0 and the 


- other factors do not tend to infinity. 


Hence the formal series is a valid expansion when -1«xxLl. ` 


4 (1+x)". If m is a positive integer, the expansion consists 
of only a finite number of terms and there is no remainder to be 
considered. 


If m is not a positive integer, we get an infinite series which is 
convergent if | x | <1 and divergent if | x|>1. We take, therefore, | x | to 


- belessthan 1. The case when | x| is equal to-1 is more difficult and will 


not be considered here. 


Cauchy's form for R, gives 


n= A(n- x (1-0)! mn )..(n-n« D( c0 x^ 


-mx(le-0x)-!. 1-0 a in- D Qi- 81) uu 
1- 0x (n —1)! 


remains finite as n — co , because 0 always 
d so mx(1--0x)"^' lies between mx and 


Now mx(140x)-! 


MXL yma 


lies 
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Also, since |x| « , so | 0 x | «0 and, therefore, 1.0 x 31.9 eve 
Ox is negative. Hence the second factor in R a(x), $ 3 
{(1-0)/ (1+0 x) "~ ' is not greater than unity. The last factor, viz., 2 
(m - 1)(m -2)...(m- =n) ni 
(n - 1)! E 
must —0 as n — œ, because the series whose nth term is this is known 


to be convergent. Hence R,(x) — 0 as n — o , and we find that the | 


Taylor's series for (1--x)" is valid for every value of m if | x |«1. 


Ex. 1. Prove or disprove if for f(x) =(x-a)"”’, Taylor's expansion | | 
[Allahabad 2010) 


for f(x) fails around x 2» a. 
The second differential coefficient 25.3 (x-a) "^. 


As the differential coefficient of (xa)? atx =a does not exist, it 


follows that (x—a)'^ is not expansible in any neighbourhood of x =a 


by. Taylor's series. 
Taylor's Theorem is said to fail for Such a case. 


Ex. 2. L f(x)=f(0)+xf' (0*7. CES find the value of 8 | 
as x > l, given f(x) =(1-x)". [Lucknow 2009] | 


f(x)- fO)+x f (0)*7— - f"(92). (1) 


Weare given 
Since f(x) =(1-x)*’, f(x) =-F(I- p. f (x)= $.3(1-x)"”. 
Then  f(0)-L f'(0)=-3, f'"(0x)- 2 (1- PT 


Hence substituting these values in (1), we get 
(1-x)"? =1-4x+ 4x. 4 (1-0 x)" 


Therefore as xL. wege O=1-3+1-4 (1-8)"? 
or (1-0x)"7 21. or 1-0=% ie. 0-5. 
Ex.3. Show that [Himachal 05, Lucknow 07] 
x X 7 o ue n-1 (- “iy x 
log (l4x)ax-S 77 - Qo t RD (1402) 


By Maclaurin's theorem in the finite om we nave 
f(x)» f(0)* x f Ores sore f"(0)+ - (0) +. 
xt n-i fa 0 . 
ay (0)+ T f (0 x) 





‘when f(x)2x? 


(I) | 
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Now /(x)=log (1+x), then f(0)=0. 
f'(x)=1/ (104 x), f'(0)=1 
f"œ)=-1 (1+x)’, . f" (0)2-12 (-1)** 
f''(x)=2/ +x", f'"'(0)=2 =(-1)™' (21) 
f "(x)232! (1 x)' f ”(0)=-6=(-1)*' (3!) 
(-0*'(n-2)n-1)....324. (1) (n-2)! 
(14 x)! | (1 x)*' 
so that f "(92 (-0D"'(n-2)y. 
Substituting these values in (1), we get 


Again 


and so on till f *'(x)= 


2 3 4 n-2 x"! Am n-l x" 
log is) Sxeo 3 ead m (CD x ys 1) 
| .. 2 3, 4 n-] ta0-0xy 
EXAMPLES 


ELS If [ata fx) h f' (x4 0 h), then find the value of 0 
[Lucknow 06, 12] 


2. Show that the Maclaurin expansion of e^" is not valid in 


. anyinterval, however small. 


3. If f(x+h)= fis)+h f'E (us Oh) find the 


valueof 0 as x —^ a, f(x) being (x—a)" : [Lucknow 2010] 


4. Find by Maclaurin's Theorem the first four terms and the 
remainder after n terms of the expansion of e™ cos bx in a series of 


ascending powers of x. 











2 n— n 
5. Show that e Ix. x” a = 
2! (n-1)! n! 
Luckn 
4 Prov - , [Lucknow 2010] 
igen a tS : ax) "UM a"! xt! ds n-l 
| 35 5 (n-! 42 ^ 


qx . 
* sin (a0 x+ inm). [Bilaspur 07, Rohilkhand 12] 


7. Gi fix ax 
Given y= f(x)=1/ f1a 2x, prove that 
(l+2x)y, it Qn 1) y, = 
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Expand f(x) by Maclaurin's theorem with remainder after n terms 
. Write the remainder in both Lagrange's and Cauchy's forms. 
8. Show for what. values of x and at what differentia) 
coefficients Taylor's theorem will fail if 
K (x—a)'° (x bs p)? (x- c)?? 
(x- d) 
ANSWERS | 
l. 1. 3. &. | 
4. leax«(a! -b)x'! [21 a(aà! -3b)x! /3!4... . 


f(x 


Remainder after n terms is : 
(a^ +b? Y" (n!) x" e*?* cos (b 9 x  ntan ' (b/ a)). 
7. (nyf (0x); ("(1-8)"! / (n-D!) f^ (0x). 
8. x-b, 7th; x=c, 8th; at x=d, the function's definition 
itself fails. | 





[ straight line PQ tends, in general, to a 





8 
Tangents and Normals 


g.1. Definition of Tangent. Let P bea given point ona 
urve and Q any other point on the + 
urve near P. As Q tends to P, the 






C 






(x«h.y +k) 





definite straight line (whether Q be 
taken on one side of P or the other). 
This straight line is called the tangent 


to the curve at P. O X 


8.11. Remark. The term "tends to" has been used here to define 
positions. To "Q tends to P" we can give the meaning "the value of the 


3 abscissa of Q tends to the value of the abscissa of P". Also since PQ 


always passes through the given point P, the definite straight line to 


-which it tends must also pass through P, and therefore to "PQ tends to a 


definite straight line PT", we can assign the meaning that "the angle 
between PQ and the x-axis tends to the angle between PT and the x-axis.” 


8.12. Equation of the tangent. Let the given point P on 


the curve y = f(x) be (x, y), and let Q, any other point on the 


curve, be (x + h, y + k). Let the coordinates of any point R on 
the straight line through P and Q be (X, Y), so that (X, Y) are 


the current coordinates. Then the straight line PR has the 
equation : : 


y- LO REY cx 


: TEE il 
o y- ys LED AO ya 


Now, as Q tends to P, this equation tends to the equation 
Y-y-Íf'(x)YX-». 
155 
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Hence the tangent to the curve 


(x9) is YE LCD) at the poing 


8.13. Geometrical Meaning. Let the positive direct: 
of the tangent at dip 


P be defined as 
the one in 
which those 
points of the 
tangent lie 
whose abscissae 
are greater than | 
that of P.Lety be the angle (positive, zero or negative, but 
not reflex), which the positive direction of the tangent at (x, 
y) makes with the positive direction of the x-axis the 
accompanying figures). 





Comparing the equation of the tangent obtained above 
with the standard equation y = mx + c of a straight line, we 


see that ay — tany, 
dx 


i.e. the derivative dy / dx at the point (x, y) is equal to the 
trigonometrical tangent of the angle which the positive 
direction of the tangent to the curve at (x, y) makes Wim the 
positive direction of the x-axis. 

NOTE. 1. It is clear from the figures that the y (and therefore 
dy/dx) is positive when y increases with x, and negative when y 
diminishes as x increases (cf. § 4.31). 

2. A little consideration will show that y must lie between 
*im and -im. 


3. The tangent of the angle (i.e. tan y) which the tangent at P to the 
curve makes with the x-axis is usually called the slope or gradient ofthe 
curve at the point P. 
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px. 1. Find the points on the curve y=x/(I-x") where the tangent 
., inclined at angle of +x to the x-axis. 


pifferentiating the equation of the given curve, the slope of the curve 


en oe 7 ON 202 
zz « 


d  (I-x*? = (I-x?) 
dy! dx - tan n=l. Q) 


sg Y dy (-x)-xC2x) (1x) i (1) 


But we are given that 


. Equating (1) and (2), we obtain 


14x? =(1-x? = 1-20? +24 
pis X * -3x 120. i.e. x'(x!-3)20 which gives x= =0,+ 43. 
Substituting these values of x inthe given curve, y=0, 43/2 


Thus (0, 0), (43,: -45 / 2)and ics, 4312) are the required 


points. 


Ex. 2. Tangents are drawn from the origin to the curve y=sinx. 
Prove that their point of contact lie on x! y! =x’—-y’. 


y=sin x.- (1) 
dyl dx 2cosx. 


-The given curve is 
Differentiating (1), 


Therefore the equation of the tangent at any point tte y) is 
.Y-yzcosx(X -x) (2) 


.. where (X, Y) are the current coordinates. 


^. Since the tangent passes through the origin, we have from (2), 
—yz2-xcosx or — cosx- y/x. (3) 


The point of contact of the curve and the tangent lies on the locus of 
- () and (3). Squaring and adding (1) and (3), we have 


yry lx =l or x! y! =x? - yt, 


'Ex.3. Find the equation of the tangent at (x,, y, ) to the ellipse 





| x la +b al [Kumaon 2012] 
2 
Differentiating , CR, so that Lie E. 
a b dx dic 3*9 


.. Atthe point (xi yi), wehave dy, / dx, 2-b' x,/ a! y, 
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and x la +y?/b? =L. 


Therefore the equation of the tangent at (x, , y, ) is, 
d | 


uu D NL pay y x 
Y -» 77 dy, (X-x,) or gU XP a Jag 


(1) 





or Ax, PE EE AL , 
a Vou [using (1 


where (X, Y) are the current coordinates. 

Important. The equation of the tangent must in every case be 
simplified as much as possible. Such simplification can always be carried 
out in the case of algebraic curves, as in the above example. 


Ex. 4. Find the equation of the tangent at the point £ on the 

curve x=a(f+sint), y-a(1-cost) [Kumaon 2009 (1st part) 
The given curve is x-a(t-sint), y-a (1—cos t) (1) 
Differentiating (1) w.r.t t., we have 


dx/dt=a(i+cost), dy/dt=asint. 
So dy _ dylidt_ asint _2sin cos 5 - 


= i - tan 1 t. 
dx dxídt a(l+cost) 2cos* 1t E 
Hence the tangent at ¢ is 
Y -a (1-cos t) - tan 2 t [X - a (t +sin t )] 
i.e. Y —2asin* 1t =tan 11 [X —at —2asin 1 t cos 1 t] 
i.e. Y —2asin? 1 t 2 tan 1t (X —at)-2asin? 1 ( 
eo Y -tanit(X-at) which is the required equation. 


8.2. Angle of intersection of curves. If two curves 
intersect at a point P, the angle of intersection of the curves is 
defined to be the angle between the tangents to the curves at 
P. Now the angle between the two straight lines 

y=mx+c and y2m,x-cc, 
is known from coordinate geometry to be 
tan! ((m, ~ m,)/(1 +m, m,)}. 

If we replace m, and m; in this formula by the values of 
dy/dx for the two curves at any of their points of 
intersection, we get at once the angle at which the curves cut 

. there. i 


, ., 
a OO!" DDR a 





a,,b, are all non-zero. 


` orthogonally if 1/a—1/b-1/a, -V b,- 
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Find the angle of intersection of the curves 
y=4-x’, = (1) 
ys Q) 


subtracting (2) from (1), we see that the abscissa of the point of 


Ex. I. 


on is given by 
4-2x’? =0 so that x=42. 


From (1) we find that dy/dk=-2x= 2242 for one curve at the 


 intersecti 


point of intersection. | 
From (2), dy/ dx 22x = 242 forthe other curve at the same point. 


. Hence, if 9 is the required angle of intersection, then 


on no rr 0-tan^! (442/7) 
aan oY T 


1 Ex. 2n Find the condition when the curves 


ax? + by! =1 and a,x’? +b,y’=1 cut orthogonally where a, b, 
| [Delhi 04, Lucknow 04, Avadh 06] 


|. OR 
` Show that the curves ax? + by! - land a,x? & b, y^ =1 intersect 


[Kumaon 2013] 


Let P (x, , y, )be the point of intersection of the given curves. 


Differentiating ` ax? + by? =1 ` (1) 
We have.  2ar+2by—=0=>|— | =-—E™ 
I x de dx Jp by, ' 
| Again differentiating a,x’ + b, y =1 (2) 
| a,x 
' We have 2a, x+2b 2 os (2) z-——L (=m, ) 
" eu dx, b, y, : 


For orthogonal intersection of the curves, 


ax a,x 
=—j=> | -— jf lat 
"ets by, I az) 


Wiz aax? *bb,y, =0. (3) 
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Eliminating x, , y, from (1), (2) and (3), we get 
a b -] 
a 6 -1|s0 
aa, bb, 0 


i.e. a (bb, )—b (aa, )- (abb, —aa,b, )=0 
i.e. ab (b, —a, )=a,b (b-a) => b,-a, „b-a 
a,b, ab 
i.e. l/a—-1/b=1/a,-1/b, which is the required condition. 
EXAMPLES 
l. If y=4x’, then find the tangent to the curve at (1,1) .. 


[Bundelkhand 2006] . 


2. Find the equation of the tangent at the point (x, y) on each of the 
following curves : 
(ii) x"/ a" + y"/b" x1 
(iv) y=acosh (x/ a). 


(i) y! -4ax. 

(iii) xy-a*. 

(v) y=a log sin x. 

3. Find the points at which the tangent to each of the following 
curvesis (a) parallel toand (b) perpendicular to the axis of x: 

(i) ax! +2hy+ by! -1 (i) y=x (x+ a)” 

(iii) y=x +J1-x? 

[HINT: The tangent is perpendicular to the x-axis if dx/dy = 0.] 

4. Find the equation of the tangent at the point ¢ on each of the 
following curves: 


(i) x2t^-a, ys? -b. (ii) x=asin? t, y - bcos? t. 


5. Prove that x/a + y/b = 1 touches the curve y- be^"^ at the 


point where the curve crosses the axis of y. [Sagar 2002] 


6. Prove that the curve (x/a)'-(y/b)' =2 touches the 
straight line x/a+y/b=2 atthe point (a, b) whatever be the value of n. 
7. If the tangent at (x,, y, ) to the curve x? + y? =a’ meets the 


curve again at (X,Y ) then show that x + n L [Magadh 2005] 


x Ji 





touches the curve 


| 


1 ' gi = 4by at their point of i 
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3,34 
w that the tangents to the Folium of Descartes x +y 


g. Sho bola y = ax are parallel to the 


i it meets the para 
he points where it mee 
jaxy att 
axis of y- 
.9, Fin 


weer m a 
d the condition that the straight line p ^ x cos a * y SI 


n/ (n - nl (n - I) 
EDU zy xi. [Patna 2004] 
a b 


0. Show that the line xcos 0+ ysin 0- p =0 will touch t 
m+n g”*” cos” Osin” 0. 
[Delhi 03, Patna 06] 


he curve 
EI 


n 


a"*" -0 if p"*".m".n" =(m+n) 


3 | i 11. Find the angle of intersection between the curves 


(i) 2y° =x’ and y! =32x. (ii) x^ 2 4ay and cetus 
. (iii) xy a^ and x! +y’ 22a'. (iv) y= a and y - b. 
v (v) x!- y! =a’ and xl 4 y! 2a 2. 

12. Find the angle of intersection of the parabolas y! =4ax and 
», ntersection other than the origin. 
ANSWERS 


i. 1. y-8x+7=0. 
2. (i) yY=2a(X +x). (ii) y"'Y/b" «x" " X/a" =] 
(i) Y/ y+X/x=2. (iv) Y — y= (sinh (x/ a))CX -x) 
- (y). Y - ysa(cot x) CX -x). 
3. (i) (a) where ax hy 2 0 intersects the curve. 
(b) where by Ax =0 intersects the curve. 
(d) (a) at(-2a/3,4'? a/3); (b) at (0, 0), (-a, 0); 
(ii) (a) at (0, +1), (43/2, $5; (b) at (£1, D). 
4. (i) 2Y =3t X -t° *3at -2b. 
(ii) X/asint-Y / bcost -1. 
9. p" =(acos a)" 4 (bsin a)". 
ll. (i) mand tan^' !. (ii) tn and tan"! 2 


(iii) 0 i.e. the curves touch each other. 
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; log a/ b 
tia ee l 1 AR S 
1+ log a log b 0) ss le ta Te 
The normal to a curve at any point ; | 
: i y point is 
“en line which passes through that point and is at righ 
angles to the tangent to the curve at that point. 
Any line through the point (x, y) is 
Y-yzm(X-x) 


This will be perpendicular to the tangent to the curve at 
(xy) if : 


8.3. Normal. 


m.—--]. 


Substituting the value of m obtained from this in the first 
equation, we see that the normal at (x, y) to the curve 


. d 
y- f(x) is AQ -»*X-x-0 


Ex.1. Find the equation of the normal at (x, y) to the ellipse 
x la +y bs 
2 
Differentiating, we get AE A 








7 [see § 8.13, Ex.3] 
a’ y 
Hence the normal at (x, y)is -(b? x/ a?" )(Y-y)+X-x=0 
or posl 
x/a^ pib’ 


Ex.2. -If /x+my=1 is anormal to the parabola y = 4ax, then 
prove that al? + 2alm? = mè. | [Lucknow 08,12] 


Differentiating y = 4ax, we have 
22 4a or o "d 
. C dx 


| | d y 
Therefore the normal at (x, y) to the parabola is 
(2a/ y)(Y - y)+ X -x=0 
2aY + yX =(2a+x) y. 


If this is the same as /X +m Y= 1, then 


or 
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This gives y=2al/m and 2at+x= 1/1. 
putting these values in y, —-4ax, we get 
(2al/ m} -4a(1/1-2a) or 4a? l? .1 2 4 am’ (1 —2al) 


al) + 2alm? =m’ which proves the proposition. 


he 
EXAMPLES 
1 Find the equation of the normal at (x, y) on each of the following 


|. curves: 


(i) x"/a"-y"/Ib"-Ll 
zt (ii) (x? + yy =a’? (x? -y ) (iv) y=alog sin x. 
/.9, Find the equations of the tangent and the normal to the curve 


(i) y = 4ax. 


y(æx-2)(x-3)-x+ 7-0 atthe point where it cuts the axis of x. 


c 2 
^ *- 3. Find the equation of the normal at C3 tothe curve xy -c'. 


[Delhi 2005] 


d ^4; Find the equation of the normal at any point on the curve 
| © y=3cos@—-cos? 0, y=3sin 0—sin 0 and show that, at the point where 
D §=n/4, the normal passes through the origin. 


^5. If the normal to the curve x^? + y”? =a” makes an angle > 


|. "with the axis of x, show that its equation is 


| ycos ġ- xsin $-acos 2€. [Delhi 2002] 
.6. Show that the normal at any point of the curve 


x=acos 0- a0sin 0, y=asin 0 — a0 cos 0 


| * isata constant distance from the origin. 


7. Show that the tangent and normal at any point of the curve 
x 2 ae? (sin 9 —cos 0), y - ae^ (sin 0 + cos 8) 
are equidistant from the origin 
8. Show that the normal to the ellipse x7/a?+ y? / b? =1 
touches the curve (ax)? (by) 2 (a? - b? TE 


9. If the tangent at any point (4m°, 8m) of x'-y! is a 


normal to the curve at the point where it meets the curve again, then find — 
the value of m. 


(^ 
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ANSWERS 

l. (i) 2aY + py —-xy42aY. 

(ii) y"!x/b" -x"' Y] a" my"! / b" - yx”! / a” 
eee 2 2 

i (2x +2y? +a?) yx - (2x? +2y? -a?)xy = 2a* xy, 

(iv) JYsin x-- aY cos x = xsin x+ aycos x. 

2. 20y-x+7=0, y*20x-140-0 

3.. xp! — yp+c(l- p*)=0. 

4. ycos’ @—xsin’ 0 =2sin 40. 9. m-«2/3. 

8.31. Cartesian Subtangent and subnormal. Let the 
tangent and the normal at any point P on a curve meet the 
x-axis in T and N respectively, 
and let PM be the ordinate. Then Y 


TM is called the subtangent and 

MN the subnormal. r 
Ifthe angle which the tangent 

makes with the x-axis be y, we © 

have tany = dy / dx and MP = y. 

Therefore 


Subtangent = TM = ycoty = v2] 
x 


M N X 


Subnormal = MN = ytany =». 


Ex. I. Prove that the subnormal at any point of a parabola is of 
constant length and the subtangent varies as the abscissà of the point of 
contact. 

Let the parabolabe — y? =4ax. 


Then 2ydy/dx-4a .or dy/dx=2a/ y. 
Therefore, ` the subnormal = yo — Qj». 
Y 


which is of constant length; and 
the subtangent = 2 = f2)- Ae =2r, 


which proves the proposition. 
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Ex. 2. Show that for the curve by? =(x+a)’, the square ll 
ubtangent varies as the subnormal. [Lucknow : 
S | 
^ qhe given equation is by* =(x+ ay. ( 
dy 3(x+a) 
2 — = 
Then 2 by 2 =3(x+a) or E^ 2by | 
dy  3(x«ay 3(x*2) 
Hence the subnormal - I Yay FEET 
y, 2b 2 2b 
Also, the subtangent = y/ pn y i213 Gs zy 
„Zata -zi(x-a) [using (1)] 
3 (x* a)! i 
ent to the subnormal 


Therefore the ratio of the square of the subtang 
 (subtangent) _ 4 (xay / 3(x*a) _ 8b _ constant 
~ subnormal 9 2b 27 
which proves the proposition. . 
8.32. Intercepts. The equation of the tangent 1S 
Y — y=(dy/dx)(X - x). 
This meets the x-axis OX where Y =0, i.e. 


o-y= P(x 23) or X-2x-y 2. 


Hence the intercept xing tue tangent cuts off from the 


axis of x is x-y de 


This intercept in the figure of the previous article is OT. - 


Similarly, by putting X =0 in the equation of the tangent, 


we see that the intercept which the tangent cuts off from the 
dy 
axis of y i e m. 
of y is yx 


The length of the tangent intercepted between the point 


Of contact and the axis of x is often called the length of the 


tangent. In the figure, this is PT. So from the right- angled 
triangle PTM, we have 


— MÀ] € —À —— MÀ — e MP a — M Ó—À 9 ei 
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PT = PM cosec y = y cosec y = y 4/1 + cot? V 


2 
Therefore, Tangent = PT = yl 65 
dy 


© o i 2 
Similarly, Normal = PN = ysecy= y 1+(2) 
| dx 


where PN is the length of the normal. 


8.33. Sign. Inthe figure of § 8.31, y and dy/dx are both positive. 
Hence y/ (dy/dx) will be positive in such a case. Also, T istothe left of M. 
Hence, if we adhere to the usual convention that distances on OX are to be 
taken as positive when measured in the direction OX, it is evident that the 
subtangent must be measured positively from T in the direction OX. If 
its value comes out to be negative, we must infer that M lies to the left 
of T. A similar interpretation is possible in the case of the subnormal and 
the intercepts. ae : 

Ex.1. Prove that the sum of intercepts on the coordinate axes of any 
tangentto Jx «fy =a isconstant. `- [Delhi 2006] 


OR Ifthe tangent to the curve Vx xy - a at any point on it, cuts 


the x-axis at P and the y-axis at Q, then prove that OP + OQ =a, where | 


.O isthe origin. [Lucknow 2009] © 
The given curveis x+ Jy = Ja. d (1) 
— | ] dy dy y 
Differentiating, —— +—= = = or —=-—., 
DA "eds 2fy dx de x 


The equation of the tangent to (1) at any point (x, y) is 
Y -ye C y/ Vx) X -x) 
where (X, Y) are the current coordinates. 
' The tangent (2) meets the x-axis where Y — 0 so that 
-y- C y! Vx) Qt -x) 
or X xe xy - Mx (Vx fy) - Muda. [using (1)] (3) 


which is the intercept on the x-axis. 
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Also the tangent (2) meets the y-axis where X =0. Then 


yayt yl Vx).x= tly dye ym ya A 


ain using (1). This is the intercept on the y-axis. 
ag 


Adding (3) and (4), the sum of intercepts on the coordinate axes is 
da e ya) o Ma lx e [ y) e Jada =a, aconstant. 
Ex.2. Show that length of the portion of the tangent to the curve 


[Delhi 2005] 
constant. 


`. Differentiating the equation of the given curve, we have 
dx/ dà - —3acos? 0sinO, dy/d0 -3asin? 0cos0. 


dy _ dyl d® _ 3asin? 0cos0 —— 
apna dx dx/d® —3acos? Osin 0 


So the equation of the tangent to the given curve is 
Y —asin? 0.- —tan 0 (X —acos? 0) 
or X sin 0 Y cos Ó— asin 0cos 0 2 0, (1) 


. where (X, Y) are the current coordinates. 


The tangent meets x-axis where Y =0, then from (1), X - acos 0, 
ie. the tangent meets x-axis at the point (acos 0,0). 


Similarly, from (1) when X =Q the tangent meets y-axis at the point 
(0, asin 0). i 


Hence the length of the portion of the tangent intercepted between 
the coordinate axes i.e. between the points (acos 0, O)and (0, asin 0) 


7 J(acos 6-0)? + (0-asin 8)? 2 Ja? cos? 0-- a? sin? 8 =a ‘ 
which is a constant. This proves the proposition. 
EXAMPLES 


l. Show that in the exponential curve y-be"*, the 


Subtangent is of constant length and the subnormal varies as the square of 
© ordinate, ' 


2. Find the length of the normal and subnormal of the curve 
yt a (e^ ior xla Y. i 
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3. In the curve x"*" 2 a"*"y?", prove that the m 


th pow 
the subtangent varies as the nth power of the subnormal. n 


4. Prove that the subnormal at any point of the 


Cury 
HOME UN. 2 - : : i 
y x =a (x —a') varies inversely as the cube of its abscissa. 


5. Find the subtangent, subnormal, normal, tangent, and the 
intercept on the axes at the point ¢ on the cycloid 


x=a(t+sin t), y-a(1-cos t). 


E What should be the value of n in the equation to the curve 
y = a - n 


x^ in order that the subnormal may be of constant length ? 
7. Show that length of the tangent to the astroid x”? + y^? = 4?» 
intercepted between the coordinate axes is constant. [Delhi 03, 07] 
8. In the tractrix x=a(cos t + log tan 11), p=asin t, 


prove that portion of the tangent intercepted between the curve and the 
axis of x is of constant length. 


9. Find the abscissa of the point on the curve ay? - x! at which 
the normal cuts off equal intercepts from the coordinate axes. . 


10. Prove that portion of the tangent to the curve x" y" za"*" 
intercepted between the axes is divided in the ratio m:n at the point of 
contact. 

1]. Prove that for the catenary y-ccosh(x/c) the 
perpendicular dropped from the foot of the ordinate upon the tangent is 
of constant length. | 

12. Prove that in the ellipse x^/ a? + y? / b? =1, the length of 
the normal varies inversely as the perpendicular from the origin on the 
tangent. | 
ANSWERS 
2. acosh?(x/a), iasinh (2x/ a). 

5. asint; 2asin? 1tsec1t; 2asinittanit; 2asin}t; — " 
1/2. # 
} TAA P a 

8.4. Polar Coordinates. The position of a point P on 
plane can also be indicated by stating (i) its distance r from à 
fixed point O, and (ii) the inclination 0 of OP to a e 
straight line OA. r and8 are called the polar coordinates © 


at; -at tan 1t. | 6. 
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r is called the radius vector, 0 the 
yectorial angle, O the pole, and OA the 
initial line. r is considered to be positive 
when measured away from O along the 
line bounding the vectorial angle, and 0 

dg considered to be positive when measured in the 
anti-clockwise direction. | 

It is usual to regard O as the independent variable. 


When converting polar coordinates to Cartesians, or vice 
versa, it is customary to take the pole as the origin and the 
initial line as the x-axis. Then the formulae of conversion are 


P; 





x-rcos0, y-rsinO 
and conversely, r-4x^4y?, | 0-tan (y/x). 


‘If r and O are given, there is only one point which will have the 
coordinates (r, 0). But if P be given, not only may the coordinates be 
started as (r, 0), butalso as (r, 0X 2x) (r, 0t 4z),... ,oras(—r, 0m), 
(-r, 09x 3n).... The student should remember this, otherwise he would 
commit mistakes. 


BE. Angle between Radius Vector and Tangent. Let 
P be a given point on the curve r = f(0) and let Q be ary 
neighbouring point on the curve. 

Let P be the point (r,0) and Q the point (r+ ór,O + 80)*. 
Let TPT' be the tangent at P , and let $ be the angle 
rl the tangent and the radius vector OP . We have to 
Draw QM perpendicular to OP (produced if necessary). 


à iy AA Msi ps f (8), rand Bare current coordinates; but when 
diffe E e coordinates of the Siven point are r and 0, we attach a 
"pin eaning to these symbols. lt would be best to use ( ri. 04) for 
E Ginates of P. But this is inconvenient. However, after this 

ation the student should have no difficulty in understanding 


Whether at i 
any given plaçe the reference is to the i 

coordinate p 
the current coordinates, tee 


Scanned by CamScanner 


170 DIFFERENTIAL CALCULUS 


Then as. Q>P, 
60 — 0, the chord PO > 
the tangent PT ' and the 
Z QPM > Z 9. 

Hence tan$ 

= tan lim, ,, ZOPM 

= lim, ,,tan ZOPM 

= lim, QM / PM 

M 

-lim4,4 M — d` TC A 


OM -OP ? 
(r + ór) sin60 (r+ dr) 50 
M5949 7... 
(r - ór)-1-r 





I (r + ór)cos60 -r H 


since as 60 > 0, sin80 — 80 and cosd0 1. 
: r60+6r660 . 50 dð 
-lim,4,,—————— limgg_ PS = — 
or or 
on neglecting ôr 60 which is a ve 
second order. : 


Thus [TES 






If we suppose 6$ to be numerically less than x and define it to be the 
angle between the positive direction of the radius 
vector and that direction of the tangent in which 0 
increases, it is easy to see that the above formula 
holds whether r 20/ dr be positive or negative. If f 
r d0/ dr is negative, it means that dis greater than © A 

ln (See the marginal figure). 

8.6. Polar Subtangent and Subnormal. Let P be any 
point ona curve r = f(0), and let the tangent and normal at P 
meet the straight line through the pole at right angles to the 
radius vector OP in T and N respectively. 

- Then OT is called the polar subtangent and ON the polar 
subnormal. | 





'positively to the right, the observer being . 
supposed to be stationed at O and looking 


the subtangent shows that T is to the left, 
.as in the marginal figure. A similar | 
meaning can be assigned to a negative 
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since ZOPT =¢, OT = r tano. 
Hence the polar subtangent 
2 
T' 
Also, ON =rtanZOPN 
-rtan(in-$)-rcotó. | 
Hence the polar subnormal 
dr 
es 


The formula for the polar subtangent shows that it is measured 





in the direction of P. A negative value of 





subnormal. 


.. We shall now find the lengths of the polar tangent PT 
and polar normal PN at P. 


` Again, from AOPT, PT /r -secó 


or ^ PT =rsech=ryl+tan? 62r | 1+r2(d0/ dr). 
So the polar tangent = r 1+ r?(d0/ dry. 


Also from AOPN, 
PN Ir z sec ZOPN - sec (13x — 6) =cosec à 


| | 2 
or PN =rcosechb=rJjl+cot? d=r I4 
| r 


do 
Si =vr' + (dr/ dey. 
So the polar normal = yr? + (dr / doy. e 
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p Perpendicular from Pole 
on Tangent. If p bethe length of the 
perpendicular OT from the pole O to 
the tangent at any point P on the 
curve, then figure. 

p-rsin (1) 
If we want the result in terms of r and 9, we have only to 





substitute for sin from the equation cot à — (1/r) dr / qo. 


Thus, from (1), 


IL. d 1 
Beep Soe b= egt o) 


AG 





Or 

Sometimes u is used to denote 1/r, then e Na 

M | ddr’ do 
and this formula can be stafed as 

1/ p? =u’ * (du/d0y. [Patna 05, Magadh 07] 


Ex. 1. For the curve r=a (1—cos 6), show that ` 
A $-10 [Rohilkhand 03, Lucknow 11] 


gis 2ap! - r (iii) Polar subtangent = 2asin? 10 tan 1 0. 


| - [Rohilkhand 03] 
The equation of the given curve is r=a(1-cos 6). (1) 
(i) Differentiating (1), — dr/ 0 = asin 6. (2) 


dð a(1-cos0) _ 2sin? 10 


tan $2 7— -—————-— 
xs | cd dr asin 0 2sin 10cos 70 
or tang=tan+@ which gives o=16. 
(ii) We have p=rsin ¢=r sin10. | Q) 


Substituting (3) in (1), we have 
ra (1-cos 0)-2asin? 10 =2a(p/r)’ 
or rr o-2ap. 


THES S ietie REIN 177 1:7 ee EI ted ERLE ly eta LT PH E TET aan dt Cu TET TEEI 


Eie. 


[Patna 07, Magadh 10] | 
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(iii) The polar subtangent 
= 2B _ r? _ à* (1-cos 0)" [using (1) & (2)] 
dr dr/ dð asin 0 
a(2sin’ 10) 


=———_—+— -2asin? 10tan 10. 
2sin + 0 cos 10 : 

Ex. 2. Show that for the curve r^ =a’ cos 20, the length of the polar 
normal varies inversely as the radius vector. [Lucknow 2008] 
The equation of the given curve is r° -a^cos20 (1) 
Differentiating (1) w.r.t. 0 2r dr | do =—2a’ sin 20 


dr/ dà = (-a! sin 20)/ r (2) 


The polar normal = Jr? + (dr/ d9y 


4 * 2 
c EL =! r* - a^ sin? 20 [using (2)] 
r r 
l 4 2 4 2 a’ 
=— Va‘ cos? 20+ a* sin? 20 =— [from.(1)] . 
r , r 


=.: which shows that the polar normal varies inversely as r. 


.. 8.7. Pedal equation. The relation between p and r fora 


- given curve is called its pedal equation. For certain curves 
. the equation is very simple. 


< . (i) To find the pedal equation from the Cartesian 


equation. The tangent at (x, y)is | 
| | d 
Y-y-(X-x)—2z0. 
| y-( p 
Hence, if the length of the perpendicular on it from the 


origin (X 20, Y 20) is p, we have 


| x(dy/dx)- y 


JI (dy | dx) ? ) 


Also, if r be the distance of between the origin and any 

Point(x, y) onthecurve,then =r? = x? + y? (2) 
If the equation to the curve is known, say 

f (x, y) 20. (3) 


Then we can get the pedal equation by eliminating x and y 


| between the equations (1), (2) and (3). - 
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AA. Perpendicular from Pole 
on Tangent. If p be the length of the 
perpendicular OT from the pole O to 
the tangent at any point P on the O` 
curve, then the figure. 

p=rsin (1) 


If we want the result in terms of r and 8, we have only to 
substitute for sing from the equation cot  - (1/r) dr/ dO. 
Thus, from (1), 


l 


l 
pecu CR d tet $) 


l í dr ) 
arm arre , 
r^ \ dð . 


[Patna 07, Magadh 10] 


Sometimes u is used to denote 1/7, then en = Le 
dO r“ dð 


or 





and this formula can be stated as 
1/ p! =u’ * (du/d0y. 
Ex. 1. For the curve r-a (1—cos 0), show that | 
KM 6-10 [Rohilkhand 03, Lucknow 11] 
gif 2ap? =r? (iii) Polar subtangent = 2asin? 1 0 tan 46. 
| [Rohilkhand 03] 
The equation of the given curve is r =a (1-cos 0). (1) 
(i) Differentiating (1), — dr/ d8 = asin 0. (2) 
= 49 a(l-cos0) 2sin'j0 


fe tan ọ=r— = = 
nnd , "dr asin@ 2sin+@cos 50 


[Patna 05, Magadh 07] 


or tan$-tan10 which gives $710. 
(ii) We have 
Substituting (3) in (1), we have 
r =a (1-cos 0)-2asin? 10 22a (p/ r) 
r:2ap*. 


(3) 


p=rsin ġ=r sin30. 








i.e. 
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(iii) The polar subtangent 





17) ene BY 
dr ar 
a (2sin^ 18) 


ELA -2asin? 10 tan 10. 
2sin + 0 cos 1 0 
r? =a’ cos 20, the length of the polar 


Ex. 2. Show that for the curve 
[Lucknow 2008] 


normal varies inversely as the radius vector. 
: a! 1 . 
The equation of the given curve is r? =a’ cos 28 (1) 


Differentiating (1) w.r.t. 0 2r dr | dQ =—2a’ sin 20 | 
| dr/ d0 = (-a! sin 20)/ r (2) 


The polar normal = Jr? + (dr/ doy 


_ fz, 2 sin? 20 _ 1 fain? 20 [using (2)] 
r Jg 
l 4 2 4 2 a’ 1 
— 2 A a* cos? 20 + a* sin * 20 2 — [from (1)] _ 
F : 


r 
which shows that the polar normal varies inversely as r. 


8.7. Pedal equation. The j ee 


given curve is called its pedal equation. For certain curves 
_ the equation is very simple. 


. (i) To find the pedal equation from the Cartesian 
equation. The tangent at (x, y)is | 


Y-y-(X -x)= =0. 
y-( ) 7 
Hence, if the length of the perpendicular on it from the 


origin (X =0, Y =0) is p, we have 


| x(dy/dx)- y 


Aie (ay1ao? E 


Also, if r be the distance of between the origin and any 
Point(x, y) on the curve, then r? =x + y? (2) 

If the equation to the curve is known, say 
f(x, y) =0. (3) 


Then we can get the pedal equation by eliminating x and y 


between the equations (1), (2) and (3). - 
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(ii) To find the pedal equation from the pol 
equation. Let the equation to the curve be T 


f (r,8) 20. (1) 
Also, by the previous article, 


l.1,1í(d 
p r " d ; | (Q) 


We get the pedal equation by eliminating 0 between (1) 
and Q). 


Another method of finding the pedal equation of the 
curve is to eliminate 0 and à from (1) and (3) where 


p =rsinġ tan = r— (3) 


Ex. 1. Find the pedal equation of the parabola y =4a(x+a). 
[Guwahati 05, Meerut 10, Lucknow 05,11] 
Differentiating the equation of the parabola, we have - 


or ——— — 


dy ' 
2y— -4a: 
ls 


Hence the tangent at (x, y) is Y — yz (2a/ y)(X -x). 
/ 
Therefore pa CAD SA a-y 
J14 42? / y! 4»? *4a* 


2ax — _2ax—4a(x+a) a) _ -2a(x* 2a) 2a) 


Br + 4a? - Jaa(x 2a) 
=—Ja(x+2a - — Jar | 


since r =x +y =x? +4a(xt+a)=(x+2a)’. 
Therefore p*=ar which is the required pedal equation. 
Ex. 2. Find the pedal equation of the cardioid r = a (1+cos 0). 
[Delhi 04, Calcutta 05] 
Here r- à (14 cos 0) (1) 
Therefore dr/ dà = -asin 8 
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1 1 gídeY 
We have "zr 


] | 2 l a? ? 9 
=—+—.a° sin §=—+— (1-cos ) 
rer >. 


zu [using (1)] 
- | 


2ap? =r’ is the required pedal equation. 
Ex. 3. Find the pedal equations of the curve r” =a” cos n 0. 
| [Lucknow 08, Patna 08, 10, Magadh 09, 11] 
" Taking the logarithm of the given equation, we have 


nlogr=n log a+ log cos n 6. 


Differentiating this with respect to 0, we get 





(-nsinn0)-2-ntannO or Lenny 
-r dð cos n 0 r ao 


E s | " p= 2 — —tan n 0 =cot (1*9), 
which gives $- 171-48. 
But p=rsin $-rsin (nn 09)2rcosnO-r(r"/ a^)zr"' / qa". 
! Hence the required pedal equation is pa” =r”*! 

8.8. Angle of intersection of curves. If two curves, 
Whose polar equations are known, intersect at P, and the 
values of $ at that point for the two curves are $, and 6$, 
respectively, then the angle of intersection of the two curves, 
Say a , is evidently $, ~ $,. 


If tang, =m, and tan$, =m, , then 


tang, -lan$, 


tana = tan (9, -$,)= l- tanó tand, 
1 2 
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Hence the angle of intersection of the two curves is 


Q = tan! [meme | N 


l-tanġ, tang, 


In particular, the curves cut orthogonally (i.e. at right 
angles) if m,m, =-1. 

AX Find the angle of intersection of the curves r =a (1+cos 0)and 

r - b (1-cos 0). [Kanpur 07,11, Lucknow 12] 


OR. Show that the curves r=a(l+cos@) and r-b(l-cos 8) 
-intersect orthogonally. [Delhi 07, Meerut 11] 
Let P be the point of intersection of the two curves. Let $,, $, be the 
angles which the the two tangents to the curves at P make with the radius 
vector OP. 


For the curve r-a(14cos0), dr/ dð =- asin 9. 


-2cos? L0 
Then tan §, ", = 2 (0058). E 17 cot b 8 
dr — asin 0 2sin 1 0cos +6 . 


or tan, =tan (11410) sothat 6, =(17+16) (1) 
| Again, for the curve r- b(1-cos 0), dr/ dO -bsinO. 
| —cos 0 2sin? +6 
So wai ere Te AT TT mi 
or >, -10 Q) 
From (1) and (2), the angle of intersection of the given curves 
=ġ ~$, -(1410)-10-1n 
which shows that the curves cut each other orthognally. 
EXAMPLES 
1. Findthe angle $ forthe curve 1/r=1+ ecos 0. 
2. Find the angle between the radius vector and the tangent for 
the curve 2a/ r 2 1-cos 0 atthe point (7,8). [Rohilkhand 2012] 
3. Show that in the equiangular spiral r — ae^^" ^, the tangent 
is inclined at a constant angle to the radius vector. 


4. Findtheangle $ forthe curve a0 = (^ - a? )* —acos ".! (a/r). 





Er 
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5. Prove that the tangent at amy point (r, 9) on the curve 
1 4g! sin 20 makes an angle 30 with the initial line. 
6. Prove that the normal at any point (r, 9) on the curve 


» 2a" cos n 0 makes an angle (n4 1)0 with the initial line. 
[Kumaon 2010] 


7. Find the angle of intersection of the following curves - 


r 


(i) rza0,r0-a. 


(ii) r=asin 2 0, r=acos 26. [Kanpur 2005] 
(iii) r =sin 8 +cos 8, r=2sin 6. [Lucknow 2009] 
(iv) r 2 acos 0, r= a (1—cos 0). [Delhi 2006) 


(v) r=a/(1+cos 9), r- b/ (1-cos 0). 
g. Prove that the spirals . 7" =a" cos n0 and r” =b" sin nO 
intersect orthogonally. 
[Delhi 03, Bundelkhand 03, Guwahati 05, Kumaon 08, 11] 
9. Show that the curves r” 2 a'sec (n0 a), r” = b"sec (n0 +B) 
intersect at an angle which is independent of a and b. [Lucknow 2004] 
10. Show that in the curve r=n@ the polar subnormal is 
constant and in the curve r0—a the polar subtangent is constant. 


11.-Prove that the length of the perpendicular from the pole on 


_ the tangent to the ellipse //r=1+ecos® is given by 


12. Prove that, in the parabola 2a/ r 2 1-cos 0, 
(i) $--16, 
(iii) the polar subtangent =2acosec 0, (iv) p? =ar. 


| : [Lucknow 2006] 
13. Prove that the locus of the extremity of the polar subnormal 


(ii) p=acosec 10, 


ofthe curve r= f(0) is r= f' (6-47). Hence show that the locus of 


the extremity of the polar subnormal of the equiangular spiral r = ae"? is 


another equiangular spiral. [Lucknow 2011] 
14. Show that the pedal equation 


(i) ofthe hyperbola r?cos 20=a? is pr=a? [Jabalpur 2002] 
(ii) of the lemniscate r^ =a? cos 20 is r’ =a? p. 
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(ii) ofthe Archimedian spiral r=a@ is. p! =r' I(r eq) f 

(1v) of the sine spiral r^ =a"sinn® is pa" 2p^*!, chord PO < 8s < PR + RQ. (1) 

15. Find the pedal equation ofthe curve r= ae** ^. Now PR + RQ = PM sec ZMPR + MQ sec ZMQR. 
[Lucknow 2012) Thus PR+RQ 


16. Find the pedal equation of the curve 1/ p= 1+ ecos 0. PM (sec Z MPR —1)+ MỌ (sec Z MQR - 1) - PM + MQ 


Substituting this value of PR + RQ in (1) and dividing 
by 5x, we get 


[Bundelkhand 2014] 


a Obtain the pedal equation of the curve x = ae" (sin 0—cos 0), 
y =ae" (sin 8+cos 0). [Lucknow 2010] 


18. Show that the pedal equation of the ellipse x^ / a? + y? / p? = 
2 


PO. BS ; PM (ec ZMPR -1) + “2 (sec ZMQR -1) 2€ (2) 
[oum dns oF ý an 


ox dx 


is —=—>+—-—_. Delhi 04, Calcutta 05, K 

p? a? b? a? b? | € aicutta umaon 13] But PQ’ =(x+6x-x) + (y *6y - yy - (86x)! + (6y) 

ANSWERS i t wj 2 

5 
1. tan^' {(1+ecos 8)/ esin 6}. 2. n-19. Therefore lim, o PO jdm, 230) FO 
4. cos '(a/r). 7. G) ix (iü) tan^(4/3). ^. OX dx . 
dii Š 2 2 
P ets (Uim, ie. = lim, s i + 2 = (2) (3) 
15. p=rsina. 16. Fried T. p-42r. (8x) dx 
PoP ro 


A1 Differential coefficient of length of arc. Cartesian Also as 6x — 0, i.e. as the point Q > P, PQ tends to the 


formula. Let the length of the arc AP of a curve, measured tangent PR, i.e. < MPR > 0.Therefore (sec Z MPR —1) —> 0. 
from a fixed point 4 on it be s. Then s evidently is some Moreover, PM /8x does not tend to infinity, because PỌ / 8x 
function, say 209, of x. | does not tend to infinity (see above). 

The problem is to find ds/dx when we know only the ; 
equation to the curve. 


Let P be the point (x, y) and let Q (x + x, y + dy) be any |. Again, as the point Q > P, the tangent at O tends to the - 
neighbouring point on the curve. Let the tangents at P and . tangent at P. Therefore the exterior angle R — 0. .But, 


Q meet in R and let RM be the because Z MPR — 0, this means that Z MOR also — 0. 
perpendicular from R on PQ. Thus, we have also 


Let the length of the arc AQ lim., MO (sec Z MOR -1) - 0. 
be equal to s + ôs, so that the arc cx 
PQ = ðs. m 

We shall assume the 
following as an axiom. 





Thus lim, A (sec Z MPR —1) - 0. 
| x 


Also, as is well known, when we take. limits, an | 
quality might have to be replaced by an equality. 


We know that < =lim,.., ES 


5x 


ine 
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Thus from (2) and (3) we get, upon taking the limits of 
the quantities involved, 


"ir. 


This shows that 






8.91. Corollary. We have proved above that 
lim, ,, PO / ôx = lim, „o ds /5x 
from which we can infer at once that lim,’ ,, PQ/8s 21, 
LÈ. lim ,._,, (chord PQ / arc PQ )=1. 
8.92. Alternative Proof of the F ormula for ds / dx. If we 
chord PQ 
E E (1) 
ar PO.” 
we can deduce the value of ds / dx more easily as follows : 
chord PQ 6x 
1), ———— —— =], 
By dx arc PO +i. 


i chord PO _ i arc PO 
i.e. lim, ,, ES x ic Ifi. orn ru 


nom _ ha (2) 
PT (+) 
às ds 


and the right-hand side of (2) = lim bo ruin = À 


assume that lim 


lim, —0 


Ro 





But the left-hand side of (2) 


A di 


Hence |. — =| 1+ 


8.10. Differential coefficient of the length of arc. 
Polar formula. Let P be any point (r,0) on the curve 


r = f(0), and let Q, any neighbouring point on the curve, be 


' measured from some fixed 


so Therefore 


Thus 
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(r+ 9r, 0 4- 60). Lets be the 
length of the arc up to P, 


point R on the curve and let 
arc. RQ - ss so that arc 
pQ = ôs. Draw. QM 
perpendicular to OP 
(produced if necessary). | 


Now from APOM, 
(chord PQ)’ = PM? + MQ? - (OM -OPY + MQ’ 
| - [(r + 8r) cos 80 — r]? + [(r + 8r) sin 80] 
=[(r+6r)-1—r]? + [(r + 87) 69]. 





| since asQ — P ,80 — 0, so sin80 — 80 and cosôð > 1, 
B o. (chord PQ)? = (èr)? + (r 60)? (1) 
on neglecting 5r 80 which is a very small quantity of the 


second order. 
ds -~ bs 
9 gg 


chord P 
-lime = 2) 


since in the limiting position as Q — P, arc PO — chord PỌ. 


‘Hence, from (1) and (2), we have 


6020 


ds: ... chord PO 


dO IM 55 20 . 50 
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Similarly, we can prove that 


Er niic em 


TO 


8.111. Other formulae. 


(1) We know that dy/dx = tan y,. 
which the tangent makes with the x-axis. Hence 


a 1+(2 ) isa y =tsecy 


dx 


Therefore alle cos y. 
ds 


if s be measured in such a way that dx/ds is positive, i.e. if x and s 


increase together. 


(2) Again 2.9. A Sany cos y —sin y. 


if x, y and s increase together. 


(3) If x and y are given in terms of a parameter, Say 


"dx OEO) 
‘dt Y dt dx ) \ dt 


x=f,(t), y= = f, (I), then 


where y is the angle 
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(4) We have seen that tan $ =r dð / dr. Hence 


] 
0s 6 =§ — = -m 
CUT sech 41 tan? $ 









l " dr / dO 4, dr / d9 
Jierf(do/dr  (dridoy er? dB/A 
*— . dr | 
; cos  - — | 
je. | ds 


| : "——À —— 
s being measured in sucha way thats and O increase together, so 
“that is acute when r increases with s (see § 8.5). | 


rd9 dr dO 
AI sin 9 —tanó cosó =— .— =r —. (1) 
Sl ý posp dr ds ds 
(5 We know that p=rsing =r" um - [using (1)] 
Hence a DEN [Lucknow 03, 07, 10] 
dð p | 


(6) Again d ese di - sin? > -41- -(p? / r?) 


[since p=rsing ] 


Hence | ds € — 
dr PE u p! 
: 2 
Ex.1. Provethat sin? 42 ape ae | Kanpur 2010] 
| de dy 
Since dr |.ds — Cos >, differentiating this w.r.t. s, we have 
2 
Aa =-sin EA Mado 
ds ds dð ds 
dir . a d : 
Pr in in ina. sn a [sincer Š =sin 9] 
ai 2 
Hence sin 2 db +r d'r = 
| do ds 
Ex. 2. For the curve r=ae°™*, prove that s/r=constant. 


[Lucknow 2008] 
Differentiating the given equation of the curve, we have 


dr/ dð =ae?™" (cota)=rcot a. 
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This gives [9 =t 
| q^ ano. 


ds 2 


Integrating (1) with respect to ; , we get 
S=rsecatc, (2) 
where c is the constant of integration. 
It isÉiven that s is measured from the origin so that $20 whenr- 0 
Substitution in (2) gives 
0=0-seca+c or c=0. 
Hence s=rseca ie. s/r=seca, which is a constant. 
- EXAMPLES 
l. Calculate ds/dx for the following curves : 
(i) y»-ax +bx+c. (ii) y -log cos x. 
(iii) y 2 acosh (x/a). 
2. Forthe curve y=alog sec (x/ a), prove that 


ds/ dx =sec (x/ a). [Bundelkhand 2013] 
| ds + 
3. Forthe parabola y^-4ax, provethat == oe 
i dx x 
| [Lucknow 2009] 


4. Calculate ds/dt for the following curves : 


(i) x=0t?,y=1-L (iii) x=2sin t, y=cos 2t. 


(iii) x=asect, y - btan f. 
. 7. Inthe curve y =a log sec (x/a), prove that 


d'x = E in = [Lucknow 2011] 
d? 2a a 


8. Find ds/ 40 for the following curves: 
(i) r-a(1*cos0) (ii) r^ =a’ cos 20 


(ii) ra (0-1) ' (iv) r2a e?" " 
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2 2 
9, Prove that for the curve r 0 =a, ds „yr +a 
dr r 
10. If 24 =1+cos0, prove that S=—74 [Lucknow 2010] 
r sin? d$ 


11. Show that 2 is constant for the curve [Kanpur 2012] 


[HINT : Put r=kcos t] 


ANSWERS 


(i) V4a'x! - 4abx b^ +1. 
(iii) cosh (x/ a). 

(i) V1e4r. 

(iii) (a^ sin? +b? )? sec? t. 
(i) 2acosté. 

(ii) a(0? +1). 


(ii) secx. 
(iii) 2cos£ V 1^ 4sin? £. 


(ii) avsec20. 


6cot a 


(iv) acoseca e . 
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9 
Asymptotes 


Sa oe Á— —— 
9.1. Asymptotes. Some curves are limited in extent, for 
example the circle ; others extend to infinity, for example the 
parabola or the hyperbola. In the latter case, it is interesting 
to enquire what happens to the tangent when the point at 
which the tangent is drawn moves further and further away 
from the origin. There are three possibilities, corresponding 
to the three possibilities in the cases of a series, viz., that a 
series may be divergent, oscillatory or convergent. Thus it is 
possible that the tangent may go further and further away 
from the origin, or it may keep oscillating, or it may tend toa 
definite straight line. In the last case, the straight line to 
which the tangent tends is called the asymptote. The formal 
‘definition is as follows : 


A straight line at a finite distance from the origin to 
which a tangent to a curve tends, as the distance from the 
origin of the point of contact tends to infinity, is called an 
asymptote of the curve. 


The tangent to the curve y = f(x) at (x, y) is 
dy 
Y-y=—(X -x 
pe (X -=x) 


d d 
or r-2x+(y-2)} (1) 


Excluding for the present asymptotes parallel to the y- 
axis, (1) shows that, as x —> co, 


— and. pea 
dx dx 


186 





} 
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must both tend to finite limits, say m and c in order that an 
asymptote might exist. If this condition is:satisfied, the 
asymptote would be 
yem tc. 

9.11. The slope m is equal to the limit of y/x as x 
tends to infinity. We have seen that if y = f(x) has an 
asymptote which is not parallel to the y-axis, then 


im, | y 2j is finite. 
vsi iim, 297597465 ag 
x | 
i.e. lim, _,;, E= lim, ,.. ay =0 
"x dx 
Therefore lim... Z= lim... ay =m, 
x dx 


by the previous article; i.e., the slope m of an asymptote is 
equal to the limit of y/ x as x tends to infinity. 


9.12. Branches of a curve. If y has two or more values for 
every value of x, it is generally more convenient to regard the 


, Curves corresponding to these distinct functions, not as different 


curves, but as different branches of one curve. In general, each 


branch has its own asymptote. 


Thus if y* -2xy -1=0, then y 2x £x? +1. So we say that © 
j curves y=x+¥x7+1 and y «x —x? +1 are two branches 
of the c ? -2xy-1-2 i 
ee yo —2xy mp and each branch will have an 
9.2. The asym 3 
ptotes of the general algebrai 
Let the €quation to the curve be ° nodi: 


a, y” n-] z 
oJ +a x+ n-242 


n-] -2 
+ By" x by" Xt +b yx"? 4b x! 
n 


oS cilia ee Eee (1) 
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e x"$, (2) m x 96,4 2). =0 (2) 
x 


where 6, ( y / x) is an expression of the rth degree in y / x. 
Dividing by x", this can be written as 


y 1 1 
16 FT (2) + rte) = 0. (3) 


. Excluding the case of asymptotes parallel to the y-axis 
(i.e. excluding the case in which lim, ,,( y / x) is equal to oo), 
(3) gives, on taking limits as x — œ , the equation 

$, n) = 0 (4) 


where m = lim, ,,(y/x).. 


This equation determines the m which occurs in the `. | 


equation y = mx +c of the asymptote (8 9.11). [Since (4) is 
of degree n in m, there will be n values of m, corresponding 
to the the n branches of the curve (1). Some of the values of 
m may, however, be imaginary or coincident.] 


Differentiating (3), we get 


E ít ddigaiX yx-y 
beega c 
z PM E) -54 (Lp 0. 
x x x x 


Now multiply this out by x? and take limits as x > ©. 


Remembering that lim,_,.,(y’ x —x) =—c, by § 9.11, we get 
c $', (m) 6, 401) = 0 ! (5) 


from (4). ; 


Hence the asymptotes are y = mx + c, where m is a root 
of (4) and the corresponding value of c is obtained from (5). 
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9.21. An Easy Rule for finding asymptotes. If ei 
substitute mx + c for y in (2) of the last article and expand, 
we get 


veo + EAC E 


21x 





Q'', (ny. 


+x" fem 0 a (my. pee ub. 
x 


If we now equate to zero the coefficients of the two 
highest powers of x , we get precisely the equations (4) and 
(5) of the last article. Hence we have the following rule for 
— determining the asymptotes : 

Substitute mx +c for y in the equation of the curve and 
‘equate to zero the coefficients of the two highest powers of 
x. Determine mand c from these. If mi, c5 Mz, C2 5 ... are 
the values of m and c thus obtained, the asymptotes are 


y-n,x-tc,;;y-m;xccc;.-. 
Ex. Findthe asymptotes of 
y! -x! y- 2xy! «2x! —Txyt 3y! & 2x? +2e4+2y4+1=0. 
. [Kashi Vidyapeeth 09, Purvanchal 09, Jabalpur 09, Raipur 13] 
Putting y=mx-+c in the equation of the curve, we have 
(mx e cy —x* (mx c) - 2x (mx c)! € 2x! —Tx (mx c) 
43 (mx c)! «2x! +2x+2(mx+c)+1=0 
or x’ (m -m-2m! « 2)- x! (àm!c- c- Amc Tm 3m? +2) +...=0 
Therefore m and c are given by 
m' -2m —m+2=0, 
and c(3m^ -4m-1) - 3m’ —-7m+2=0. 
The first equation gives (m—1)(m+1)(m-2) =0. 
e. m 7 ], -1or 2. | 
The second equation gives c=- 3m? -Im+2 
! 3n! -4Am-1 
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There = = 
fore, when m l, c=-1; when m=-1, c 7 32; and w] 
m=2, c=0. * D 


Hence the asymptotes are y - x 1, yz-x-2andy = 2x, 

ip Shorter Method. We notice that $, Cn) can be 
obtained at once by putting x = ] and y — m in the highest 
degree terms of the equation to the curve. Similarly $ _ n) 
can be obtained by putting x= 1 and y 7 m inthe (n— 1) th 


degree terms. Hence we get the asymptotes more quickly as 
follows: | 


In the highest degree terms put x - 1 and y ^ m thus 
getting à, (m). Equate this to zero and solve for m. Let the 


roots be mi, Mz,- m,. Next form à, (m) in a similar Way 


from the terms of degree n —1. Then the values of c , say 
Cis C3, ... C, are found by substituting my, Mz, ... m, in turn 
in the formula 

4 n(m) 


$, (m) ` 


The asymptotes then are y=m,X+C,, Y= mM, X+ C3; 


c=- 


e, = M,X +C, 
Ex. 1. Solve the example of the last article by this method. 
The equation of the given curve is . 
y! -x! y-2g/! « 2x? -7xy  3y! «2x! «2x 4 2y 4120. 
Putting x = 1 and y ^ m in the 3rd degree terms, and equating to 
m! -2m! —m+2=0 (1) 
ie. (m —1)(m- 1) (m-2) - 0, whence m=1,-1, or2. 
Also, from (1), $, (m) 2 3m^ -4m-1. 
Again, putting x= 1 and y=.m in the 2rd degree terms, we get 
| , &m) = 3m -7m+2. 
ġ (m) — 3m’ -Tm«2 
"6, (m) 3m -4m-l 
by substituting 5 —1,—1, or2 respectively. 
Therefore, the asymptotes are y2x-l,ys-x-2 and y-2x. 


z-], -2, 0 





Then c= 
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Ex. 2. Find all the asymptotes of the curves 
x! 42x! y-xy! -2y! «xy- y! =L (1) 
[Kumaon 04, Patna 03, 06, Bilaspur 07, 09, Kashi Vidyapeeth 11, 
pundelkhand 06, 13, Raipur 14] 
putting x = 1, y=m, in the 3rd and 2rd degree terms of (1), we get 
6, (m) = 1+ 2m- m^ -2m', $6, (m) 2 m-m.. 
Then the slopes of the asymptotes of (1) will be given by 
[4-2m- m^ -2m' =0. 





$,00)20 ie. 
or (l-m)(1+m)(1+2m)=0 whence m=1,-1,-1/2. 
Now $,'(m) 2 2-2m - 6m* =2(1-m-3m’ ) 
2 
Then .c=- $, 00 =— 7" =0,-1, 1/2 
Q', (m) 2(1-m-3m') 
for m1, - 1, -1/2 respectively. Hence the required asymptotes are 


y=x, y+x+1=0 and y=—-4}x+35 or 2y-x-l. 
NOTE. If in $ 9.4, x tends to — oo, instead of to + œ , the equations 


for finding m and c remain unaltered. Hence the same asymptotes will 


be obtained whether x — o» or x — — oc. 
EXAMPLES 


. Find the asymptotes of the following curves : 


lL. x!42x!y-xy! -2y! & Ay! 4 2xy* y-120 

(2. x3 42x? y-xy! -2y! + 3xy43y/ +x4+1=0 
3. 2x3 43x! y- 3? -2y? & 3x! -3y! + y=. 
4. 4x! -x!y-4xy! + y! «33 42xy- y =7. |Jabalpur 2009] 
5. yl-&y'4«Ilx! y- 6c + yt x= 0. 
6. yx? y42y? «4y*x-Q [Agra 2006] 
78 


3x? 42x? y- 3! + 2y? -Mxy Ty! +4x4 Sy = 0. 
L [Lucknow 07, Avadh 07] 
ANSWERS 


x+ y=], x-y+1=0, x+2y=0. 
2ytxzl y=xtl, y+x=0. 


y=x, y+ 2e4+1=0,2y+x4+1=0. 
YE-x, y=x+}, Yau}. 
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S5. y=x, y=2x, y=3x. 
6. y=0, x-yzl x+ y«1-0. 
7. y-x+7/6=0, y-3x43/220, 2y4x4 5/320; 
106 y -381x4105-0. 
.. 9.3. Asymptotes might not exist. If one or more values of m 
found from $,{m)=0, make $', (m) zero, but do not make 
$, ., C77) zero, the equation for determining the corresponding 


‘value of c becomes 
0.c+,_,(m)=0. 


This means that the equation inc is Fc + G = 0, where 
lim, F =0-and lim,,, G=6,_,(m). 
Hence lim, ,, c — 4 o» or — oo, and this corresponds to the case 


when the tangent goes further and further away as x — oo . Thus 
the curve has no asymptotes. 

Ex. Find the asymptotes of the curve y? =x. 

Putting y 2 mx- c, we get (mx* c)! -x-0 

Equating to zero the coefficients of x” and x , we have 

m^ =0, and 2mc-1=0. 

The first gives m = 0. Then the second reduces to —1=0, which is 

impossible. Hence y? =x has no asymptotes. 


` coefficient of 
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Reference to equation (1) of § 9.21 shows that the 
coefficient of x"~* in that equation is the same as the 


jeft-hand side of (1) above. . 

Hence the rule for finding asymptotes can be extended as 
s: Substitute mx +c for y in the equation of the curve 
zero the coefficient of the highest power of x. 
of m derived from this equation makes the 
x" ! identically zero, then the corresponding 


hould be determined from the equation 
^-? equal to zero. © 


follow 
and equate to 
Jf any value 


value of cS 
obtained by putting the coefficient of x 


Ex. 1. Find the asymptotes of y! +x’ y+2xy° -y+1=0 
[Indore 03, Dethi 08, Bilaspur 08, Rohilkhand 09, Lucknow 11] 
` Putting y= mx * c in the above equation, we have | 
(mx--c)y x^ (mx c)* 2x (mx c)! —(mx+c)+1=0 
or x! (m) +m+2m’ ) x? (3m'’c+c+4mc) 
+x(3mc? 42c! —m)+...=0. 
` Equating to zero, the coefficients of x^ and x, we get 
m! - 2m! *m-0 and (3m? + Am* 1) c=0. 
[These could also have been written down at once by § 9.22] 


The first equation gives m=0, -1, -l 


9.4. Two Parallel Asymptotes. If any two real equal 
values of m found from 9,(m)=0 make 9’, (m) 2-0 and 
also 6$, ,(7) 20, then the curve will have two parallel 
asymptotes. Hence the equation from which c is usually 
determined degenerates into the identity 0-c+0=0. To 
determine c, we have now the equation 
Ic! QU, (m)* ed, (n) 6, ,() =0, (1) 
which follows from equation (3) of § 9.2, on differentiating 
it twice, multiplying out by a suitable power of x, and taking 
limits as x > œ. | 

Hence from the quadratic equation (1) in c , we get two 
values of c corresponding to these repeated values of m . 
That is, we shall get a pair of parallel asymptotes. 


The second equation then gives c = 0 when m = 0. When m -—- 1, 
however, the second equation reduces to the identity 0. c = 0. [We could 
- have anticipated this, because —1 is a repeated root of the first equation.] 
In such cases, equating, therefore, the coefficient of the next lower 
power of x to zero [or by finding $'', (m) and $, ,(m)], we have 


(3m 2) c! -m - 0, which gives c- £1 after putting m=-—L 












Hence the asymptotes are y 20 y--x*land y--x-1. 

NOTE. The student must guard against concluding from equations 
like (3m? + 4m4 l)c =0 that c — 0. This inference would be correct only 
When the coefficient of c is not zero. 


Al The student should remember that such a case will arise whenever 
? or more of the roots of the equation for finding m are equal. 








MÀ ee se re ed ee ee aa + a a m a a a M 
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Ex. 2. Find the asymptotes of the cubic curve 
y! — Sxy? + 8x? y- 4x! -3y! + 9xy- 6x" +2y—2x-1=0 
[Rewa 05, Jabalpur 04, 08, Kashi Vidyapeeth 10] 
Putting y 2 mx + cin the equation, we obtain 
(mx c)! - 5x (mx cy! + 8x? (mx c)- 4x! —3 (mx cy? 


+ 9x (mx c) - & +2 (mx c)-2x -1 
or x' (m! - 5n? + 8m-4)4 x! (3m^ c -10mc | 
` *8c-3m? + 9m- 6) 4.....-0. (1) 
Equating to zero, the coefficients of x^ and x’, we get 
m! —5m? + 8m-4 =0, l 
(3m? —10m+ 8) c—3m? + 9m-6=0. 
The first equation gives m= 1, 2, 2. 


and 


If m-1, then the second equation gives c=0. Hence, the 
corresponding asymptote is y =x. 


If m=2, the second equation reduces to the identity 0. c-- 0-0. 
Therefore, to find c, equate the next lower coefficient (of x) to zero in 
equation (1). This gives 


3mc? —5c? —6mc+9c+2m-2=0. 
Putting 7 —2 in this, we get : 
c’ —3c+2=0 or c-lor2. 
So, for m — 2, there are two parallel asymptotes 
y=2e+1 and y=2x+2 
Hence the asymptotes are y=x, y-2x«land y-2x42 
EXAMPLES 
Find the asymptotes of the following curves : 
l. x! «x! y-xy! - y! -3x- y-1-0. [Meerut 04, Gorakhpur 06] 
2. x) +x? y-xy! - y! «x! - y! -220 
3. 4x! -3xy! - y! 42x! -xy- y! =1 
| [Avadh 06, Agra 09, Magadh 10] 
4. x!43x!y-4y! -x+ y4320 / 
[Delhi 04, Avadh 05, 09, Rohilkhand 10, Agra 11] 
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5. x) -5x! yt &y! -4y! +x? -3xy« 2y' -1=0 
| [Raipur 11, Patna 2011] 
6. 2x? -x!y-2xy! + y! - Ax! + 8xy-Ax £170. 
[G.N.D.U. Amritsar 04, Delhi 03, 06, Raipur 09) 
ANSWERS 
1. y=x,y=-x-l, y=-x+1. 
2. y=xX, Y=-X, y=-x-l. 
(0$ pax, y=—-2x, y=-2x-1. 
"A y=x,2y=—x4+1,2y=-x-1. 

5. y-x2y-x2y-x-l. 

6. x*y-22,x-y*2z0,2x-yz4. 

9.41. More than two Parallel Asymptotes. If three 
values of m derived from $,(m) - 0 are equal, then the 
coefficient of x"? equated to zero becomes the identity 

0. +0.c+0=0 


So c must be determined from the equation obtained by 


ni differentiating the equation of the curve thrice, multiplying 


out by a suitable power of x and taking limits as x «— oo. 


The same equation can be obtained more quickly, 
however, by equating to zero the coefficient of the next 
highest power of x in the equation obtained on writing mx + c 
for y in the equation of the curve (the law of formation of the 


.. coefficients in Taylor's series shows at once why the two 


equations are the same). 

If this equation also fails to determine c, then the 
coefficient of the next highest power of x must be equated to 
zero, and so on. These cases occur when the equation 
$,(m) — 0 has three, four or more equal roots. 


9.42.  Asymptotes Parallel to the x-axis. While 


. aSymptotes parallel to the x-axis, for which m = 0, would get 


determined when we substitute y=mx+ c and equate to zero 


the coefficients of x" and x"^! , it is usual to determine these 


separately first, as the method of finding them is extremely 
simple, 
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The general equation of the curve of degree n (eqn. ( l) of 
.$ 9.2), arranged according to powers of x , is 
a, X" + (a, Y+b) x”! 
HG Y! & b, V+) x"? +...=0. (1) 
Putting y=mx+c, and equating to zero the coefficient of 


x" (or at once by § 9.22), we get for determining m the 
equation 


n-2 


d, * a, ,m* a, , m) 9 ...—0. 

This shows that m = 0 will be a root only if a, = 0. 

Suppose then that a, = 0, and consider the root m = 0 of 
(2). The corresponding asymptote is 

y-c (3) 

where c is determined by the equation obtained on 

substituting y=0.x+c (ie.y = c) in (1) and equating to 

zero the coefficient of x"''. Hence c in (3) must be 

determined by 
a, , Ct b, =0. (4) 


Now, to substitute the value of c from (4) in (3) is the 
same as eliminating c between (4) and (3). Hence the 


asymptote is | 
a, y+ b, =0, (5) 
which could have been obtained by equating to zero the 
coefficient of x”~' in (1). | 
If a^^! and b, are both zero, so that (4) becomes an 
identity and there are no terms involving x”~' in the equation 
to the curve, arguments similar to those of parallel 
asymptotes will apply. We shall find that in every case the 
asymptote or asymptotes parallel to the axis of x can be 
obtained by equating to zero the coefficient of the highest 
power of x , provided this is not merely a constant. 
Ex. 1. Find the asymptote, parallel to the axis of x, of the curve 
y +x°y+2y’-y+1=0 [Bilaspur 08, Delhi 08] 


Here the highest power of x is x^ and its coefficient is y . So the 
(Cf. the Ex. of § 9.4) 


(2) 


required asymptoteis y=0. 





 *àaxis. 
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Ex. 2. Find the asymptotes, parallel to the axis of x, of the curve 

y! «x! y! +29? -Ax! - y «120 
' Here the coefficient of the highest power of x is y’ 4. 

So the required asymptotes are y — t 2. 

9.43. Asymptotes parallel to the y-axis. As the form 
xzcis not included in y = mx + c . the preceding methods 
will fail to determine asymptotes of this form. But thev can 


be easily found from the rule given below, whose truth 


pecomes apparent when we consider what would be the 
result of interchanging the axes of x and y. 

The asymptotes parallel to the axis of y are obtained by 
equating to zero the coefficient of the highest power of y, 
provided this is not merely a constant. 

Ex. 1. Find those asymptotes of the curve 

x* +x? y! - a! (a? + y)z0 


. which are parallel to the y-axis. 


=> The coefficient of y^ equated to zero gives x? -a^ =0. Hence the 
required asymptotes are x 2 a, x —— a. i 
Ex. 2. Show that the asymptotes of the curve 
x? y! -a! (x? «y! )- à? (x+ y) a* =0 
form a square, through two of whose angular points the curve passes. 
[Garhwal 08, Bilaspur 10] 
> The equation of the given curve can be written as 
x (y! -a!)-a' y! -a (x+ y)+ a' zü (1) 
Equating to zero, the coefficient of highest power of x in (1), 
i.e. y! sg =0 


or y=ta. 


Bives these asymptotes parallel to the 


Again, let us write the equation of 
the curve as 


2 
Ve -a!)-a* a (x+ y)sat =0, 
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nen the asymptotes parallel to the y-axis, obtained by equatin 
Zero tlie.coefficient of highest power of y in (2), are given by ii 
x!'-a!-0 or x-ta. 
These are all the asymptotes of the curve whose equation being of 
the 4th degree, it can have no more than four asymptotes. (Cf. § 9.61.) 


Thus, it is obvious that the asymptotes y=ta,x=ta, forma 


square ABCD whose angular points are A (a,a), B (- a, a), C (- a,— a) 
and D (a, — a). 


Since the points B (— a,a ) and D (a,- a) satisfy the equation of the 
curve, hence the given curve passes through these two angular points, 
EXAMPLES 
Find the asymptotes of the following curves : 


l. x? 4+3xy? + y! 42x yN. | 

2.. ad Ix! «b? | y! z1 [Agra 2009] 

3. y'(a —x* =x". [Meerut 2010] 

4. xy .x!'y!zx5 + y’. [Rohilkhand 07, Kumaon 10} 

5. xy +x y=a‘. [Agra 2006] 

6. (X +a°)y=br’. [Rohilkhand 2011| 

7. Prove that the four  asymptotes of the curve 
x! y! -x! y-x y! «x y4+1=0 forma square. | Agra 2008] 

ANSWERS 

1. 3x+1=0. 2, y-ta x=} p - 

3. x=ta 4. y=tl,x=1. 

5. y=0, x=0. 6. y=b,x=-a. 


9.5. The asymptotes of the curve y = mx + c + Alx +t 
Bix’ +..... Let the equation to a curve be written as. 
A B C 1) 
yemxt+co+—+—54+-4+... ( 
x 


3 
x X 


where the series A/x+B/x’? +... is convergent for 
sufficiently large values of x. 


Differentiating, we have 
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The tangent at (x, y) is, therefore, 
y-y=(m-4 2... Jur-9 
x" x 


or r-[n-$- 5-2 (2) 
x X 


substituting for y from (1). Let x now tend to infinity. The 
equation (2) then tends to the equation 


Y 2 mX +c. 
We have proved, therefore, that the asymptote of the 


curve y=mx+co+—+— t... 
x x 


is y=metc. 


This method is sometimes useful. 


2 2 
Ex. Find the asymptotes of the hyperbola = r zl 
a 
2 2 2 
Hee Joxrg* 4-4 * H8. eie. | 
b : "N 


Hence the asymptotes are y=bx/a and y=- bx/ a. 


9.51. Position of the curve with respect to the asymptote. If we 
can put the equation of a given curve in the form y=mx+ct+ Ax! «,.., 
We can get useful information regarding the position of the curve with 
respect to the asymptote. The following cases arise : 

Case I. Az0. 


Let y, be the ordinate of the curve and y, that of the asymptote when 
the absicca is x,. Then 


y, 7mxy *ceAx, + Bx? +.. 
Now b 
Bx'ac 


. and y, =mx, «c. 
y taking x, sufficiently large, we can (in general) make 


- 2 . 
edm x, +... numerically as small as we please. Let x, be so large 
~ 08 expression is numerically less than A . 
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. Then A*Bxi e Cx) s. 


has the same sign as A ; i.e., it is positive if A is positive and negative ; 
A is negative. d 


Now yi - X =x (A 4+ Bxj! +...) 
Therefore, if x, and A are of the same sign, then Xi >D, 


i.e. the curve is above the asymptote. On the other hand, if x, and 4 are 
of opposite signs, the curve lies below the asymptote. 


We notice that the curve lies on opposite sides of the asymptote at the 


opposite ends. 


Case II. A=0. 


Here the curve lies on the same side of the asymptote at opposite 
ends - above it if B is positive, and below it if B is negative. 


Case III. If B is also zero, but not C, arguments similar to 
those of Case I would apply ; and so on. 


Such considerations would be found very helpful in curve tracing. 


9.52. The Curve approaches the asymptote. The 
distance of a point on any branch of-a curve from the 
corresponding asymptote tends to zero as the distance of the 
point from the origin tends to infinity. 

Let the distance of a point Q on the curve from the 
tangent to the curve at P be QM. Then we know that QM 
tends to zero as Q tends to P. | 


Similarly, when.a point Q ona -y 
curve tends to infinity, its distance 
from the corresponding asymptote 
(which may be roughly regarded as a Q 
tangent with its point of contact a © —Yx 
great distance away) tends to zero. 

9.6. Alternative method of finding asymptotes of 
algebraic curves. The following method of finding 
asymptotes is often more convenient than that of § 9.21. or 
9.22. 


= 
-0 





- re Mia - v 
> 
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Suppose that the equation to the curve is of degree n , as 
in § 9.2. 

Case. I. Non-repeated factor in the nth degree terms. 
Let y- aX be a non-repeated factor ofthe nth degree terms of 
the equation to the curve. Then the equation to the curve can 
be written as 
(y-ax) F, +P, =0. (1) 

where F, contains only terms of degree n—1, and P, , 
contains terms of various degrees, none of which is of a 
degree higher than n-1. | 

© Wriing(l)as | y-ax*P,,/F,,-0 

and taking the limit of P, , / F, as x > co, we shall get the 
equation of the asymptote, since the curve approaches the 
asymptote when x — oo. , 


. . This limit can be easily found if we remember that 


lim, ,, (y/x)2a (by $ 9.11) 
Hence the asymptote corresponding to the factor y —ax is 
| ya + IM sues. (P, / F, ,)270. 
Ex. 1. Solve by this method the example of § 9.21. 
We have 
y -x! y-2xy! + 2x! xy + By? + 2x? 42x  2y «1-0. 


Factorising the highest (third) degree terms, the equation to the 
curve can be written as 


(y-x)(y + x) (y-2x) -7xy + 3y? + 2x? +2x+2y+1=0 


Hence one asymptote is 


yoxslim, o o, 7xy-3y* -2x° + terms of lower degree 
= (y+x)(y-2x) 
=lim, o y, 2/23 (/ x)! -2+ terms which > 0 


(y/x+1)(y/x-2) 
nro PEN | 
(i+ 1)(i—2) «5 He Onessymptoléis y-ra-L 
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Similarly, a second asymptote is 

7(y/x)-3(y/ x -2 _ 
(ix-QQx-2) — 

The third asymptote y —2x can also be found in the same way 


y+x=lim 


x — o, ylx -^1 


Ex. 2. Find the asymptotes of the Folium 
x! + y! -3axy =Q 


' [Himachal 05, 06, 07, Avadh 08, Bundelkhand 09, Agra 05, 10, Patna 


10, Magadh 11, Lucknow 05, 12, Kashi Vidyapeeth 12, Kanpur 12] 


Factorising the third degree terms, the equation to the Folium can be 


written as 
(x+ y) (x? -xy + y! )-3axy -0- 


Since (y+ x) is the only real non - repeated factor of the highest 
degree terms ofthe Folium, the curve has only one real asymptote parallel 
to y+x=0 with aslope of -1 ie. y/x--l. 


Hence the asymptote is 








Jaxy 
+x= lim a pee 
Y x> a ,y/ l x? —xy+ y! 
/ 3a (-1 
- lim, ,, 4 -u S) 2 at z-a 
I-(y/x)*t(y/x)  l+l+] 


Therefore, the only asymptote of the Folium is y+x+ a = 0. 
Case. II. Repeated factor in the nth degree terms but 
no factor in the (n — 1)th degree terms. Let the terms of the 


nth degree in the equation to the curve contain ( y — ax) asa 
facior, and suppose y—ax is not a factor of the (n - Vxh 
degree terms. Then, proceeding as in Case 1, we find that 
lim „pe yıx >a (Y= ax) iseither + oo, or o». Hence there is 


no asymptote in this case (Cf. § 9.3). 


Case. III. Repeated factor in the nth degree terms 
and a factor in the (n — 1) th degree terms. Let the equation 


to the curve be of the form 
(y -axy F , *(y-ax)G, ; + P,.; =9 


| 
| 
i 
| 
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where F, .; and G,,_, contain only terms of degree 7 —2, and 
p, _, contains terms none of which is of a degree higher than 
we 


n- | 
Dividing by F._, and taking limits as x — © and 
y/x—a,we get an equation of the form 
(y-ax) 4 B(y-ax)* C =0, 
which, on solving as a quadratic for y — ax, gives us two 
- asymptotes of the form | 
P y-ax-c,.and y-ax=C). 


Case. IV.. We can proceed in the same way if the nth 


- degree terms contain (y — ax)’, or a higher power of y — ax, 


‘as a factor. vue 
IMPORTANT. If the equation to the curve is of the form 
(ax + by+c)P,,+Q,, =0 (2) 


-where P,_, and Q, ,contain terms none of which is of a 


degree higher than n —l,and P, , contains at least one term 


- of degree n —1 (to ensure that the equation of the curve is of 


degree n ), a little consideration (or working out a few 
examples) will show that the ‘asymptote corresponding to the 


- factor ax + by +c is 


| ax + by c lim; a, aan (Ona Pri) =O 


- and that a similar modification can be made in the other 
Cases. Thus we need not transform an equation of the form 


(2) into an equation of the form (1) [Case I] for finding out 


the asymptotes. 


Ex. 1. Solve by this method the first example of § 9.4, 
We have y +x? y*29! - y4120 ! 


By factorising the terms ofthe third 


d Ta | 
can be written as egree , the equation to the curve 


2 
P y(y* x) uy 1-0 _ [Kanpur 2008] 
ymptotes corresponding to the factor ( yx) arcc 
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" 1 + ight be no asymptote corresponding to even a 
+x)? +] y+l_ k ii) There mig 
HEX) Elim, e, ye y : - peal root (§ 9.3). Thus the parabola y = 4ax has no asymptotes, 
1 =() l. 

l.e. (y+ xy - -lim, ,. : —y/x+ l/x . 1*0 iii even though the roots of $, (m) are rea ; . 
pL E yix -bo' (iii) There can never be more than n asymptotes, m 
i.e. ytxel.'." and T when the equation for determining c is a quadratic (§ 9. )» 


Ü' (m) =9, and so $, (7) 20, has a double root (by the theory of 

equations). Therefore the two values of c correspond to the two 

equal roots, and there would be at the most  —2 other asymptotes 
corresponding to the remaining n —2 roots. If the equation for 

determining c is a cubic, it can be easily shown that >, (7) —0, 
— fas three equal roots; and so on. 


The third asymptote is y=0 by § 9.42. 
Ex.2. Find the asymptotes of 
(x- y-1)! G? + y? + 2)+ 6(x- y-1) (xy 7)- &* -2x-1«0. 


Dividing by the coefficient of (x— y- 1), and taking limits we see 
that the asymptotes parallel to x- y-120 are - 


47 Hence we see that a curve of degree n can never have more 
(x- y-1)? + 6(x- y-1)lim, |. ya => — 


totes. 
dedi ipt the asymptotes of a’ / x’ -biy =L 

SHIT ions 2 =0. [Garhwal 07, Agra 07, 08, Lucknow 09, Bundelkhand 11] 

We can write the equation of the curve as 
or (x—y-1)’ + 6(x-y-])lim,,, ,, TYCPI x! y? +b?x? - a! y! =0. (1) 
j -8 Equating to zero, the coefficient of highest power of x in (1) gives 

+ lim,, ,, 14! xY -0 the asymptotes parallel to the x-axis as 
" | i yl MINE | yb =0 ie.  y-t i yon are imaginary 

i | d E [9416 | Agaiñ equating to zero, the coefficient of highest power of y in (1) 

Dr | x-y-l- n TN zx 4. . gives the asymptotes parallel to the y-axis as 





2 2 . 
x -a =0 ie. | x-ta. 
Hence two of the asymptotes are x- y-2=0 and x- y+ 3-0 The : 


pre i: (iode |. . As the equation to the curve is of the 4th degree, there cannot be 
other two asymptotes are imaginary since the remaining linear factorsof — : More than four asymptotes. Hence all the asymptotes of the given curve 
are the real asymptotes — x-ta. 

9.62. Asymptotes by Inspection. 7f the equation to a 
curve is of the form F,* P = 0, where F, is of degree n (i.e. 
contains terms of degree n and may also contain terms of 

.. lower degree), and P is of degree n —2 , or lower, and if 


the fourth degree terms in the equation to the curve are imaginary. 


9.61. Total number of asymptotes. As the equation for 
determining m, viz. $, (m) —0, is of degree n, and so hasn roots, 
and as one value of m gives, in general, one value of c (§ 9.2), itis 
evident that a curve of degree n has, in general, n asymptotes. 


— a ee 


(i) If some of the roots of $, (m) —0, are imaginary, the F = 0 can be broken up into n linear factors which represent 
corresponding asymptotes are said to be imaginary. Thus the circle — pe oish lines, no two of which are parallel or coincident, 
x +y =a" has imaginary asymptotes. . nen all the asymptotes are given by F , = 0. 
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The supposition that F, = 0 breaks u 
represent straight lines, no two of which 
that >, (m)=0 has no repeated roots. H 
do not depend on terms of degree lower t 


So the asymptotes of F,+ P = 0 wou 
those of F „= 0. But Fn 


proposition must be true. 


This enables us to write down the asymptotes by mere 
inspection in some cases. The above proposition will be true 
even if some of the linear factors of F, are imaginary, i.e. 


involve 4-1 : 


Ex. 1. Find the asymptotes of the hyperbola x^/ a? - y? / b? 21 


[Gorakhpur 2005] 
By the above proposition, the equation of the hyperbola is in the 
fom F,+0=0  sothat F,=0 gives 
2 2 
x -2=0 vien. Zee 
a b a b 


as the required asymptotes. 


Ex. 2. Find the asymptotes of the curve 
(x— y)(x+ y) (x*2y-1)23x*Ay- 5 
The equation of the curve can be written as 


(x— y)x y)x*2y-1)- (3x4 4y*5)-0. 
This is ofthe form — F, +F, 20 where no two of the lines 


x—- y-0, x+ y=0 and x+2y+1=0 are parallel. 


Hence, by inspection, the asymptotes of the curve are given by 


F,-0 ie. x-y-0, x4 y-0 and x+2y+1=0. 
EXAMPLES 

Find all the asymptotes of the following curves : 

l. y zx! «ax! 2. y'(-a!)zx. 

3. x y+ xy y! +3x=0 


p into factors Which 
are parallel, implies 
ence the values ofc 
han 7t — l(see § 9.4). 
Id be the same as 


= 0 is a system of n straight li 
a E . ines, 
each one of which is its own asymptote (as is obvious from 


the definitions of asymptote and tangent). Hence the 








[Raipur 2012] 


J 


[Delhi 07, Bundelkhand 12] 


aaye 


ox! 42x! y+ xy! -x! -xy 4270. 


(x! 2x! ye xy! «x! -xy 4220. 
, (y-xY(y 22x (y 3x)(y-2x)* 2x 2y-1-0. 
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yx-»)-2»«-»-*2 
y -y -x° y+ x’ «x! - y -l= [Raipur 2010] 
(a+ x) (b + x? )=x’ y. [Kumaon 2009] 


(xt yy (x+2y+2)=x+9y+2 | 

[Jabalpur 05, Garhwal 05, Meerut 1] — 
xy! 2 4a' a -x). [Berhampur 2009] 
(x? -a)y 2x! (x? -4a*). à 


[Rewa 04, Agra 05, Rohilkhand 05, 06, Meerut 06] 


x! (x- yy) +9 (x? - y! )29xy. [Kumaon 2012} 
J| (x- y (x? +y )-10 (x- y) x! + 12y? + 2x + y- 0. 

[Kumaon 2013] 
(Qd -y )(x+2y+1)+x+ y+1=0 [Avadh 2004] 


[Garhwal 09, Kashi Vidyapeeth 12) 
{Garhwal 10, Raipur 15] 


[Kanpur 10, Bundelkhand 14] 


| (2 -3x 2)(x+ y-2)+1=0 

xx yx- yy +æ’ (x-y)-a! y -0 
. (y- ay (x! =a? )2x' +a". 

. y? (x-2a) zx! -a’. 


[Kumaon 2011] 


[Bundelkhand 08, Rohilkhand 08, Avadh 11] 


20. Find the asymptotes of the curve whose equation is 


(x-3)(x-2) y! -9x! =Q. 


and determine on which side of each asymptote the corresponding branch 
of the curve lies. 


1 


i. oca ee TT 


l. 


ANSWERS 

^— 2 xsta,ys0 

4. y=x,y=0,y=xtl 
ysx,yzxtly--x. 6. ty=x+a,x=0. 
x+2y+2=0,x+ y 2 £242. 8. x=0. 
x-cta,y-tx. l 
X-yz2x-yz3.- 


y=xtia. 


x+1=0, y=0,x+ y=0. 


10. x-y-t3,x-t3. 
12. y=tx,x+2y+1=0. 
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13. x=0,x+ y=0,x+ y-1=0. 

14. yzx-1, y-2x, y+x+2=0. 

15. y2x-2, y=2x-3, y=x44, 

16. x-2,x-], ytxz2. 

17. x= oH, y=x+a, yztx-l a. 

18. x-t a, y=x+a, y=-x+a. 

19. x=2a, Jy-xta,yz-z-xea. 

20. x=3,% =2, y 33, yz-3. 

Above y=3 in the first quadrant, below y=3 in the 2nd quad, 
above y — —3 in the 3rd quad., and below y =-3 inthe 4th quad. To the 
left of x 22 and to the right of x -3. 

9.7. Intersections of the Curve and its Asymptotes. A 
straight line cuts a curve of degree n, in general, in n points. 
As one of these points of intersection is kept fixed, and 
another point of intersection is made to tend to it, the straight 
line tends to the tangent at the former point. Hence a tangent 
(and therefore, as a particular case), each asymptote will, in 
general, cut the curve in n - 2 points. The n asymptotes will 
therefore cut the curve in n (n —2) points. 

Let the asymptotes of a curve of degree n be 

F, z(y-mx-e )(y -m;x-c;)...(y-m,x -6,)20 

Let now the equation to any curve having asymptotes. 
. F, =0 be put in the form | 
F,-Pz-0. (1) 

Then P cannot be of a degree higher than n-2 , 
otherwise the terms of degree 5-1 and higher will be 
- different in F, and F, + P, and so the usual method of finding 
asymptotes (§ 7.5 or 7.6 ) will give values of m or c, or both, 
different from m,,c, ;m,, c, ;... zm 

Now if $, =0 and S, =0 represent two curves, then 
S, -AS, =0 represents some curve through the intersections 








" Oe ee aa 


passin 


| following 


degree n and its n asymptotes. 


.these points, 


ERU and 
; x+y=0. 


“or 


: ` this line and the asymptotes cut the curv 


ASYMPTOTES 209 
- F, =0, ie. P = 0, is some curve 
tersections of F, + P =Oand F, — 0. 
her than n —2 , we get the 


Therefore Fi + P 
g through the in 
P is of a degree not hig 


proposition: 
A curve of degree n — 2,0r 
through the n(n —2) points of 


o, as 
less, can be made to pass | 
intersection of a curve of 


j h 
TE. Of course, many other curves can be made to pass tnroug 


O s 
) but they are generally of a higher degree than 7 2. 


Ex. 1. Find the asymptotes of the curve 
xby-x'4xyy-x-yz70 — f 

e points which lie on the line 

| Indore 06, Rohilkhand 12] 

(1) 


show that they cut the curve again in thre 


2 — yc 
We have xly-xy txt y *X-Y 0. 


The asymptotes parallel to the axes are y= 0 and x-1-0 


Now from (1), we get 
| xy (x—y) + 3p (y! x) tay (1/ y-1/x)=0 
x—y+l+y/x+ 1/ y-1/x=0 
""Whenx, y ©, then y/ x — so the third asymptote IS x — y+ 2-0 
So the joint equation of the asymptotes is 
y(x-D(x- yt 2)=9 
x! y-xy! +xy+ y! -2y=0 
Subtracting (2) from the equation (1) of the curve, we get 
xt y=0 


(2) 


or ` 


urve and its asymptotes lie on 


th ints of intersection of the c ! i 
‘oven e in n(n-2) i.e. 3 (3-2) =3 


| ^ . points. | 


Ex. 2. Find the asymptotes of the curve 


3 ” DER - 
(x? ~4 y? yo? -9y )+ Sx? y- 5xy* -30y +xy+Ty’ -1=0 


[Delhi 2003} 
and show that they cut the curve in eight points which lie on a circle. 


The given curve is l 
(x? -4 y? (x? -9y! ) Sx? y- 5° -30y + xy+ Ty -1=0 (1) 
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Were ó m in the 4th degree terms and equating to zero, 
: $.(m)=0 ie. (I-4m')1-9m')-0 

r 


matt, tt. 


Then ca S00 __ 5(m-m^ -6m') 


9,(m) — (I-4m^ (-18m) + (-8nY(1-9m ) 
2S(-m-6m) _ i 
| CONTR = 1, 0, 0,4 respectively 
wh | m= 
en m-1,-1,1,-1, 


So the asymptotes of the curve are 
x—-2y*l1z0,x*2yz0,x-3y 20, x - 3y-120 
Hence their joint equation is » 
(x-2y*1)(x*2y)(x-3y) (x -3y-1)70 | 
t oor (x? —4y?) (x? —9y? )+ 5x! y- 5x? -30y! -x? «xy 6y? =0 (2) 
Subtracting (2) from the equation (1) of the curve, we get 
x + y!-120 i 
Hence the points of intersection of the curve and its asymptotes lie 
on this circle and the asymptotes cut the curve in n(n-2) Le. 
4 (4—2)- 8 points. fi 
EXAMPLES 
|. Show that the asymptotes of the cubic 
x! -2y! +xy(2x-y)+ y(x- y)+1=0 
cut the curve in three points which lie on the straight line 
x-y+1=0. [Kanpur 2009] 
2. Find the equation of the straight line on which lie three 
points of intersection of the cubic 
x! 4 2x! y—xy? -2y! c Ay! 4 2xy* y-1=0 
"and its asymptotes. [Delhi 2007] 
3. Form the equation of the quartic curve which has x 0, »=0, 
y=x, y=-x, forasymptotes, which passes through the point (a, b), and 
which cuts its asymptotes again in eight points lying upon the circle 
x! * y! =a’. 


A 





- —— eee 


.and its asymptotes li 
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4, Show that the eight points of intersection of the curve 
. wè -y +t « y! =a" 
its asymptotes lie on a circle whose centre is at the origin. 
5. Show that the eight points of intersection of the curve 
x! - 5x! y! e Ay* «x! - y! ex y 1-0 
eon arectangular hyperbola. Undore 2005] 

6. Find the equation of the cubic which has the same 
asymptotes as the curve x’ —6x’y+llxy’? -6y! +4x+ 5y+7=0 and 
which passes through the points (0, 0), (2, 0) and (0,2). 

4. Find the equation of the cubic which has the same 
asymptotes as the curve x! -6 y 11xy! -6y! +x+ y+ 1=0 and 
ich touches the axis of Y at the origin and passes through the point 
[Jabalpur 06, Agra 07] 


and 


wh 


2 
G2 ANSWERS 


x+3y-1=0. 
The the quartic curve is 
b xy (x? - y!)«a (b? -q? Xx' +y? -8° )=0. 
6. x! -6x y«11xy? -6y! —4x4+24y=0. 
7. x -6y«lby! -6y! -x=0. 
. 9.8. Curvilinear Asymptotes. If the equation to a curve can 
be put in the form 
y=a x" tax". +...+4, +A/x+B/x? +... (1) 
then y=a,x" tax" +...4a, (2) 
is said to be asymptotic to (1). 
In particular, if the equation to the curve can be put as 
ysax! +bx+c+A/x+B/x’ +..., a#0, 
it possesses the parabolic asymptote y=ax’ * bx +c. 


It will be observed that if two curves are asymptotic in 
accordance with the above definition, the difference of their 
ordinates for a given value of x tends to zero as x —» ©. 
(Cf. 8 9.52), 

Similar definitions hold for curves in which x can be expanded 
I negative powers of y . | | 


V 
y 
E 
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Ex. Show that the curve ax! y « x* e a!x? + a* 
has a parabolic asymptote. 


2 3 
x a 
Here y=— +a+— 
a X 
ay - x! +a’. 


1 so the given curve has the 
parabolic asymptote 


9.81 - Asymptotes to non-algebraic curves. The method of 
substituting y — mx +c and equating to zero the coefficients of the 


two highest powers of x applies only to algebraic curves. In the . 


case of non-algebraic curves the asymptotes can be found in 
simple cases by applying the definition, or by the expansion of y 
in negative powers of x. 


Ex. Find the asymptotes of y —tan x. 


Here * =sec’ x, hence the tangent at (x, y) is 


Y -tan x 2 (X —x)sec’x. 
or Y cos? x-sin xcos x= X -x. (1) 
Now as x — 1 from the left, y > oo, and the distance of (x, y) from 
the origin tends to infinity. Hence, to obtain the asymptote we must take 
the limit of (1) as x —^ 1n . This gives 
Y.0-0- X -im, i.e. X -imT. 
This is one asymptote. The other asymptotes are 
‘ X =-351, = 
EXAMPLES 
l. Show that the curve represented by x’ + aby—axy=0 has a 
parabolic asymptote x? + bx + b? =ay. 
2. Find the rectilinear and parabolic asymptotes of the curve 
x-(y! -a! )! ay. 
Find the asymptotes of 
3. yee”, 4, ys". 5. y=secx. 


6. y=cosec x. 7. y=log x. 


tangent at P in T. Then OT is the 
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ANSWERS 
2, y=0, y =a. 3. y-0. 
4. y=0. 5, x=tin, tim... 
6. x=0,+7, +27,...... 7. x=0. 


9.9. Polar Curves. /f a be a root of the equation 
f(0) 7 9, then = rsin(0—-a)-1/f'(a) 
is an asymptote of the curve 


re (9). 
Let P be any point (r, 8) on 
l/r f(0). (1) 


Let OT be the perpendicular to 
the radius vector OP, cutting the 





polar subtangent and so | 
OT -r! ud 
dr 
Now let 0 >a. Then f(0) will tend to 0, because 
f(a)=0 by hypothesis, and we suppose f(90) to be a 
continuous function. 
Therefore r will — œ by equation (1), values of 0 on 
one side of a alone being considered. 
Thus PT will tend to the asymptote, and OT will tend to 
the value of r^d0 / drat 0 =a. 


Also OP and PT will tend to become parallel, and thus 
the angle OTP will tend to a right angle (as shown by the 


dotted lines in the figure). 


We see, therefore, that the asymptote is the straight line 
Which is parallel to the radius vector 0 =a, and is situated at 


WIL 
dr Ja... 


à distance from O equal to 
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to the right of an observer looking from the origin in the 
direction 0 =a. | 

So the perpendicular on the asymptote, viz. OT, makes an 
angle of 1x with the radius vector 0 =a , and therefore an 
angle of a — 1x with the initial line. 

But the polar equation of the straight line the 
perpendicular on which from the origin makes an angle f 
with the initial line and is of length p is 

r cos(0 -B) = p. 
Hence the equation of the asymptote must be 


Substituting the value of r^40 / dr from the equation of 
the curve, the asymptote becomes 
r sin(0 -a) 2 1/ f'(a) 


Ex. 1. Find the asymptotes of the curve r(l-e° )=a. 
1/r=(l-e°)/ a= f(0), say. 


Now f(8)2-0, if 0-0 
Also f(8)5-e'/a--Maat 0-0 


Here 


Therefore, the asymptote is rsin0--a. 
Ex. 2. Find the asymptotes of the curve 
rsin nð =a. [Jabalpur 2007] 
The equation to the curve can be written as 
l/ r - (1/ a)sin n@= f(8), say. 
Now f(0)20 if sin 8-0 i.e. n0- mn, where m is an integer. 


6=mn/n=a, say, are the roots of f(0)20. 


Therefore 

Also f' (0) - (1/ a).n.cos n 

Therefore — f'(a) - (l/ a).n.cos mn - (-1)" (n/a). 

The asymptotes, therefore, are rsin | sat (-1)' (a/ n). 
n 
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Ex. 3. Find the asymptotes of the curve r=atan 0. 


[Magadh 04, Lucknow 05] 


The equation to the curve can be written as 
1/r=(I/a)cot @ = (1/ a)( cos0/sin 0) - f(8), say. 


Then /(0)20 
0-(2n*1)1 n-a , say, are the roots of f(8)=0 


gives cos 0 20. 


Therefore 
where n is an any integer. 
f'(0)2 (-I/ a)cosec? 0 . 





Also ; 
-] 
herefore '(a)2 f'[Qn-1) 3/2] =— ———————z 
d IARE pus a [sin 2n- D x/ 2] 
-] -] 
- =— since (-1)" =1 for all n 


- Hence the asymptotes are. rsin [G- (2n 1) 1x]--a 


-rsin | (n + )-0|=~0 [since sin (- 8) 2 -sin 8] 


or (-1)' rsin (£-6]»« or rcos 0-a(-1)". 


Putting 7 20, 1, 2, ..., the asymptotes of the curve are 
rcos Ot a. 
9.91. Circular asymptotes. Ifthe equation to a curveis ` 
r= f(0) and if  lim,,, f/(0)-a, 
then the circle r =a is called a circular asymptote of the 


curve r= f(0). It is evident that the curve approaches the 
Circle as 0 — oo, | 





J 
Ex. Find the circular asymptote of the curve r= 9i . 
e +l 


a [Kashi Vidyapeeth 2010] 
IVidin b 9? la Itm! X 

en by § by 9 ,and taking limits, we see that the circular asymptote 
I-(/0) _ 


r= lim- 
0 »x I- (1/0?) 


i.e. r=l. 
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EXAMPLES 
Find the asymptotes of the following polar curves : 10 
l. r-2/(1«2sin0) 2. r0-a. [Meerut 2008) Ci t 
urvature 


r-4(secO--tan0). 4. rcosO-4sin' €. — [Meerut200s, 
r — 2 0/sin 0. 6. rsin 0 =acos 20. 





10.1. Curvature. Of the two curves shown here, one 
bends more sharply than the other. In 
other words, one has a greater 


11. r" sin n0-a". curvature than the other. p J: 
P 


12. rOcos 0 =acos 20. If P bea given point on the curve, 


| 
* 
rlog0-a. 8. rcos 20 - asin 30. [Kumaon 2003 
Find the circular asymptotes of the following curves : and the curve in a small 


oN WY 


rsin 20=a. 10. r=acosec 0 + b. 
[Lucknow 2004] 


: á neighbourhood of P be regarded roughly as an arc of a 
13. r(0?+1)=07-1 14. r=(30°+20+1)/(9 +0+1). circle, we notice from the figure that the radius of such a 
circle would be small when the curvature is great, and vice 
versa. Thus, we see that curvature varies inversely as the 
radius. 


15. r (e? -1)-a (e? +1). 
ANSWERS 
rsin (0:1) - 2/ V3. rsin 0 =a. 


10.11. Definitions. -Let P be a given point on a curve 


rcos 0 — 4. 
and Q any other neighbouring point 
on it. Let the normals at P and Q 
intersect in N. If N tends to a definite 
position C as Q— P, then C is 
called the centre of curvature of the 
curve at P. 


rsin 0 2a. 


2 
rcos0- & 4. 
rsin 0 = 2km; k=+1,+2,....- 6 

8 


a=rsin (0-1). rsin (0: 1/4)2-a/242 


rsin8-£la,rcos0- iia. 10. rsin 8 =a. 


uu o4 4 Gg D» 


1. .n 0 2mm, where m is an integer, if 7 > 1: 


no asymptote if n < L 





N must tend to C whether 
Q > P from the right or from the left. 


^ "in reciprocal ofthe distance CP is called the curvature 
C» Ne curve at P . The circle with its centre at C and radius 
— 15 called the circle of curvature of the curve at P. 


Re e pepe CP is called the radius of curvature ofthe 

Ges ke - The radius of curvature is usually denoted by the 

2 er p. Any chord, drawn through P, of the circle of 
ture at P, is called a chord of curvature. 


12. rsin@ =a, rcos0 - a/ (m 1)m. 


13. r=1. 14. r «3. 15. r=a. . 
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4412. A formula for radius of curvature. Let P be a 
given point on the curve, APQ, and let Q be any other point 
on the curve near it. 

Let the length of the arc up to P, measured from a fixed 
point A on the curve, be s and let 
the length from A up to Q be 
s+ôs ie. arc PO - 6s. 

Let the tangent PT at P to 
the curve make with any line 
(which might be taken to be the 
axis of x), the Z y , and let the 
tangent QT ' at Q make with the 
same line the Z y «oy. Let 
these tangents meet in R . 
= Then, the angle between the two tangents Z TRT' =5y. 

Let the normals at P and Q be PNand QN respectively, 
N being their point of intersection. Join PQ. 
By geometry, the angle between two lines is the same as 
the angle between their tangents, SO Z PNQ - oy. (1) 
Now from the triangle PNQ, 
PN _ sin NOP _ sin NOP asin’ dy) O 
chord PỌ sin PNQ sin Sw | 
Also as Q— P, 6s — 0, dy > 0. Then the radius of 
curvature at P is given by 





in NOP | 
p =lim,, ,, PN 7 lim;, 40 chord PQ sin NOP | [from (2)] 


sin Ow 
E chord PQ bs — OV — x. NOP. (3) 


But as Sy — 0, the point Q —> P and arc PO? chord 


| PQso that chord PO /6s — 1 and dy /sin Sy — 1, asis well | 


known. : 


Also, Z NOP — in, because < NOP =in-Z pOT | 


and Z PQT' — 0 when dy > 0. 


. and let Q (x + dx, y + 6y) be any 
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Thus, (3) gives p.=lim,,_,o 9s : 
oy 
Hence - ds 
dy 


The relation between s and y forany curve is called the 
intrinsic equation of the curve. If we consider any arc PQ, 
the angle between the tangents to the curve at P and Q is 
called the angle of contingence of the arc PQ. 


The above proof shows that we might say that at P 
LII arc PO } 


the angle of contingence of the arc PQ 


_ Ex. Find for the catenary whose intrinsic equation is 
s=c tan y. ndis. 


a 
à 


p=ds/dy — c sec? y. 
10.2. Derivative of the length of arc. Let P (x, y)bea 
` given point on the curve APO, 


E We have 


Y 
other point on the curve near it. 


As in the previous article, let 

the length of the arc up to P 
measured from a fixed point A 
on the curve, be s and let the 
‘length from 4 up to Q be s+ ôs. 


Then, arc PO = ôs (1) - E * , x 
From the right-angled triangle PQR, we have 
PQ? = PR! + RQ?- (öx)? + (Sy)? 





2 
Hence (72) =1+(2) 
dx &x 
‘Le, chord PO Y 2 
(See) = (2 
' ] ox (2) . 
4 xa 
"/ 


Y 
í 


(ch 
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Now as ôx — 0, the point Q — P and arc PQ — chord 
PQ. ‘Therefore from (1), 


arc PO = chord PQ = ds (3) 

| ôs Y ay)’ 

From (2) and (3), we have (=) =| (2) 
; 5x ôx 


Taking the limit of both sides as 6x —> 0, we get 


2 





" (= 


MWe task o b 
taking the positive sign before the radical since by 
convention, s is measured positively in the direction of x 
increasing i.e. s increases with x so that ds / dx 1s positive. 

196. Cartesian Formula for Radius of Curvature. 

dy | 
We know that — - tan y. 
dx 
2 
f 1 ay = 
Therefore d 





; k t 

We have not considered the sign of p. It is customary to attach tha 
sign to the radical which would give a positive sign to p . 
The definition of the radius of curvature shows that its value depends 


onlyon the curve and not on the axes. Hence, interchanging the axes of x 
obtain " 
oue {1+ (de/ à) 
PU didy C 


which is useful when the tangent is parallel to the y-axis. 





Jor 
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Ex. 1. Show that for the curve s? =8 ay, p - 4a J1-(y/2a). 
[Kanpur 09, Lucknow 12] 
Differentiating the given curve w.r.t. s, we have 


2s = 8a: dy/ ds = Basin y since dy/ ds =sin y [8 8.111 (2)] 
3 s=4asin y which differentiated w.r.t. y is ds/ dy =4acos y. 
Hence p=ds/ dy -4acos y =4a Ji-sin? y " 
-4a [i= @* 16a") =4a fi Gap 163) ya X S 
-4a J1-(y/2a). Pa V VI ^ 
Ex. 2. Show that the curvature at the point (3a/2,3a/2) on the 
Folium x! + y! =3ax y is —-3a/ 842. 


M | [Rajasthan 03, Delhi 03, Garhwal 06] 
_. Differentiating w.r.t. x gives 3x! +3 y’ y'=3a y+3ax y'. (1) 


where dashes denote differentiation with respect to x. 


f 


Therefore y'=(a y-x*)/(y*-ax)--1 at (3a/2,3a/2). 
Dividing (1) by 3 and differentiating again, we have 
| 2x*2y y" + yy" say'cay'caxy'. 
5» Atthe point (3 a/2,3 a/2), this gives 
| 3a+3a(-1) + (3a/2y y" -2a(-)* 3a! /2) y"*, 
giving - y" =-32/ 3a. 
Therefore, at the point (3a/2,3a/2) 
P y'* Y? / y" (141)? / (-32/ 3a) =-3aV2/ 16 
" p2-3a/842. 


^EX- 3.) Prove that for th lli ee a b. 
| e ellipse at pr bh P= E , p being 





the perpendi | 
* perpendicular from the centre upon the tangent at (x, y) 


(Ind 
Ore 04, Kumaon 05, Avadh 05, Meerut 07, Jabalpur 09, Raipur 14] 


The given ell is 3 
Ipseis — += = "x ta y =¢ 
i hire l or bx? +a’ y =q?p? (1) 
] . . LJ 
erentiating (1) with respect to. x , we have 


Q3)8* «a (a y) x0 or. S. bx 


—— = o ———— 


aly 


Scanned by CamScanner 


| 
i 
| 
| 
1 





222 DIFFERENTIAL CALCULUS 


Differentiating this again, we get 


dy b |y- a) __ S yya | o 
dx? a? y! ~ a y a! y 








2 y ue +b? 2 b* 
=— 2 - 5 y aed ae m [using (1)] 
a y a` y a y 
23/2 14+ 5*x? ja‘ Ey" 
Hence p .üs(dydoyr, UTC 
d? yl dc b'la'y 
ignoring the minus sign 
2432 
Lat este yh at ey o a 
(bL a! y )a y atb 
The equation of the tangent to the ellipse at (x, y)is given by 
xX yt =]. (3) 
a b 


Then the length of the perpendicular on (3) from the centre of the 


ellipse (0, 0) is 
| a^ b? 


] 
— T ———— 
á Jd 1 a* + y 1 b^) JG x! +a‘ y) | 


(b'x!«a*y')7 (a^ b? I p). 


Or 
So (b'x! «a! y y" -(ab!! py = abi p. (4) 
ab’ / p) ab 
Using (4) in (2), we have, p Tce EP 1 


Ex. 4. If p,,p, be the radii of curvature at the extremities of two 
conjugate diameters of an ellipse, prove that 
(p, ^ «p, ^ )a" p" = a! +b’, 


' |Rewa 05, Bundelkhand 06, Bilaspur 07, Lucknow 07, Jabalpur 05 


Kashi Vidyapeeth 10, Meerut 04, 06, 11, Kanpur 11] 


: ipse 
As in Ex. 3, the radius of curvature at any point (x, y) of the ellips 


x? | a? + y /b? =1is given by papali pa | 
(a' y! + b‘x? | ud (1) | 
cen? T (a å | 
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Let CA and CB be the two 
conjugate diameters of the given 
ellipse with centre C (0, 0). Then 
from Coordinate Geometry, the 
coordinates of the extremities of 
the two conjugate diameters will 
be given by A (acos 0, bsin 0) 
and B (-asin 0, bcos 0), 0 being 
the eccentric angle of the point A and 041m of B. 

So, from (1), the radius of curvature at A (acos 0, bsin 9) is 

(a*b? sin? 8+ b*a^ cos? 0)? _ (a? sin? 0+ b? cos” o)" Q) 

PP - - a* b* " ab : 





Again from (1), the radius of curvature at B (-asin 0, bcos 0) is 


(ab cos? 8+ b*a? sin? 0) _ (a? cos 0+ b'sin 6). (3) 


1. abt — ab 
From (2) and (3), we have 
y3 u3 a? sin? 0 b/ cos? 0. a? cos? 0 b? sin? O 
i P: Pa. (a by"? (a by? 
_ a'(sin* 0+cos? 0)+ b? (cos? O+sin? 0) _ a^ +b’ 
a? b”? a p 
| Or (p, +p, )a'? b” za! +b’. 
EXAMPLES 


Find the radius of curvature at the point (s, y) on the following 


. Curves: 


l. s-8asin'!y (Cardioid). 
2. s=clogsecy (Tractrix). [Agra 04, Kashi Vidyapeeth 12] 
(Cycloid). . 
[Rohilkhand 08, Kashi Vidyapeeth 11] 
4. Prove that for the curve 
(i) s=a log tan (1n+}y)+ atan y sec y, p=2asec’ y. 
| [Avadh 08, Lucknow 08] 
(ii) s=a log cot (1n-£ vw) asin y sec? y, p =2 asec’ y. 
[Kanpur 2012] 


3. s-4asin y 
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Find the radius of curvature of the following curves: 
5. ye", atthe point where it crosses the y-axis. [Magadh 2002] 
6. Vx+ yat (1,1). [Agra 2010] 
Find the radius of curvature at the point (x, y) on the following curves 
Cn y!'-4ax 10. x y=k?, 

10. =ja (e 4 ete ) [Agra 2007] 
11. x" € y"! =L [Patna 06, Kanpur 12, Kashi Vidyapeeth 12) 
12. y=c log sec (x/ c) 

[Rewa 04, Kanpur 07, Purvanchal 09, Kashi Vidyapeeth 09] 


8. ay! =x’, 


13. Prove that at the point x= in ofthe curve 
y=4sin x-sin 2x, p.-545/ 4. 

14. In the ellipse x^/a? « y? / P? =1, show that the radius of 
curvature at an end of the major axis is equal to the semi - latus fectum of 
the ellipse. 

(15; If CP, CD be a pair of conjugate semi-diameters of an 
ellipse; prove that the radius of curvature at P is CD? / ab, a and b being 
the lengths of the semi-axes of the ellipse. X [Rohilkhand 2011] 

16. If p, and p, be the radii of curvature at the extremities of a 
focal chord of a parabola y? =4 ax, prove that 


(0,) ? *(p,)  2(2ay ”. [Kashi Vidyapeeth 2008] 


ax ' ! ; 
17. For the curve y- —— , if p is the radius of curvature at 


ax 
any point (x, y), show that | (2p/2)" =(y/x)? +(x/ y}. 
[Kumaon 08, 09] 
ANSWERS 
1l. iasiniy. 2. ctan y. 
3. 4acosy. 5. v8. 
6. 142. 7 QiJay( ay". 
8. (1/6a)(4a*9x)" x". 9, (x + y)" 2k, 


10. y'/a. 11.3(axy)". 12. csec(x/c). 


——M T (4 





get 
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0.31. Radius of Curvature. Parametric Equations. 

et a curve be defined by the parametric equations x = f(t) 

and v = (1) Let dashes denote differentiations with respect 
| dy dy d y 


dx dt dx x 


i 22 - -4(4)-4(4) 4 - 
and "xl dex) dix ) dx x" xs 


Hence, we have 


a 2 3/2 Pe. 3/2 
i 2 s 
dx x (x ey ^ Y^ 


d'y ~ y" x' M y x" x! y" _ y x" Š 
dx? x? 
410.32. Radius of Curvature. Pedal Equations. Let the 


to l, then 


A pedal equation of the curve be 
~< r=f(p) The relation between 
..0, à and y (as is evident from the 


figure) is 


y -0- 6. (1) 
Differentiating (1) w.r.t. s, we 





dy _ do , 4 .d9 d$ dr dr 
ds gu ds ds dr ds 


l Lb: dà 
or — =—sing + cos — 
(Pp r $ ý dr 


since sing =r —, cosd = d 
ds 
l » (s d$ 
9f —2-|sin$ +r cos A)-L2 =< Ej 
! p r 2 ue dr rsing) dr. 
Hence p^r Z 
dp 
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10.33. Radius of Curvature. Polar Equations. Let the 
polar equation of the curve be r = f(0). We know that 


Apel, = dr ) 
p! r? r* do 
By differentiation w.r.t. r , we get 


2 dp. 2€ dr LL a 4 S) 
dO \ dO 


pdr r r do dr 
2 A4(dr|,24r 
^p pide) rae 
2 2 
l dp 1 2 dr _ d'r 
li 5$- 55) £3 
r(1/ p°) 
Hence p=r— ==... 
dp ia ald Matas 
La +(dr/doy} 
Therefore p= 


—__t___-__1____. 
r? « 2(dr | d0} -r (d?r / dO’) 


10.34. Alternative Formula. By putting l/u forr in the 
formula for polar equations, and remembering that 
dr | dà 2—u ?du/ dô, we can show easily that 

_ (u? FS u" y" 


. i (ux u") 


10.35. ‘Radius of Curvature. Tangential Polar Form. 
We can also derive a formula for use when the relation 
between p and y is given. Let the tangential polar equation 
of the curve be p= f(y). We have 


dp ap dr us jen 


dr 
cos o: ea. cos $- pre 
dy dr ds dy dr dr p 


=r cos 9. 
(by 88 10.12., 10.32 and since dr / ds = cos 9) 


———— 





prove that the radius of curvature 
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We know that p=r sinp, therefore 
2 
p+ L4 =r? sin! ġ +r? cos! $ =r. 
dw 
Differentiating with respect to p, 


2 
ipsa PLP AV L3 L2, (by 8 10.32) 
p 





Or p-pt 


Ex. 1. Forthecycloid x=a(t+sint), y-a(1-cos t), 
p = 4acosit. 


[Utkal 03, Kumaon 02, 10, Garhwal 07, 10, Lucknow 09, 10, Agra 
11, Bundelkhand 07, 12, 14) 


Here |. Ag cos © round: 
$ , dt dt 
al 2 t 
Hence dy — sint . 2sin;tcos;t. n tt. 
| D dx (14 cos t) 2cos* 1t 
: Therefore | Ki al m -4f 2. d “(2 dy| dt 
Bo step ay? dyl de) dt\ dx ` dx 
d l 
a(l*cost) — a-2cos!!t 4.acos*14 
3/2 32 
1+ / dx 21 
Hence -` ML {1+ tan tt 


d? yl dx! 1/ (4 acos* 1 t) 

=sec’ 1t-4acos! 11-4 a cos 1 t. 
Ex.2. Ifthe pedal equation of a curve is p. =ar, find p. 
By differentiation, — 2 p=adr! dp. 


Therefore p =o =2r pla=2p la’. 
Ip 
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Ex. 3. Show that- for the curve r” =a" cos, the radius of 


curvature is . [Rewa 03, Patna 03, Indore 07, Magadh 19) 


(n+1)r77! 
By logarithmic differentiation, we have 


n dr nsin n 0 : "ur 2 plan. 


|.€. 


— — Z — 


r qo cos n O 





GTi" tan n0-nrsec/n0 
qo 


2 
-rtan? n8-nrsec' n0. 


H fr? +r? tan? n0) 
ence p = : 
P r? «2r tan? n0-r tan? n04 n r^ sec'nO 


FN r sec! n " r ME M 
= (n+1)r° sec?n 0 (n+1)cosn® (n 1)r *' 


(Ex. 4. Prove that for the cardioid r=a(l+cos 0), p'/r is 


constant. [Avadh 03, Garhwal 04] 
Here | r=a(l+cos 0) (1) 
dri do - —asin 0 and d’r/d0’ = —acos0 (2) 
{r° + (dr/ &yy 
p= 


r?+2(dr/ dy -r(d’r/ dð’) 
; 2) 3/2 
{a° 07 6050) 4 (- asin 0) ] 


a? (14 cos 0)! 42 (- asin 0} —a(1+cos 0) (Cacos 8) 
[using (1) & (2)] 


s /2 
a {1+ 2cos 0 - cos? 6+sin? el 


(1+2cos 0-- cos? 0)-- 2sin? 0-- (cos 0-- cos? 0) 


a (24 2cos 0)" _ 27. a (2cos* 19)” 
^ 143cos 04 2cos? 0 2sin? 0 3 (2cos* 10) 


46 a° cos’ 10/ a (1 cos 0) 
-J6 acos’ 10/2cos! 10 
ia 
$4 


or p^/rz which is constant. 





| 


CURVATURE 229 
EXAMPLES 
Find the radius of curvature at the point (p, r) on the following 


curves : 
|l. P? -2a p! (Cardioid) 2. pr=a’ (Hyperbola) 
3. r =a?" p (Lemniscate) 4. pa"-r'*'! (Sine Spiral) 
5. p'-r'l(r! +a’) (Archimedian Spiral) 

BETE (Ellipse) 


7. Find the curvature at any point 6 on the curve 
x-a(cos0- log tan 20), y- asin. | Bundelkhand 2009} 


(€) ‘Show that the gar ie curvature at a point (a cos? 0, asin’ 0) 
x? is 3asin Ocos 6. 


on the curve x^? + y”? =a” 
[Meerut 05, Indore 06, Raipur 13, Bundelkhand 13] 
9. Find the radius of curvature for the curve r= a (1—cos 0). 
| Gorakhpur 03, Bilaspur 08, Avadh 09, 10, Raipur 12] 


Find the radius of curvature at the point (r, 0) of each of the 
following curves: 


10. r-2acos 0. 
11. r^ cos 202 a?. 
12. r(1* cos 0)- a. 


14. r” =a" sin n8. 


[Kanpur 2006] 
|Agra 10, Bundelkhand 11] 

13. r=a(2cos 0- 1). 
[Agra 06, Rohilkhand 12] 


15. 02a! (° -q*)? -cos" (alr) | [Kanpur 2011] 
16. Find the radius of curvature at any point (r, 0) of the curve 
rzge? |Avadh 2004] 


and show that it subtends a right angle at the pole. 


16. Show that at the points in which the Archimedean spiral r- a0 


intersects the hyperbolical spiral r0 =a » their curvatures are in the ratio 
371. , 
[Garhwal 05] 


Ó (T r A d i 
Pa Prove that for any curve, a Mn of i ; Where p is 
Æ the radius Of curvature and tan 

"7d 
| Pe 


¢=r dl dr. [Garhwal 04, Lucknow 10] 
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18. If p,, p, be the radii of curvature at the extremities of any 


chord of the cardioid r =a (14-cos 0) , which passes through the pole 
then show that 9 (p, +p,” )216a*. [Jabalpur 03, Kanpur 08] 


19. Show that for the epi-cycloid p= asin bw, p varies as p. 


20. Find the radius of curvature at any point of the ellipse 


p^ 2a! cos? y +b’ sin? y. [Bundelkhand 2005 
ANSWERS 
1. 2J2ar. 2. rl a. 3. a! /3r. 
4 a" rU (n+l) Be (° +a)” (e +20”). 
6. ab'Ip. 7. acoté. 9, afar. 
10. a. n. P/a. 12. 8r / Va. 


13. a"? (3a-2r)”?/3(2a-r) 14. a r™*'/(n+)). 

15. Vr’ -a. 16. p=rcoseca. 20. a'b'/ p’. 
10.36. Miscellaneous formulae for p . 

(i) When x and y are given as functions of s, we know that 


cos ——. 
TUS 








- . dy d?x 
Differentiating w.r.t. S, —siny:—--— 
ifferentiating re e 
D d : ds 
or —siny-—- [since p - —] (1) 
T p ds dy 
dy ) ,( dx dy 
Therefore =-|—|/ since sin y =—) 
P E (<= Vds 


(ii) Similarly, starting with siny =dy / ds, differentiating 
dy (2) 





w.rt. s,weget cosy -—=—— 
p ds 
Or p (ye } (since cosy ==) 


(iii) Squaring and adding the values of (1) and (2) obtained 


from above, we have 


2_\? 2.\2 
Pier er 


p ds? E ds? 
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10.4. Radius of Curvature at the origin. If y can be 
easily expanded in powers of x by algebraic or trigonometric 


ds, and 
metho y= px * qx! [21 ..., 


so that the curve passes through the origin, we know that 


2 (x 
»-(2 =| <4 (1) 
dx x=0, y=0 dx’ x=0,y=0 


Hence the radius of curvature at the origin can be found 
by substituting (1) in the value of p obtained from the 
formula of §10.3. Then 

p (at the origin) =(1+ p?) /q. 
10.41. Newtonian Method. If a curve y — f(x) passes 


through the origin, and the axis of x is the tangent at the 
origin, we have the following values for x, y and dy / dx at 


the origin: | 
x =0, y 20, dy / dx =0. 


Thus, expanding by Maclaurin's Theorem, 
y=0+0.x4+ qx? /214 .... 
Dividing by x^ and taking limits, we get : 
lim, „o 2y/x?)» q. 
Therefore by § 10.4, we have at the origin 


(1I- p)? 1 , x? 
p-———— = -=Iim,, ,, — . (1) 
q q 2y 
(vi) Similarly, if a curve passes through the origin, and 
the axis of y is the tangent there, the value of pat the origin is 
2 
. y 
lim, o ar (2) 
Formulae (1) and (2) are known as Newton's formulae. 
Ex.1. Find the curvature at the origin of the curve 
a xta, y+b x +b, x ytd, yl + c, x! +...=0 


Substituting for y its Maclaurin's expansion pxtqx?/2!+..., we 


have the identity 


Scanned by CamScanner 


232 DIFFERENTIAL CALCULUS 


a, x+a,(pxt+qx?/2!4...)+b,x" 
+b, x(pxt..)+ b (px...) +..50, 


Equating to zero the coefficient of x and x’, we get 


a, +a, p=9, 
and la,q+b, +b, p* b, p =0. 
b, +b, p+b, p? 

Hence p=-a,/a,; eee 

a, 

2 2 \3/2 

(ep? 1. (ara 
Therefore p= D 2 b a? -b,a,a; +b,a? 


Ex. 2. Find the radius of curvature at the origin for 
x* — y* +x? — y! +x? — y? + y= 0. [Delhi 2005] 
The curve passes through the origin and the tangent at the origin is 
the axis of x (by equating to zero the lowest degree term in the equation 


of the curve, i.e. y=0). Hence, Newton's formula can be applied so that 
' 2 


x . x 
p=lim,,,— or  2p-lim,,, —. 
2y y 
Dividing the equation to the curve by y, we get 
x! (x! / y)- y! +x (x! / y)- y? +(x? / y)-yt+1=0. 
At the origin x = y=0, so taking limits as x > 0, we have, 
0.2p—0+0.2p-—0+2p-0+1=0 or 2p+1=0. 
Hence (numerically) p=1/2. 
Ex. 3. Find the curvature at the origin of the curve 
5x! 47y «Ax! yex y 42x! «3x ye y! +4x=0. 

It is easy to verify that the curve passes through the origin and the 
tangent at the origin is the axis of y (by equating to zero the lowest 
degree term in the equation of the curve, i.e. 4 x — 0). 

Hence, by Newton's formula, 

2 2 
p =lim, o - or 2p - lim, ,, — (1) 
Dividing the equation to the curve by x, we get 


Sx? «Ty Ix) Ax y y +2x+3y+(y?/x)+4=0 


te, 





t [See Chapter XVI] 


de . . 
termine the radius of curvature. 
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Taking limits as x — 0, we have, 
lim, „(y ^ /x)+4=0 or 2p+4=0 

using (1) and keeping in mind that at the origin x = y=0. 
Hence (numerically) p - 2. | 
Ex.4. Find the radius of curvature at (r, 9) onthe curve r 0? =a. 


Here au-z0',au'-220,au'' =2 
* a. 12 49/2 94 40? 3/2 0? +4 3/2 
Ban peu. E PE, EE 
u (uc u'') 05 (0? +2) 0? (0? +2) 


Ex. 5. Apply Newton's formula to find the radius of curvature 


at the origin for the cycloid 


x-a(0-sin 0), y-a(1-cos 0) 


Here 0 =0 gives x= y 0 . So the curve passes through the origin. 
^d di 
Now — =a(l+cos 0), — —- asi 
Jo (14 cos 0) P asin 0, 


dy. dy dy 


w -— T _ 
e a r tan 20 —0 at the origin where 0- 0. 


. So the initial line is the tangent at the origin. 


So, 


Hence, applying Newton's formula, at the origin 
p - lim, ,, Ž = lim, „ 2 (o+sin 6)? (1) 
2y 2a (1—cos 0) 
a(20-19!..... y 
a0* (2-104...) 
>? BFL O74...) 


Alternatively, (1) can be.solved as an indeterminate form [0 / 0] 


= lim, ,, 


= lim såg 


| EXAMPLES | 
: For the curve x=clog 5e Vc! «s? yeu s 


2. sg [Jabalpur 2003] 
' Show that for the curve in which s=c e" 


cp zs(s* =c? )”? , 


: E memi ae tod 
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ban a 
2. 


3. Prove that for any curve [Rohilkhand 2004) 


Find the radius of curvature at the origin of the following curve; . 
4. yzsx'-Ax -18x'. 

5. pox? +5x7+6x. 

6. y! -3x y-Ax! «a! ex y Y -0. 
7. y'(a-x)-2x'(a*x). 

Find the radius of curvature at the origin of the two 


branches of the curve given by the equations y-t-t^, x=1-27, 
9. Show that the radius of curvature of the lemniscate 
(Pty? = a? (x? - y! ), at the point where the tangent is parallel to the 


x-axis is V2 a/3. 
10. Show that the radii O 


[Jabalpur 200 4 
[Kurnaon 2013} 


8. 


f curvature at the origin of the curves 


x?’ y! =3 ax y is each equal to3a/2. [Kumaon 2012] 

| ANSWERS | 
1. (+è) c 4 136. 5 37/437/10. 
6. 85417/2,542. 7. ta42 8. 24/2 for each. 


10.5. Centre of Curvature. Let P be the point (x, y) 
and Q the point (x + h, y + k). | 
Let the normals at P and Q Y 
intersect in N (.X, Y). Let the 
centre of curvature for P be 
C (a, p). 

The normal at P is 
(Y - y)6 (x) * X -x =0. (1) 






(x+h,y+h) 


| where $ (x) stands for dy/dx. 
The normal at Q is o i 
7 (Y-y-k ues (2) 
^ (Y-y-k)à(x*h)-* X-x-h-0. of thest 


.. To find the ordinate of the point of intersection 
normals, subtract (1) from (2). We have 


(Y - y) + h)-$(x)} ko GI) - =? 





«s Ge - 
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Dividing by ^, | 
PDE 9 quen. EEE 
Nowas Q> P,h0, Y > B by definition (see §10.11) 
x+h)-ġ(x) d _ d'y k . dy 
So jor» u 09 hë. p and id ae 


- Hence, on taking limits, (3) becomes 
d! y (4) 120 





(B — y») dx? ibe 
E | B 1 + (dy/ dx)’ 
E POI Pyrat C 
As (a, B) isa point on (1), we get also 
dy 
d’ yild 


-. Sometimes these formulae are derived vy showing geometrically 


that a=x-psin y, B=y+pcos y, the curve being drawn convex 


towards the x-axis, when v is positive. If, however, a curve concave to 
the x-axis is taken, the result would be wrong. The trouble is that the sign 


. of p has not been defined. Hence the geometrical proof should be 


discarded. 
- We notice that — (a —x)' + (B-y)' =p’ 
where CP =p (see definition of $10.11). This equation represents the 
circle of curvature at the point P (x, y). 
„Ex. Find the coordinates of the centre of curvature for the point 
(x, y) on the parabola y? 24 ax. | Lucknow 2008] 
Differentiating the given equation, we have 
2y dy/ dx-4a i.e. dy! dx z2a/ yxa"* x"? 


Therefore d! yl dx? == g"? x". 
U2 12 2 
Hence: pax pet X (tex ) 
PUTET =2a+3x. 
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i m 17 1+ a x i NT 
Again pz2a"* x"? 1g yon --2a "x", 


10.6. Chord of Curvature through the origin (or 
pole). Let BP bea curve and let 
PDE be the circle of curvature 
at P with C being its centre of 
curvature so that CP =p and 
DP =2p. 

Let PE be the chord of 
curvature which passes through 
the origin (pole) and PT be the 
tangent at P. Then, the angle 
between the radius vector OP 
and the tangent PT is 6 , i.e. 
Z OPT =ọ. | 

Now, by geometry, the angle in a semicircle is a right 
angle. So, from the figure, in the right - angled triangle DPE, 
right - angled at E , » 

PE = DPcosZ DPE =2 pcos (1n — 0) - 2 psing. 

Hence, PE, the chord of curvature through the origin 
(pole), is equal to 2psing. | 

10.61. Chord of Curvature parallel to the axes. Let 
PQ be the chord of curvature parallel to the x-axis and PS to 
‘the y-axis. Let the tangent 





with the x-axis. 

Since PQ is parallel to 
the x-axis, then, by 
geometry of parallel lines, 
Z QPT zy (alternate 
angle). So, from the figure, 
in the right - angled 
triangle POR, right - angled 
at Q, 
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PO = RPcos Z RPQ =2 pcos (in-v)72 psiny . 


Similarly, in the right- angled triangle PSR, right-angled 


at S, PS = RPcosZ RPS =2 pcosy. 


Hence, the chord of curvature parallel to the x-axis IS 
2psiny and that parallel to the y-axis ts 2 pcosy . 
. Ex. 1. Show that the chord of curvature through the pole of 
thecurve r” =a" cosn 0 is 2r/ (n V) [Lucknow 05, Jabalpur 07] 
Find the chord of curvature through the pole of the curve 





OR 
r” =a" cosnO. [Rohilkhand 05, Avadh 07] 
We have r” =a” cos nO (1) 
. ES ithmicall n dr — sin n 0 
Differentiating logarithmically, crm TT 


Therefore tan gare -—cot n0 - tan (11 n 0) 
r 


This gives g=in+n8 sothat 
sin $ —sin (114n8)2cosnO-r'/a" [using (1)] 
Alo p=a"r”*'/(n+1). (See Ex. 3. after § 10.35). 
Hence the chord of curvature through the pole =2psin > 
-2a"r"*'(r"/Ja")/ (n«1)22r/(n1). 


Ex. 2. If C, and C, be the chords of curvature parallel to the 
axes of x and y at any point of the curve y-ae"^, prove that 
l/C; «VC? -1/2aC,. [Agra 07, Rohilkhand 07] 


The angle between the tangent PT at P and the chord of curvature 
PQ parallel to the x-axis is y (Refer to figure of § 8.15). 


Now tan y =dy/ dx = y' =e"! 
and y''-(l/a)e"* -(V/ a)tany 
Therefore p -U+ y” y" allt tan? yy? 
tan y 
=asec’y cosec y. (1) 


Hence C, = chord of curvature parallelto the x-axis 


=2psin y 22asec!y [using (1)] 
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Also C, =chordof curvature parallel to the y-axis 


— 2pcos y =2a sec V cosec y . 

Therefore 1/C7 +1/C} =(1/ 4a?) (cos* y +cos? y sin? y) 
- (I/ 4a* )cos? y =1/2aC,. 

Ex. 3. 

curvature parallel to the axis of y is of constant length. 


[Rohilkhand 09, Lucknow 10, Bilaspur 19] 


We have  y-alog sec (x/ a) 
So D xS OM OT Me id) (1) 
dx asec (x/a) 
and d* yl dx? =1sec?(x/ a) so that 
{1+ (dy/ dey" (reta!) 
p => —— _ = asec (x/ a). (2) 
d! yl dx (1/a)sec* (x/ a) 


Let the tangent at a point P on the curve make an angle y with the 
x- axis. Then the chord of curvature parallel to the axis of y makes the 
same angle y with the normal to the curve at P . 

So the length of the chord of curvature parallel to the axis of y 


=2p cos y (3) 
Now, tan y = 2 -tanx/a, [from (1)] 
which gives y —x/ a. 
Therefore (3) becomes — 
2asec (x/ a).cos (x/ a) -2a, [from (2) and (3)] 


showing that this length is constant. 
EXAMPLES 
l. Find the centre of curvature of the following curves at the 


| points indicated : 


(i) y-3x!42x!-3 at (0,-3) 
(ii) yox!-6x'-3x«1 at (1, -1) 
2. In the parabola x? =4 a y , prove that the coordinates of the 


centre of curvature are (-x’/4 .a’,2a+3x’/4a). 


[using (1) 


In the curve y= alog sec (x/ a), prove that the chord of 


—— sa 


M 
nA H— M ÀÁMÁ,—— 
; am an 


r=a(l+cos 8). 
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3. Show that the centre of curvature at the point determined by 
t onthe ellipse x=acost, y-bsint,is given by 
2 2 2 


a?’ -b , es 
= cos f, y=- 





sin? f. [Lucknow 2007] 





4. Prove that the coordinates of the centre of curvature at any 


dy 


point (x, y) can be expressed in the form ex and m 


dy 


5. In the curve y=ccosh (x/c) , show that the coordinates of 
‘the centre of curvature are 


X 2x-y((y^/ c?)-n'?, Y=2y. [Lucknow 2003] 

6. Show that  (x-ia) +(y-2a)’ =1a’ is the circle of 
curvature of the curve Vx+,/y =a, at the point (1a, 1a). 

7. Prove that the points on the curve r= /(0) , the circle of 

curvature at which passes through the origin, are given by the equation 

| | f(0)+ f'' (8)-0. [Garhwal 2008] . 

: g. Prove that the equation of the circle of curvature of the 

parabola y? =4 ax at (am^, 2am)is [Raipur 2011] 
| x! + y! -6am'x-Aaxe4am!y-3a!m' 20. 


9. Show that the chord of curvature, through the pole, of the 


equiangular spiral r-ae"? is2r. 


10. Find the chord of curvature through the pole of the cardioid 
l [Lucknow 02, Indore 03] 


at Show that the chord of curvature through the pole for the 
curve p= f(r) is 2 f(r)/ f' (r). 
12. Show that the length of the chord of curvature, parallel to 
the axis of y, at the origin, inthe parabola y=mx+x*/a, is (1- m? )a. 


13. Show that in any curve, the chord of curvature 
Perpendicular to the radius vector is 2p (r° - p*)? /» , 

[Lucknow 2003] 

14. If C, and C, be the chords of curvature of the curve 


77 (1«cos 8), through the pole and perpendicular to the radius vector, 
Prove that 


3(C? +C})=8aC,. [Rohilkhand 2008] 
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240 "s DIFFERENTIAL CALCULUS 
ANSWERS 
l. (i) 0, -23. (ii) -36, -71. 10. 4r/3. 


10.7. Concavity, Convexity and Point of Inflexion, 
Let P bea given point on a curve and S a given straight line 





Fig. 1 Fig. 2 
which does not pass through P. Then the curve is said to be 
concave or convex at P. with respect to S, according as a 
sufficiently small arc containing P lies entirely within or 
without the acute angle formed by S and the tangent to the 
curve at P. 

Thus in Fig. 1, the curve at P is 
convex to S, and in Fig. 2, it is concave. 

If the curve on one side of P is 
concave, and on the other side of P 
convex to any line $, the curve 
evidently crosses its tangent at P. Such 
a point is called a point of inflexion. 





10.71. A test of concavity or convexity. We shall 


consider concavity and convexity with respect only to the 


axis of x. 
. Let the equation to the curve be y = f(x) and let p be 
the point (x, y) and Q the point (x + h, y+ k). 

Let the ordinate QN of Q meet the tangent to the curve 


at Pin Q'. 
Then the equation of the tangent is 


Y-y-f'G)Qt -x) 





— — dim 
— 
D 


CURVATURE 241 





OT N M N X oO N MN X 


Therefore it follows (by putting X= x + h) that 
NQ'=y+ f'(x)h. 
Also, by Taylor's Theorem, if 0 « 0 « l, 


NO = flxth)= f(x) thf (x) + 0/208 f" GO) +- 
+ 0/0 -D0 A777 f" (0) + 07 n!) A" f (x + 8 h). 


Hence, by subtraction, 


. NQ- NQ'- &' (1/20 f" (x) 0/3) h f" (x) +. 


t (0/n) A^? f(x + 0 h) 


Now, if f''(x) is not zero and we take ^ small enough, 


the sign of the right-hand side will be the same as that of 


f" (x) whether A is positive or negative. 

Hence the curve is convex at P to the axis of x if f/"'(x) 
is positive, and concave if f’' (x) is negative. 

We have drawn the above figures for the case when the 
curve is above the axis of x . If, however, itis below, NO and 
NQ' are both negative, and 

NQ - NOQ'- - (INO| -| NQ'|). 
Hence in this case, the curve is convex at P to the axis of 
x If| NO| -| NQ' | be positive; i.e. if 
NQ — NQ' be negative, i.e. if f''(x) 
be negative. 

Similarly the curve would be 
Concave at P to the axis of x if 
J" (x) be positive. 
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Both the cases are included in the statement: 








A curve is convex or concave at P to the axis of x 
; 








; d 
according as y 





is positive or negative at P,— 
u ae Ld 





2 


In case the higher differential coefficients of f(x) do not exist, we 
can stop the Taylor's expansion at the term which involves h?. It is only 
necessary that f'' (x)should exist and be continuous at the point under 
consideration. We have 

NQ = f(x h)= f (x) h f' (x) (10/20 8? f'' (x + 8h). 

Hence, NQ - NQ' - (1/20) &? f"' (x € 6h). 

Now, if f'' (x)is not zero, and we take h small enough, the sign of 
the right-hand side will, on account of the continuity at x of the second 
differential coefficient of f (x), be the same as that of f''(x). This will 
be so whether h is positive or negative. | 

Hence the preceding result will be true even if the third and the 
higher differential coefficients of f(x) do not exist. 

10.72. Test for Point of Inflexion. If, at P, f'(x) is 
zero, but not f''' (x), the above investigation shows that 


NO - NQ' - P. gy I phos pn 4-05). 
3! 4! n! 


For sufficiently small values of h the sign of the right- 
hand side is the same as that of k? f'"' (x) which changes 
sign when A changes sign. So the curve is concave to the 
axis of x on one side of P , and convex on the other. Hence 
there is a point of inflexion at P , if 

“te but — d'ylde #0. 

10.73. Points of undulation. If f" (x)= f'''(x)- f "(x)=-- 
=f""(x)=0, and f"(x)#0, it is easy to see from the value of 
NQ —NQ' that there would be a point of inflexion if n is odd. If, 
however, n is even, the curve does not cross the tangent. Such a point (if 
n is greater than 2) is called a point of undulation. | 


To the eye a point of undulation appears just like an ordinary point. 


^ 





—— ee 
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10.74. Concavity and Convexity with respect to the 
axis of y. By considering y as the independent variable, we 
can easily show that a cufve, at a given point P on it, is 
convex or concave to the axis of y according as x (d x/dy') 
is positive or negative at P ; and that, if d’?x/dy’ =0 atP, 
but d°?x/ dy) +0, there is a point of inflexion at P. 

This test is useful when the tangent at P is parallel to the 
axis of y. 

10.75. Concavity and Convexity with respect to a point. 
Let P be a given point on a curve: and let PT be the tangent at P 
to the curve. Then the curve is said to be concave or convex at P to 
a given point A, according as the curve in the immediate 
neighbourhood of P does; or does not, lie entirely on the same side 
of the tangent PT as A. 

The investigation of $ 10.71 gives us at once the following 
proposition : 

A given curve is convex or concave at P to the foot of the 
ordinate of P , according as y y" is positive or negative. 

Ex.1. Find the range of values of x in which the curve 

yz3x!-40x! 43x-20 
is concave upwards or downwards. Also find its points of inflexion. 
Since yz3x! -40x! +3x-20 (1) 
y 215x* -120x? +3, 
y" 60x? -240x = 60x (x? —4) = 60x (x+ 2)(x-2) 
and y"' =180 x? —240. 
Now y''z0 at x=-2,0 and2 , while y’’’+0 at these points. 


Therefore, substituting these values of x in (1), we have points of 


inflexion at (— 2, 198), (0, — 20), (2, — 238). 
Again, y'' » 0 for [-2, 0], and y is negative for these values of x. 
So the curve is concave to the axis of x i.e. concave upwards in [- 2, 0] 
and [— 2, oo [. | s | 
Now y'' is positive for [0,2] and y is negative. So the curve is 
concave to the axis of x for these values of x ; le. the curve is concave 
downwards in ]— œ, — 2] and [0,2]. 
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Show that the points of inflexion of the curve 
y? -(x-a)(x-b) lieontheline 3x+a=4b. 
[Agra 06, Bilaspur 08, Kashi Vidyapeeth 12] 
Here y=(x-a)(x-b)"?, 
y =(x-b)"? e1(x-a)/ (x-b)"?, 

and y" =l (x- by" £1(x-py'2 +4(-1)(x-a)(x-b)?”? 

The points of inflexion are given by y''z0, 
Le. — (x-b)'? -1(x-ay(x- py? 20, 
or 4 (x-b)-(x-a)=0, which gives 
showing that they lie on the line 3x a — 4b. 

10.8. Concavity, Convexity and Point of Inflexion for 
Polar curves. It is evident from the figures that if, at any 
point P on the curve, p (the perpendicular from the pole on 


the tangent) increases as r increases, then the curve is 
concave at P to the pole, i.e. a curve is concave at P to the 


pole if dp/dr is positive there. 


3x=4 b-a, 





CurveconvexatP Point of inflexion 
to O to O at P 


Curve concave at P 


Similarly, a curve is convex at P to the pole if dp / dr is 
negative there. 

If dp/ dr =0 at P , positive for points on one side of P 
and negative for the points on the other side of P, there must 
be a point of inflexion at P. 


re + dr | dà ; 
dp r“ +2 (dr/d0)’ —r(d'r / qg?) 


3/2 


| 


1 





a ut j -pY 3r . ro d 
Or r°+2 C" Ema : =0 te r^- : =0 
| 2a 4a 4a 


or r* =4 a" 
A E . Substituting these values of r in (1), we have, 0 21/2. Hence the 
". points of inflexion are (+ a V2, 1). 


CURVATURE 245 


dp rír«2(drid0y -rd'rido?j 
dr fr? + (dr/ doy} 


AP _ 0, it foll that if r^ «2 = pru 
For dro , It follows 710 d0? 


at P , there is, in general, a point of inflexion at P . 


Ex. Find the points of inflexion of the curve 7? 0 - a*. 


Hence 


. The given curveis r? 0-q?, (1) 
Differentiating (1) w.r.t. O, we have 
dri d0=-r/20=-r'/2a’ 


dir “(37 2)-35 r? NE Ld 


r?>+2r0(dr/da)=0, 
[using (1)] 








At a point of inflexion, — r^ 42 (2) =r —=0. 











Fu ada. 


which gives 


10.81. The sign of p. Ifin the Cartesian formula for p (§ 


_ 10.3), we always attach the positive sign to (1 y '? ?, 5 will be 
.. Positive or negative according as y” is positive or negative; i.e., 


according as the curve is concave upwards or convex upwards at 


(x, y). (See § 10.71 and consider separately the cases when y is 


| positive and when y is negative.) 


Similarly, § 10.8 shows that if we always attach the positive 
Sign to (r^ c p'2)7? in the polar formula, p will be positive or 


ON i 
egative according as the curve at (7,0) is concave or convex to 


E origin. [n the case of the pedal equation, an examination of the 
iin for the various possible cases (see § 10.8) shows at once 
al p is positive or negative at a given point on the curve 


according as the i 
curve 
an IS concave or convex to the pole at that 
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10.9. Contact of curves. Let y ^6 (x) and y =W (x) be th 
equations to two curves. i 

Then, if $ (a) 2w(a), the curves intersect at the point fo, 
which x = a. Let P be this point. 

If 6 (a) 2w(a), and also $'(a) 7 v'(a), the tangents to the 
two curves at P are the same; hence the two curves touch each 
other at P. We say that the curves have a contact of the first order 
at P, provided $''(a)#y"' (a). 

If $ (a) 2v (a), $'(a)=y' (a), and also 9 (2) 2 V'' (a), the 
curves are said to have a contact of the second order at P, 
provided $'''(a) «w'''(a). 

In general, if $ (a) -w (a),9 (a) =" (a)... ,9" (a) 2 v'(a), 
and $^*' (a) « y"*' (a), the curves are said to have a contact of 
the nth order at the point x — a. 

EXAMPLES 

|. Findthe range of values of x for which the curve 

y2zx'-6x! «12x! € 5x47 
is concave upwards or downwards. Also find the points of inflexion. 
|Purvanchal 08, Kashi Vidyapeeth 08| 


2. Show that y=e" is everywhere concave upwards whereas 
y-logx iseverywhere concave downwards . 

3. Examine y=cosx for concavity and convexity in the range 
(0, 27). [Lucknow 05, Jabalpur 09] 

Find the points of inflexion of the following curves: 
|Avadh 10, Bilaspur 10, Rohilkhand 10] 


4. y=3x" -4x +] 
5. xz3y'-4y! +5. 6. y=(x-2)°(x-3)’. 
7. yze". [Agra 2004] 
8. x-(log y)". [Kashi Vidyapeeth 09, Bilaspur 09 
_ 9. Show that the curve y(a? 4 x!)- a!x has three points of 
inflexion and trace it. [Lucknow 2008] 
49 


10. Is there a point of inflexion at x = 0 onthe curve y 74 
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11. Show that the curve x? + y? =a’ has inflexions where it 


cuts the coordinate axes. 
12. For the curve (8? -1) r =a 8*, show that there is a point of 
inflexion at the point where r=3 a/ 2. 
ANSWERS 


. |. Concave upwards in ]-9,1[ , ]2*[ and concave 


downwards in [1, 2]. Pts. of inflexion at (1, 19) and (2, 33). 


3. Concave in [0,47], [37, 21] and convex in [2m, 2 n]. 


4: (00, 2,1). 5. (5,0), (12,3). 
6. Pts. of inflexion at x23, 1 (28€ J3). - 
7. (t,e). 8. (0,1),(8,e7). 10. No. 
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11 
Singular Points, Curve Tracing 


A1.1. Multiple Points. A point of inflexion is a singular 
point (i.e. an unusual point) on the curve, for the tangent does 
not usually cross the curve, as it does at a point of inflexion, 
But there are other kinds of singularities. A point, for 
example, may be a multiple point. 

A point through which more than one branches ofa curve 
pass is called a multiple point on the curve. 

A point on a curve is called a double point if two 
branches of the curve pass through it; a triple point ifthree 


branches pass through it, and so on. If r branches pass . 


through the point, it is called a multiple point of the rth 


order. 
If the two branches through a double point on a curve are 
real, and the tangents to them are not coincident, the double 


point is called a node. u 
If the two tangents are coincident, the double point 18 


called a cusp. 


\ 
\ 


Node Cusp Conjugate Point 


Suppose there are no real points on the curve in the 
neighbourhood of a point P on the curve. 


248 
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Then P is called a conjugate point (or an isolated 
point). The process of finding the tangent usually gives 
imaginary tangents at such a point, but sometimes the 
tangents come out real. 

Remarks. (1) Conjugate points really arise from the fact that an 
imaginary expression 4-- iB becomes real. when B = 0. Thus the 
imaginary “straight line", 

x-24i(y-4)20 (1) 
has one real point on it, viz., the point (2, 4) 
This is a conjugate point on the straight line. 


(2) The student must note that only those imaginary points whose 
coordinates satisfy (1) lie on it , not any and every imaginary point. 

. Thus, as substitution will immediately show, (3 + i,3-* i) lies on (1), 
but not (4 + /, 3 + i). A similar statement is true for every curve having an 
imaginary branch. That is why the analytical process of finding the 
tangent at a conjugate point gives us a definite tangent, only the constants 


. occurring in the tangent involve 4-1. 


(3) The student must not interpret "imaginary" as something which 
does not exist. The tangent to the curve y=sin (1/x) at x 2 0 does not 


exist. But.i | 
exist But.it would be Wrong to say that the tangent is imaginary there 


In f CAM 

E nl the word Imaginary”, is used in mathematics merely in the 
e o involving the square root of —| ” and not in the sense of 

something which does not exist. B 


11.11. Species of Cusps. A cusp might be single or 


Fig, 
a Fig. 2 
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y 


Fig. 3 Fig. 4 Fig. 5 
Also, a single cusp might be of the first species or the 
e two branches lie on opposite sides 


second, according as th 
Hence we have the 


or on the same side of the tangent. 

following types of cusps: 
Single cusp of the first species (Fig. 1). 
Single cusp of the second species (Fig. 2) 


Double cusp of the first species (Fig. 3). 


Double cusp of the second species (Fig. 4). 
Double cusp with change of species, or a point of 
osculinflexion (Fig. 5). | 
A cusp of the first spec 
(i.e. a horn - like cusp), an 
ramphoid cusp (i.e. a beak - like cusp). 
Il 2. Tangents at the origin. In order to investigate the 
náture of a multiple point, it is necessary to find the tangent 
or tangents there. The following proposition is very helpful 


- 


ies is also called a keratoid cusp 
d à cusp of the second species a 


in this : : 
If a curve passes through the origin and is given by 4 
rational, integral, algebraic equation, the equation to the 
| equating f? 


tangent or tangents at the origin is obtained by 
zero the terms of the lowest degree in the equation to the 
curve. | 
Let the equation to the curve be 
-0. ( 


a,x + a,y + b,x? + b,xy + by’ + GX” uo 
the constant term being absent, as the curve, by hypo 
passes through the origin. | 
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Let P be the point (x, y). Then the 
equation to OP is Y=(y/x) X. 

The equation of the tangent at O is, 
therefore, Y = (lim, ,4(y/x)) X. (2) 

Let us exclude for the present the 
case when the tangent is the y-axis (viz. © 
when lim, ,,(y/x) =+ c) 

Case I. Let a, +0. Dividing (1) by x and taking limits as 


x — 0, we get 





X 


| a, + a, {lim, ,4( y / x)) =0. (3) 
Haas: the value of lim, ,,( y / x) from this in (2) 

or what comes to the same thing, eliminating li 

between (2) and (3), we have E Miei 
l l a, X +aY=0; 

or, since there is now no danger of confusion, writing x, y 


for X, Y, the tangent at the origin to (1) is 


which ld h nr ales 
ch could have been obtained b i 
terms of the lowest degree in ( F) dics dcc d 
c a2 = 0, then by (3), a, = 0, and we get the next case. 
; ase II. Let a,— 0 and a= 0, but suppose that b d 
3 are not both zero. Um 
Divide (1) by x2, and imits. Ii 
; tak j 
ribus dpd ks e limits. If lim, so (X / x) be 
b, +.b,m+b,m? = 
jn pre DU =U 
ee that there are, in general, two values of m hi 
i. wo tangents at the origin. Their equatio. i 
y eliminating m between (4) and (2), and is _ 
This . bix? + bxy + b, y? = 0. 
to zere Aie, could have been written down by equati 
pe erms of the lowest degree in the e ti i tithe 
: (viz. (1) with a; = 0, a2 0). TOM NS 
b = b; = 0, then by (4), 5, =0. 
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| Case II. If a, =a, =b, -b,-b, =0, we can show 
similarly that the rule still holds; and so on. 

Ifthe tangent at the origin is the y-axis, we can easily see 
by supposing the axis of x and y to be interchanged for an 
instant, that the rule is still true. 

Hence by equating to zero the terms of the lowest degree 
all the tangents will be obtained, including the y-axis if itis a 
tangent. | ; 

11.21. Nature ofa cusp at the origin when the axis of x isa 
tangent. Jf the origin is a cusp and the common tangent to the two 
branches of the curve is the axis of x, solve for y. 

The reality or otherwise of the roots for positive and negative 


s of x, also the fact of the roots being of the same or of 


value 
cusp there is at the origin. 


opposite signs, will decide what type of 

Since we want only the approximate shape of the curve in the 
te neighbourhood of the origin, the terms which are very 
small for small values of x, viz. terms involving high powers of x, 
may be neglected in deciding the nature of the cusp, provided that 


this does not reduce the equation merely to that of the tangent, or 
ranches of the curve coincide. Moreover, 
ly two branches of the 
he equation to the 
e the 


immedia 


does not make the two b 
for the same reason and because there are on 


curve through the origin (as we know from t 
tangents at the origin), terms involving powers of y abov 
second can also be neglected. 

In this connection the studen 
sufficiently small values of x, the largest term in an expression i 
the one involving the lowest power of x, whatever its coefficient 
(provided, of course, that it is not zero). 


11.22. Nature of a cusp at the origin. 
gent at the origin is the y-axis, we can proceed a 


t must remember that for 


Other cases. If 
s in the last 


the tan 
article, solving for x instead of y. 


But if the tangent is neither the x-axis, nor the y- 
aX + bY =0. 


axis, but Say: 


the line 


: 
| 
| 
d 
| 
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Then the perpendicular p, on 
this line, from the point (x, y)onthe Y 
TR dio A 
VP. 
[3 AL V 
a° +b P, 
which is proportional to ax + by. Let 
us put P —ax + by. If we eliminate y 
.Q M X 


between this and the equation to the 
rve, i.e. i i | 
gerve ‘ R is s das (P - ax) / b for y in the equation to the 
* "d E : : relation between P and x. Solving for P, we shall 
adn B e, from the sign and the reality of the values of P 
f P | e and negative values of x, the nature of the cusp. Thus 
pon B are of opposite signs (as in the figure) for a positiva 
dm fa Gnd. from those points on the curve which 
| his value of x as abscissa, on the tangent ax + by — 0, are of 
opposite signs. Hence there is a cusp of the first Spies 
right; and so on. pee 
LL23. C i 
Fs ot any bea eta et In order to find the nature of the 
, usual fo transfer the origi 
ntot | 
then apply the methods of the preceding akeles ewe 
x. 1. Find the nature of the origin on the curve 
a‘ y! — (x? -a° ) 
The origin lies on the « QE J/ 
| the curve; but 21: 
y LR E x? _ a? à 


so that the valu 
es imagi 
ME -a amall o y t imaginary, whether x is positive or negativ 
#0. Hence the origin i ; ^ 
: gin is a conjugate poi 
point on the 


Curve. Also 
ds A 





x! —-q* 


Hence o igi 
dx 0 at the origin (0, 0). So the tangent at (0, 0) is 


Which is pea " Y - p 0(X-0) ie. Y=Q 
Showing that the tangent m j 
L . g ay berealata conjugate point. 


ply 8 11. 
equation y? Y $ 11.2, then also we get for the tangent at the origin the 


=Q. ie. Y.20]. 
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Ex. 2. Examine the nature of the origin on the curve 
a! y! -2abi! ye x! «c^! x =0. 
Here the term of the lowest degree equated to zero gives y! «9 
showing that there are two coincident tangents ( y 2 0)at the origin. ' 
Solving for y, after neglecting x, we have 


-abea a! b?x* -a)x 
T a? ` . (1) 


When x is very small numerically, a?! b! x* — a? x! has the same sign 
as a^ bx" , which is positive whether x be positive or negative. Thus yis 


real for numerically small values of x (positive or negative). Hence we 
have a double cusp at the origin. 
Also, when x is positive and small, á 
a! b!x* -a)x! <a b’x", 7 
i.e. t Na! bi x* —a’x’ «abx!, 


Hence when x is positive and small, both the va 
ofthe origin the curve is of the second species. 


lues of y are 


positive, i.e. on the right 
Again, when x is negative, and numerically small. 


+ Ja! b!x! ax > abx’, 

because new —a’x’ is positive. 

Thus, one value of y as given by (1) is no 
negative. Hence there is a cusp of the first species 

Thus there is an osculinflexion at the origin. 

Ex.3. Examine the nature of the origin on the curve 

(2x+ yy —Gxy (2x+ y)- 7! =0. 
The tangents at the origin obtained by equating to zer 


degree terms in the equation to the curve are 
| NP as = 
(2x * y) =0 re. two coincident tangents at the origin. 


w positive and the other 
on the left of the origin. 


o the lowest 


Putting P=2x+y, we have from the equation to the curve 
P? —6x (P -2x) P -7x° -0 [since y=P-2] 


(1-6x) P! + 12x! P - 7X! =k 


Or 
Bor -& x4 36* + 7x? (1- 6x? 3 _ 6x" 
Therefore PP ee ge = ü- 6) _ or iv — efe 
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Wen x is negative the values of P are imaginary; and when x is 
positive, the values of P are real and cf opposite signs (because, when x is 


small x" is greater than x’). 


Hence there is a single cusp of the first species at the origin. 

4 E. Search for double points. In order to search for 
ap e points on a curve, transfer the origin to the point 
(h, k). In the transformed equation, the constant term and 
. the terms of the first degree must be absent in order that the 
new origin may be a double point. This gives three 
Aee which are more than sufficient to determine h and 

. Take any two of these and solve for h and k. 


"i Es aee: ned satisfy the remaining equation, the 
, K) will be a double point. If no set of val 
'alues of h 
ar k can be found to satisfy all the three equations, there is 
no double point anywhere on the curve. 


" m pois = position and character of the double points on 
x | y(y-l)’. [Gorakhpur 05, Rohilkhand 12] 
Transferring the origin to (A, k) the equation becomes 

ve (x+h-2) -(y+k)(y+k-1)? =0 

or (h-2y -2x (h-2)-K(k -1% — y {2k (k D) (k - 1?) 


| + term : 
Hence, for a double point s of higher degree = 0, 


(h-2y -k(k-1y 20 | T 
and ideas : 
2k (k=1)+ (k-1)! =0. ae 


Eqn. (2) gives 4 = 2, and (3) gives k= 1 or 1/3 ái 


By substitution in the remainin 
h- 2, k 
only at 


= l; satisfy it, but not h = g equation, viz. eqn. (1), we see that 
i =2, k - 5. Hence there is a double point 


(2, 1). i igi 
) . Transferring the origin to it, the equation become 
S 


x! =(y+ 1) y? 
(2) 


Or 
x=t yy y+. 
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When y is positive and small, x has two real values, one positive 
and the other negative. When y is negative but numerically small, the 
same is still true. 

The tangents at the new origin obtained by equating to zero the 
lowest degree terms in (2) are x? = y? or x=+y i.e. real and distinct. 

Hence there is a node at the point (2, 1) on the given curve. 

Ex.2. Find the nature and position of the multiple points on the 
[Kumaon 2011 | 


[Delhi 2002] 


curve x'-2y!'-3y!-2x!41z0 
Also find the tangents at the multiple point. ' 
Transferring the origin to (h, k) the equation of the curve becomes 
(x- hb)! -2(y- ky! -3(y- kh)? -2(x AY +150. (1) 
or (h*-2k) —3k? —2h° +1) +x (4h? —4h)+ y (-6k? —6k) 
-- terms of higher degree =0 


Hence, for a multiple point 
h‘ —2k? —3k? -2h^ «120 Q) 


4k? —4h -0 (3) and -6k? —6k =0 (4) 
Equation (3) gives A - 0, 1 or -], and (4)gives k=Oor -1. 


Of the six points given by these h, k, only (0, -1), (1, 0) and (-1, 0) 
satisfy equation (2). So these are the required multiple points. The lowest 


degree terms in (1) are then 
6 h?x? -6 by” -3y! -2x! =0 or (6h? -2) x! 2 (6k +3) y (5 
This gives the tangents at the multiple points. 
At (0,-1) ie A=0,k=-1, this gives 
26 =3y? or. ye£4Q/3)x. 
At (1,0) ie. h- 1, k70, this gives 
4x! =3y or y=t J(4/3) x. 
At (-1, 0), ie. h7 —1, k- 0, (5) gives again 4x? =3y’. 
So the tangents at (0, —]) are y+l=t (2/3), at (1, 0) are 
yzi- (x-1), and at (-1, 0) are yi (x4 1) all being real and 


distinct . Hence the three multiple points on the curves are nodes. 
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: 11.4. A necessary condition for the existence of 
double points. If f (x, y) is an expression involving x and y, 
and the equation to a curve is f (x, y) = 0, then on transferring 
the origin to (A, k), the equation will become 

fo thytk)-0 


It will be shown in the next chapter that, if a means the 
X 


differential coefficient of f (x, y) when y is regarded as a 


Q ; l 
constant, rm the differential coefficient when x is regarded 


2 
as a constant and 2S means 2 ( Z and so on , then by 
Ox Ox V Ox 


Taylor's theorem for functions of two variables, we have 


fe ho faux (2- | +9) 
OX rah, ye oy 
x=h, y=k xzh, yok 


1) 2f OF a'f [977 
E É J - f Li pd E =k J| 


+ terms of higher degrees. (1) 


; Hence, by § 11.3, we see that at a double point we must 
ave 





of of 
— 0, TS 0, =U, 
Ox oy [79 


ee is a necessary condition for the existence of double 
ints. 


If these conditions are satisfied, the tangents at the new 


origin are given by equating the second degree terms in (1) 
to zero, so that 





ð? 2 2 
TEOR 
E Xzh, yak ox oy x=h, yuk ay? x=h, y=k 


: phe tangents at the new origin given by the above 
quadratic equation will be distinct, coincident or imaginary 


according as the discrminant is >=or <0. 
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Hence, by $ 11.1, in general, a double point will be q 
node, cusp, or conjugate point according as 


(es) ^" (SIS) 
Ox Oy ax? }\ oy? 


Ex. 1. Find the double points of the curve x’ + y’ =3axy. 

[Agra 06, Avadh 08, Kumaon 08, 09) 
Let f(x, y)= x + y! -3axy - 0. (1) 
Then = Gf / dx = 3x? -3ay and 0f/0y-3y' -3ax. (2) 
We know that at a double point, f=0, 0f/ dx =Oand ðf / dy=0. 
Now of/ax=0 gives x! -ay and Of/dy=0 gives y’ =ax. 
Solving them, we get x*-a!y!-a'x or x(x -a°)=0. 
This gives x=0,a and hence y=0,+a. (Taking only real values) 


Thus the possible double points are (0, 0), (0, a) (0,—a) (a, 0), 
(a,a) and (a,—a) of which only (0, 0) satisfies (1). 








Therefore (0, 0) is the only double point . 


To find the tangents to-the given curve at the origin (0, 0), we shall 
equate to zero the lowest degree terms in (1). This gives 


xy=0 ie. x=0, y=0 as the tangents at (0, 0) which are 
real and distinct. Hence the origin (0, 0) is a node. 
Ex.2. Locate the double points of the curve 
y(y-6)-2x (x-2) -9 and ascertain their nature. 
[Gorakhpur 03, Agra 04, Delhi 08, Rohilkhand 08,09, Lucknow 04, 12] 
' Let f(x, y) =x? (x-2)’ -y(y-6)-9=0 | (1) 
Then Of / dx =2x (x-2)' 43x (x-2) =x (x-2) (5x-4) | (2) 


af | dy=1y-6)- y=6-2y © (3) 


Now óf/óx-0 gives x=0,2,4 and df/dy=0 gives yz3 
So the possible double points are (0, 3), (2, 3) and (5, 3) but since 
4 3) does not satisfy (1) so there are only two double points (0, 3) and 
(2, 3). From (2) and (3), we have 





F^ 
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a’ f 
mu (x-2)' (5x -4)-- 2x (x -2)(5x -4) - 5x (x-2)? 
e! 2 
Ox Oy H dy’ 
2 
Hence at (0, 3) TL --16, KE of a 
x Ox Oy Oy? 
Therefore af < a’ f a’ f 
Ox Oy Ox? oy! 
so (0, 3) is a conjugate point. 
At (2, 3) S uu, S ug. 9 s 
| Ox! Ax Gy -— oy? i 
Therefore df = of 0^ f 
Ox Oy ex? ay! 


Hence, the point (2,3) isa cusp. 
To determine the nature of the cusp, transfer the origin to the point 
(2, 3). Then equation (1) becomes 
(y+3)(y-3) =x? (x42) -9 or. y! =x (x 2y.. 


So, the tangents at the new origin are y^ =0 showing that the x-axis 
is the common tangent 


Solving for y, we get y= (x2) x’. 
For x <0, y is imaginary. 
Forx>0, y has a positive and a negative value. 


Hence we have a single cusp of the first kind at (2, 3). 
EXAMPLES 


l. Write down th ions te i 
e equations to the tange m 
the following curves : gents at the origin for 


: 4 ^ 
(i) x' 43x y+ 2xy- y! =0. (ii) x! + 3xy + 7x? =Q. 
2. Show that the curve y’ 


= — 2 B 
ofthe first kind at the point (a, 0). (x-a) Qx-a) has a single cusp 


[Lucknow 2004) 


J. Show that the curv 2 
e (xy + D! + (x-1y (x-2)- 
"UP of the first kind at the point (1, 21). al Saee 


4. S ioi | 
how that the cardioid r = a (I+ cos 8) has a cusp atthe origin 
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5. Find the nature of the origin on the following curves : 

(i) x'-y! «2x4 3y? =0. [Meerut 2007) 

(ii) x‘ -ax! y+ ag? +a’ y? 2 0 [Rohilkhand 11,Kumaon 12) 

(iii) x* —2ax? y- axy? +a’ y? 20. [Avadh 2007| 

(iv) (x? -a! y (y? 28? )e a? b. 

(v) x' 4 y!zày. [Meerut 05, Agra 10] 

6. Prove that the curve ay! »(x-a) (x-b) has, atx = a, a 
conjugate point if a < b, a node if a » b and a cusp if a — b. 

wu we ilare os t7 à; 

7 Show that the curve y? - bx tan (x a) has a node or a 
conjugate point at the origin according as a and b have like or unlike 
signs. 

[Hint : Expand tan (x/a) and retain only the first few terms.] 

8. For the curve y'(a)«x!)ex'(d! -x!) ,show that the 
origin is a node and that the nodal tangents bisect the angles made by the 


axes. | 
9. Determine the position and nature of the double points on 


(i) y! s(x-2y (x-1). [Kumaon 2010] 


(ii) x‘ -4y? -12y - &? 416-0. 
(iii) x? — y? - 7x? -4y*15x-13- 0. [Delhi 03, Rajasthan 03] 
(iv) 3x? +x? + y! -x-4y4 320. [Garhwal 2010] 
(v) y! « bxsin (x/ a). [Kumaon 2013] 

10. Show that the points of intersection of the curve 

(ax)? + (by? - (a? b)? 
with the axes are cusps of the first species. 
ANSWERS 

1. (i) 2yv-y’=0; (ii) 3x 7x’ =0. 

5. (i) Conjugate point. (ii) Conjugate point. 
(iii) A cusp of the second kind at the origin. 


(iv) Conjugate point. (v) Node. 


(tai en 





sym : 
metry in opposite quadrants.) 
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9. (i) Node at (2,0). 
(ii) Node at each double point (-2, 0), (0, — 2) and (2, 0). 
(iii) Node at (3, 2), (iv) Node at (—1,2). 


(v) A node or a conjugate point at the origin according as a 
and b have like or unlike signs. 


11.5. Curve Tracing. Cartesian Equations. The object 
of Curve Tracing is to find the approximate shape of a curve 
without the labour of plotting a large number of points. 


If the Cartesian Equation is given, the student will find 
that he can invariably solve it either for y, or for x, or for r 


(in terms of @ in the last case), otherwi j 
. , Otherwise the curv 
too difficult for him to trace. ibo 


Ouly curves in which we can solve for y need be considered here 
because, if the equation cannot be solved for y, but can be solved for x 

_ we have only to regard y as the independent variable. If the equation ca 
be solved for r, the rules for tracing polar curves will apply i 


ZALSI. Procedure . 


E. F Ht Notice if the curve is symmetrical 
, bya i 
imd y applying the following rules, whose truth 
(1) If the powers of T ! 
Y which occur in the equati 

pven, the curve is symmetrical about the NO e B 
(ii) If the powers of x are all even the curve j 

3 S 


Symmetrical about the avi 
| axis Of y. A curve mi 
be symmetrical about both axes. ipd aide 


-" Su) If x and y can be interchanged Without alte 
on, the curve is symmetrical about the line y 


all 


I ing the 
(iv) If on chang; | =x, 
ging the signs of 
equ . x and 
poe to the curve is not altered, the imd d the 
trace, (This 4s two right angles will coincide with its old 
IS 1S generally denoted by saying that there » 
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2. AT THE ORIGIN. Notice if the curve passes through 
the origin (i.e. the constant term will be zero). If it does, write 
down the equation of the tangent(s) there. If the origin is a 
singular point, find its nature. Remember that the higher 
powers of x in the expression for y can be neglected when 
tracing the curve for (numerically) very small values of x. 

3. SOLVE FOR y. Solve for y (which, by supposition, is 
possible). Choose any convenient value of x for which y is 
finite, and if possible zero (generally x = 0 is convenient), 
Consider how y will vary as x increases and then tends to 
infinity, paying particular attention to those values of x for 
which y = 0, or > oo. . M | 

If the curve is symmetrical about the x-axis, or if there is 
symmetry in opposite quadrants, only positive values of y 
need be considered. The curve for negative values of. y can 
be drawn from symmetry. — mE 

4. CONSIDER ALL VALUES OF x. Starting from the 
chosen value of x, repeat the above procedure as x decreases 

7 na j . . 
DE Dane ifthe curve is symmetrical about the y-axis, it 
can be drawn for negative values of x by symmetry, so such 
values of x need not be considered afresh. 

5. IMAGINARY VALUES OF y. In the above ed 
if yis found to be imaginary fora certain range of red ha 
x, say for values of x between a and b, it would mean tha M 
curve does not exist in the region bounded by the lines x = 4, 
e hs 3 and 

6. ASYMPTOTES. If the procedure of paragrap die 
4 shows that the curve extends to infinity, and : m 
approximately a aes one = 2 ] d iie 

i large values of x, 
aa tote, This should now be found, and also, i paid , 
it should be investigated on which side of it the curv (pe 

NOTE. For numerically very large x is y, only the highes E i 
of these may be retained to find the approximate shape of the cu 
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The presence of asymptotes parallel to the axes and their 
positions will become evident by the procedure of 
paragraphs 3 and 4. 


7. SPECIAL POINTS. Find the coordinates of a few 
points on the curve if it appears necessary. 

For example, if y is 0 at x= a, and again at x = b, and is positive for 
the intermediate values, it mig" ,"e desirable to find the maximum 
(greatest) value of y between a and b. At the point for which y is 
maximum, the tangent (as is evident from geometry) will be horizontal 
and so dy/dx will be zero. Hence this point can be easily found (the 
subject is treated in detail in Chapter XV). Even if the maximum value is 
not found, it would be desirable to find the value of y when x is equal to, 
say, i(a- b). 

8. POINTS OF INFLEXION. If the curve as traced 

appears to possess a point of inflexion, that point can be more 


accurately located by putting d^ y / dx? or d?x / dy? equal to 
zero and solving the equation thus obtained. 


9. The student should remember that merely a knowledge 
of symmetry, asymptotes, tangents at the origin, points of 
inflexion, double points, and the coordinates of a few other 
points will never enable him to trace a curve. His difficulties 
regarding curve-tracing will vanish only if he realises that 
we have solved for y and expressed it as a function of x whose 
values can be easily found Jor every value of x, and that his 
task is to save time by picking out the most important values 
of x (say those at which yisa minimumor a maximum, or is 
Zero or infinity, or just begins to be imaginary or ceases to be 
30); then, by noticing how y varies (i.e. increases or 
diminishes) as x is made to vary continuously from — œ to 
+ ©, the curve is easily traced. 
We need not begin from — œ (if that is inconvenient) 
Provided later we consider the remaining values also of x. 


NOTE. 1. An equation of the second degree in x and y gives merely 
9ne of the conic Sections, and so can be traced. 
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2. If the equation to a curve is given in a peram Jorm, 
x = (1), y = y (£), the parameter ( can in some cases ue dt eliminateg 
and the curve traced. But generally it is more convenient to give to , 4 
series of values and plot the corresponding values of x and y, noting how 
x and y would behave (e.g., increase or decrease) for the intermediate 


values. , 
& —Ex. 1. Trace the curve y! (a* x)2x' (a-x),, a» 0. 


[Kumaon 09, Kanpur 10,Lucknow 09, 11, Bundelkhand 11, Raipur 13] 
OR Trace the curve x(x?+ y’?)=a(x°-y’) [Agra 04, Delhi 08] 
(i) This curve is symmetrical about the axis of x. 


(ii) The curve passes through the origin. The tangents there are 
given by ay? = ax? i.e. y=+x, which represents two real and distinct 


straight lines. Hence we may expect a node at the origin. 
(iii) When the curve intersects the x-axis, then y — 0 so x'(a-x)-0 
or x=0,a. Thus the curve intersects the x-axis at (0, 0) and (a, 0). 
Again the curve intersects the y-axis, when x = 0 so y=0 or at (0, 0). 


` (iv) Solving for y, the equation of the curve gives 





=+ : 1) 
dis a+x i 


Let us first consider only 
positive values of x. 


If x=0, then y=0. When 
0<x<a, yisreal. We notice also 


— a 
that as = <— «], then from 
at+x a 


- (1), y «x. Hence the curve exists 
and lies below the tangent y=x 
for 0«x «a in the first quadrant. 





As x goes on increasing, y next becomes zero at x — a. 
When x > a, the expression under the radical sign in (1) is negative 
andso y is imaginary. Thus the curve does not exist in the region x > 4. 


(v) If -a<x<0, (1) shows that y is real. Also, for values of * 
under consideration, a-x >a + x. Hence from (1), y»x. 


| 
| 
| 
t 
| 
| 
| 
| 
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= — x in the second 
This shows that the curve lies above the tangent y — — X In t 


for the region -a<x<0O. 
quadrant ae 
Also as x decreases from 0 to — a , from (1), we see that da 
from 0 to + co for positive values of y in the second quadrant. 


(vi) When x « — a, the quantity under the radical in (1) is negative 
and so y is imaginary. Thus the curve does not exist in the region x <— a. 


i i — — co. 
(vii) x 2 — a is an asymptote of the curvesince as x — —a, y 


(vii) To find the tangent at the new origin, we shall transfer the 
-origin to (a, 0), so the equation to the curve will become 


y’ Qa x) 2 (x a)! [a - (x a)] 
or y! (2a + x) » - x (x° 4 2ax * a ). (2) 
Then the tangent at the new origin will be x 20, (the new y-axis) 


obtained by equating to zero the terms of the lowest degree in (2). So the 
tangent at the new origin is a line parallel to the y-axis through (a, 0). 


Therefore, taking symmetry into account, the complete curve must 


be as shown in the figure. 


Ex. 2. Trace the curve y'(2a-x)- x?. 


[Delhi 03, 06, Rohilkhand 06, Bundelkhand 04, 08, Avadh 03, 05, 
08, Garhwal 09, Bilaspur 09, Jabalpur 09, Agra 06, 10, Lucknow 12, 
Kashi Vidyapeeth 12, Raipur 09, 11, 14] 


(i) The curve is symmetrical about the x-axis since its equation has 
even powers of y. 
(ii) The curve passes through the ori 


2 . 
Y = 0, which represents two coincident st 
Cusp at the origin.” 


gin, the tangents there being 
raight lines. Hence there is a 


(iii) The curve intersects the coordinate axes only at the origin 
(iv) The equation to the curve is a 


as pox | x 
2a—x 


When x <0 or x22a, y is ima 
does not exist in the re 
X zx 2a. 


quadratic in y, and can be written 





considering onlythe positive value. 


| ginary which implies that the curve 
£ion to the left of the y-axis or the right of the line 
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If x = 0, then y = 0. When 
0<x<2a, for the region above the 
x-axis, as x increases from 0 to 2a, y 
also increases from 0 to œ and 
similarly, by symmetry, for the region 
below the x-axis. 

(v) The asymptote parallel to the y 
- axis is x — 2a , obtained by equating 
to zero the coefficient of the highest 
power of y,ie. x-2a-0. 


Pee ea Eam 1 





O 





To find any other asymptote, put 
x=1,y=m in the highest (i.e. third) 
degree terms of the equation to the curve and equate to zero. This gives 
m^ + 1 = 0 whose roots are imaginary, so x = 2a is the only real asymptote 
of the curve. | 

Hence the shape of the curve is as shown. 

Ex. 3. Trace the curve x -(y-1)(y-2)(y-3). 

[Kanpur 09, Kashi Vidyapeeth 10] 

(i) The curve is not symmetrical about the axes or about x= y. 

(ii) It does not pass through the origin. 

(iii) It is difficult to solve it for y. But it is already solved for x. 
Hence we take y as the independent variable. 





-6 -4 í -2 o 2 X 


When y * 0, x --6 

When y= 1, x 7 v. Between y 7 0 and y= 1,x is negative, as the 
the three factors are negative. " 

When y lies between 1 and 2, x is positive as one factor is positive 
and two are negative. x next becomes zero at y = 2. 


n all 





SINGULAR POINTS, CURVE TRACING 267 


Between y -2 and y=3, x is negative, x next becomes zero at y — 3. 


When y? 3, x is positive. As y — 9o, x — oc. For very large values 
of y, x is approximately equal to y^. Hence there is no linear asymptote 
for this branch. 

(iv) When y is negative, x is negative. As y — —oo, x —» — oo. Again 
there is no linear asymptote for this branch also. 

(v) When y- i. x= 3; when y-22i,x-- i. 
Hence the shape of the curve is as shown. 


[If we like we can also find where the tangent is parallel to the 
y-axis. At these points dx/dy = 0, 


i.e. (y-1I)(y-2) + (y-1)(y-3) 4 (»-2)(»-3)20, 
or 3y? -12y+11=0 
i.e. the tangent is parallel to the y-axis where 
jio 6 + 436-33 
3 


We can now find the values of x for these values of y, and thus find 
the shape of the curve a little more exactly. ] 


=2+/3/3=26 and 1.4, nearly. 


Ex. 4. Trace the curve y? = 3G a)(x-2a) 
x+ 3a 


(i) The curve is symmetrical about the axis of x. 


(ii) The curve passes throu 


$ gh the origin, the tangent there being 
x=0. 


(iii) The equation is already solved for y. Considering Only positive 

values of y, we see that : 
When x - 0, y=0. 
When x> 0, but small, y is real. 
When x= a, y= 0 again [When x = 


ig, y= ta nearly. } 
Between x= a and x = 2a, y? is nega 


tive and so y is imaginary. 
When x= 2a, y=0. When x > 2a, yis real. 


(as we can see mentally by supposing the origin 
Parallel to the y-axis. 


ESPe, y. o 


The tangent at (2a, 0) is 
to be transferred to it) 
[When x 23a, y= a; when x = 4a , y= 1.8a]. As 
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When x and yare large, we can write the equation as 


y? [I-(/x)fl-Qa/x)) _, 6a , 200° , 
ror cu ONG 





2 
x [1+ (3a/ x)] x x 
3a | la? (1) 
Hence Yae[ 13s 2 | 
lla’ ideri ly positive values of y/x. 
=x-—3a+——+.... considering only p 
or y-x-3a a 


Hence y =x—3a is an asymptote, and in the first quadrant the curve 
lies above the asymptote (§ 9.51). ain 
(iv) When x is negative and numerically less than 3a, y` 1S 
and so the cui ve does not exist between x = 0 and x = - 3a. a 
When x=—3a, from the left 5^ — «o. In fact x=-3a 
asymptote. e 
As x — —, y! — + ». For numerically large values of x and y 


have (taking the negative value of y/ x in (D) above) 
y -gutes-ki eus... 
AX 
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Hence the asymptote is y ——x--3a, and in the 2nd quadrant also 
the curve is above the asymptote. | 

Thus in the second quadrant y is very large near x = — 3a and again 
very large for large negative values of x. 

[For the intermediate values we can do one of two things. Either find 
y for a few values of x, say x — 4a, -5a and —6a; or find where the 
tangent is horizontal (i.e. y has the least value: see Chapter XV). For the 
latter we shall have to put dy/dx — 0 and solve. It is easy to see that we 
shall get thus a cubic in x, which might be difficult to solve. Hence we 
adopt the former alternative. } 


When x--4a, y'-1204,  x--5a, y!-105a!, 


x--6a, y'zll2d,  x--7a, y!-126a'. 
It is easy to see that y is a minimum somewhere near x = —5a; also, 
that as we take still larger negative values of x, y" would be larger. 
Taking all the above facts into consideration, we see that the 
complete curve must be as shown in the figure. 


[The curve appears to have two 


points of inflexion. By equating 
d’ y/ dx? 


to zero. and solving for x, we can locate these if we like.] 
Ex. 5. Trace the curve x‘ + y’ -5a°x y=0 


Here the equation is a quintic in y which cannot be solved. Neither 
can we solve the given equation for x. But, transforming the equation to 
polars by putting x —rcosQ and y=rsin 0, we have at once 

ae 5a? cos? Osin 0 
cos! @+sin° 0 ' 


Which can be easily traced by the method for Polar curves 


(see § 11.6). 
EXAMPLES 
Trace the following curves : 
l. (i) ysr. [Sagar 03, Bilaspur 07] 
(ii) y? =x., [Bundelkhand 2006] 
2 yzx(x!-]p 3. y=x( ln. 
W y=- 5. x'ysx+t 
6. TOTE 7. ysx'-7x 4 & 8. yzx'-3x!42 
9 y (x? 14g? )= 8a’, [Jabalpur 06, Agra 08} 


$4 
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(i) If changing 0 ton —0 d i 
be oes not alter the equation of 


. (ii) If changing r to —r and O to — 0 does not alter the 
given equation. 

Again, if the equation of the curve remains unchanged on 
changing O to ix —0, the curve is symmetrical about the 
line 0 - im. 

2. THE POLE. The curve passes through the pole if 
r —0 for a real value of 9 say, Q, then the equation of the 
tangent there is0 =a. 

3. SOLVE FOR r. Solve the equation for r and 
consider how r varies as 9 increases from 0 (or some 
convenient value 0,) to + oo, and also as 0 diminishes from 
0 (or 0,) to — o. This is sufficient to trace the curve. If 
necessary, or convenient, form a table of corresponding 


values of 0 and r. | 

4. LIMITED VALUES NEEDED. In most of the 
polar equations, only periodic functions (sinO, cos 0, etc.) 
occur, and so values of 0 from 0 to2n (or sometimes some 
multiple or submultiple of 27) need alone be considered. The 
remaining values of 8 give no new branches of the curve. 

A IMAGINARY VALUES OF r. In the above 
procedure, if r is found to be imaginary for a certain range of 
values of 0, say for values of 0 between o and , it would 
mean that the curve does not exist in the region bounded by 
the lines 0 =a and 0 =f. 

6. DIRECTION OF TANGENT. From tan $ =r dð / dr 
determine 6 if feasible. This will give the direction of the 
curve at some representative points. 

7. ASYMPTOTE. If the curve possesses an infinite 


branch, find the asymptote. | 
If r — o when@ > a (either from the left or the right), 


it should not be assumed that © — o. is an asymptote. 
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The asym i ; 

might be cite ra exist at all; or even if exists, it 
lus vector 0 =a. Th 

must be found by an application of $ 9.9 e asymptote 

Ex. 1. Trace the curve ;? = PS A, 
la . 
(i) The cu : dn 04,07, Meerut 08, Lucknow 05,11, Kumaon 13] 
5 symmetrical about the initial line and the line 


0 2 im since the equati 
2 quation of the curv , 
aye e remains unchanged on changing 0 


(ii) Now, r=0 
when cos20 20 
ie. 0- tim. 


^ 
,. G=n/4 







So, the curve 
passes through the 
pole and the tangents 
to the curve at the Fd 


A(a,0) 


` 
` a Ze 
pole are @=+17, ii 
i.e. " ve Is a node as the two tangents are not coincident 
iii) When 020, 7? =q? | 
UU W f =a” Or r=ta ie i 
the initial line at (a, 0) and (-a 0) Bite 
iV $ . ' . 
: 7 ) i E consider how r varies as O varies. As 0 increase 
erri S 
s aes ; yas decreases from a? to 0. When 0 lies between 1 nand 3 
e va . * . LI . 4 4 
a ue of ris negative I.e. r is imaginary. So the curve ‘ines not NS 
e region az «0 «3; Agai i 
1 ; Again, when @ inc : 
Increases from 0 to a?. MF 


For t i 
he region ™<@<2n, the curve being symmetrical about the 


. initial line, its shape is as shown in the figure. 


Ex.2. Trace the curve r? Q@=q?. 


ie fust the positive value of r. When 0-1, i.e. 1 radian (or 
Sn : r ~ a. li 0 increases. r continually diminishes. Thus the 
tesa. en CUN 6n,... are 04 a, 028a, 023 ora ÅS 
E. ,7— 0 So this part of the curve 
nsists of a spiral in which the curve 
makes an indefinitely large number of (e 
A 


revolution lw ming 
s round the pole, always comi 

3 
nearer to it. | 
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As 0 diminishes from 1, r increases. As 0 — 0 from positive 
values, r — œ, 


The asymptote, by the method of $ 9.9, is 0 - 0. 
Hence the curve is as shown. This curve is called the Lituus. 


To trace the curve for negative values of r, we notice that the point 
(-r, 8)is the same as the point (r, 0+7) Hence the branch of the curve 
which corresponds to a/ r= Je |can be obtained by turning the curve 
corresponding to the positive values of r through two right angles. For 
the sake of clearness this branch has not been drawn in the figure. 


Ex.3. Trace the curve r=asin30, a» 0. | 
[Meerut 03, Kumaon 03, Lucknow 04, Rohilkhand 12] 
The following table gives corresponding values of 0 and r/a. 


Inter- Inter- Inter- Inter- 
3020 mediate Lx mediate n mediate i 1t mediate 2m 
values values values values ` 
0-0 = 1/6 " 2n/6 “ 31/6 ii 41/6 
-ve & -ve & 
+ve & +ve & numeri- numeri- 
r/a=0 increas- | decreas- 0 cally ail cally 0 
ing ing increas- dimini- 
ing shing 
Now tan $ 2r + dr/ dà = tan 30. 


So ¢=0 when @=0, i.e. the curve touches the initial line; and 
$ =42when 0 =7/6, i.e. the curve is perpendicular to the radius vector 
there. Also the greatest positive value of r is a. Hence the curve between 
@=0 and 0 =120° is as shown in Fig. 1. As @ increases further, r/ a 
goes through the same cycle of changes as before, being a maximum at 
30 2 21 + im, i.e., 02150". 

Changing the sign of both r and @ does not alter the equation. Hence 
the curve is symmetrical about the line 0 = 7 / 2. This also can be used to 


trace the third loop. 
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Fig. 1 Fig. 2 


If 0 increases beyond x up to 2n, the same branches of the curve are 
repeated and we do not get any new branch. Hence t 


he complete curve is 
as shown in Figure 2. P 


Values of 6 outside the range (0, 2 


. 7) need not be considered, as the 
value of r/ a is periodic. 


Ex. 4. Trace the curve x5 +. y —5a?%x? y=0. 
Transforming to polars we have 

2 5a* cos? Osin 0 

cos! 0 e sin?^ 8 - 
Consider first the positive 
values of r. 

When 0 «0 r - 0. 

r is again zero when 021g 
Between these values r is positive. 

When 0 increases beyond in 
but 0 <n, r? is positive. As Q 
&0€s on increasing and thus tends 
toin, r? >o. 
; For values of 9. between 
s% and n, r? is negative and so r is imaginary. 

Mid 0 between mand 2r Rees nat be considered because of 
tion ie coo quadrants, which is evident from the Cartesian 
" Shows that the tangents at the origin are x^ yz 
© asymptote can be found to be x*ty-0. 
Hence the curve is as shown in the figure. 


Scanned by CamScanner 


ee Se I] rete UTTSRA 


276 DIFFERENTIAL CALCULUS 


a Some well-known curves. It is desirable that the 
" - curve 
student should be familiar with some of the well-known S 


whose equations and shapes are given below. 
tena 
Cubical Parabola Semi-Cubical Parabola Catenary 


Y 


O X 





y-a cosh (x/a) 


Cycloid 


1 3 
ay =x 


2 3 
ay=x 


Inverted Cycloid 


Y 
2a 
Ó x 


x-a(0- sin 9) 


Ludis s yza(1-cos 0) 
iii Astroid 
Evolute of anEllipse 
Y 





2/3 


2/3 ws _ 
2/3 2 py? x +y a sin? 0 
(ax) ^ + (by) = or x-a cos! 6, y=a 
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2 
Witch of Agnesi ! Cissoid of Dioçles 
Y 
Y 
o X 


xy’ 2 4a! (2a - x) 
Cardioid 





Lemniscate of Bernoulli : 
Nea 
Oo 


r =a (l+ cos 0) r! =a" cos 20 


i Called after the Italian lad 
(1718-1799) who treated it in he 
was a somnambulist. Several ti 
study, while in the somnambuli 
left incomplete when awake. In 


solution carefully worked ou 
Mathematics. 


y mathematician Maria Gaetna Agnesi 
r book /nstituzioni Analitiche. "Agnesi 
mes, it so happened that she went to her 
st state, and solved some problem she had 
the moming she was surprised to find the 
t on paper." - Cajori, A History of 


Diocles was a Greek mathematici 
This curve he used for findin 
Siven straight lines. 


an (flourished about 180 BE. 
& two mean proportionals between two 


Which so fas 
tombstone. 
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5 
Conchoid of Nicomedes“ Folium of Descartes 








X 
r -acosec Ot b x! 4 y! -3axy - 0 
Limacon The Logarithmic or the 
Equiangular Spiral 
VS 
E Ls A 
mo 
r=a+bcos® r=ae 


The two curves shown in the figure 
correspond to a < b and a> b respectively. 
The Cardioid is only a particular case of this. - 

^ Greek mathematician, Nicomedes and Diocles were Pone ie 
(about 180 B.C.). Nicomedes devised a little machine by which t : 
conchoid could be easily drawn. He used this curve to trisect angles an 
construct cubes whose volumes were double the volumes of given cubes. 


5 Rene Descartes (1596-1650) was the great French mathematician 
and philosopher after whom the Cartesian co-ordinates are waa 
made many important discoveries. It was in an attack on Fermat sm i 
of finding tangents to curves that he gave the curve. x +y = 3axy om 
curve to which Fermat's method would not apply. The text in 
accompanied by a figure which shows that Descartes did not age | 
correct shape of this curve. The correct shape was first given y 


Huygens (famous Dutch scientist) 54 years later. 
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Spiral of Archimedes k Reciprocal Spiral 


r@=a 





2m+1 leaved rose 4m leaved rose 





r=a sin (27-1) 0 r - asin2mO 
The case 2m+1=5 is The case 2m=4 is illustrated in the 
illustrated in the figure. figure. Notice that in the curve 
r - asin nO, if n is odd, there are only n 
loops, but if n is even, there are 2n 
loops. The order in which the loops are 
“described is indicated in the figure by 
numbers. 


B. nns 
Archimedes (287 - 212 B.C.) of Syracuse (Greece) was the greatest 
mathematician of antiquity, He wrote on Geometry and Mechanics, and 
made many fundamental discoveries of the utmos: importance. His 


. Beometrical proofs were beautifully rigorous. By 2 special postulate, now 


Chap xt the postulate of Archimedes, he excluded infinitesimals (see 
limi as and his demonstrations were based on the strict theory of 
m À wever, his postulate did not commend itself to mathematicians 

€ arithmetical theory of limits was created (see Historical Note). 
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EXAMPLES 
| — 12 
Partial Differentiation 


Trace the following curves : | 
l. r=acos 30. [Alid. 06, Avadh 10] 2. r-a(0 sin 0). 


3. r=aðsin 0. [Hint : Trace r =a sin O first.] 

4. rsin 40 =a. 5. r cos 0 a? sin! 6 | ] j l 

E O. 7. x! « x! ya. | 12.1. Functions of two or more variables. P ipie 
140?)-a0? differentiation is a useful tool when there 1s a nee : o 

2. r(1+0)=a0. Ty HUN genes differentiate functions of two or more variables. We often 


come across quantities which depend on two or more 
variables. For example, the volume V of a right circular 


cylinder of radius r and height h is given by 
| V -nrh 
| For a given pair of values of r and h, V has a definite 
|. value. Similarly, the area D of a triangle ABC, is given by 
p. | | © .A-labsinC, 
and depends on the three variables a, b, C. 

A symbol z which has a definite value for every pair of 
values of x and y is called a function of the two variables x 
and y which are called the independent variables and z is- 

called the dependent variable. A function of x and y is also 
written as f(x, y). 

A similar definition can be given for functions of more than two 

variables. 


10. (r-a)? -4ab8. 


ANSWERS | | 
| 
| 
| 


Strictly speaking, the function denotes the set of all the triples (x, y, z) 
which can be formed by some given rule z J (x, Y) In most cases x and 
y can take up any real value (indpendently of each other). The set of all 
the pairs (x, y) for which z is defined is called the domain of the function. 





The definition given above defines Single-valued functions. 
Relations like z? =x? + y! give two (or more) values of z for every pair 
of values of x and y. Such functions are called multi-valued functions 
and may be regarded as defining two (or more) functions. 


TRAE PERS 


281 
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12.11. 5 — neighbourhood of a point. If 5 be a positive 
number, then the 5 — neighbourhood of a point (a,b) can be 
defined in two ways : 

(1) By the relation | x -a| <ô, |y - 5| «8 which is the 
square region where x varies from a -Ó to 
a+5 butx#a and y varies from b. -6 to 
b 49 but y x b. | l 

(2) Alternatively, by the relation 
V(x -a)? +(y-b)? <& which is the 
circular region consisting of a circle of 
radius 5 with its centre at (a,b). 

12.12. Limit. A function f(x, y) oftwo variables is said 


to tend to the limit L as (x, y) tends to a point (a, b) if, for 
any arbitrarily chosen €> 0, however small (but not zero), 





(a, b- 8): 


there exists a 5>0 such that for all (x,y) in the ô- 


neighbourhood of (a, b) | 
| f(x y)-L|«s whenever (x - a) t (y - by zs 


or | f(x, y) - L|«s whenever | x-a |< ô, | y-5|<6. 


We write this as : lim , 10: =I, 

For a function of one variable, we can approach the point 
from only two directions (the left and right of the point) . But 
for a function of two variables (say x, y), there are infinitely 
many paths by which (x, y) can approach the point (a, b). 

Thus the limit exists if it is the same along all the paths 
otherwise not. In other words, the limit exists only if if és 
unique and independent of the path of approach. 

12.13. Continuity. A function f(x, y) of two variables 

- is said to be continuous at a point (a, b) if, for any arbitrarily 
chosen number £ > 0, however small (but not zero), we can 
find a corresponding number 5 > 0 such that for all (x, y) n 
the ô — neighbourhood of (a, b) 


> 
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| f(x, y) - f(a,b)|<£ whenever Ja - ay 4 (y - by <ô 


or | f(x, y) - f(a,b)|< £ whenever| x-a |<5,| y-b |< 5. 


We write this as lim f(x, y) 7 f(a, b). 
(x.))-X(a,P) | 

i.e. if the limit of the function exists at (a, b) and Is equa 
the value of the function there, then f(x, y)is continuous at a 
point (a, 5). 

_ A function is said to be continuous if it is continuous at 
every point of its domain. 
In the subsequent sections, we shall suppose that the 
functions considered are continuous and their partial 
differential coefficients exist. 


| to 


[Lucknow 2010] 





Ex. 1. Evaluate the limit lim ; 
(1.97(0,9 xy 4 y 


Let y 2 mx be the path of approach to the origin, then 
ium dec. n Eu 
x0 |+ m 





- lim 
x0. X+ mx 





im 
70.9 x 4- y 


We note that the limit depends on the value of m and is different for 


- lines with different slopes, i.e. the limit is not unique and independent of 
` the path of approach. Hence the limit does not exist. 


Ex.2. Examine the continuity at the origin of the function 


f Gs y)=— — , (x, y) # (0,0); f (0,0) - 0. 
x +y 


[Lucknow 03, Bilaspur 07, Jabalpur 07, Avadh 09, Raipur 12, 15] 





Let the path of approach to the origin be along the line y = mx, then 





H . xXx: MX E 
lim f(x, y) lim ————C— - lim 


Thus the limit is not unique since it varies with the value of m, i.e. it 
Is different for different paths. 


Hence the limit does not exist and So the function is not continuous 
at the origin. 
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P E m 
E VAR Sh th tth fu t , = > (x, * 0 ix 
x now that the function oi y) Eu y) =+ (0,0); 


f(0, 0) 2 0, is continuous at the origin. 
[Jabalpur 06, Lucknow 09, 10, 12] 


! | + 
We have iy AEEA rey (1) 
Jè +y x +y 
since  (x-y) 20 ie x +yt-2y2z0 © 
or x +y? zy >x ie. xy«x ty 


Then | Jix, y)- -fQ, bs 42 ey. < [using (1)] (2) 


Let us choose x! «ig! and: y? «ie? ‘Le. 1. x< HE and y<4e: 


Choosing ô= 45 zE, we have from (2), . 


| f(x, y)- ~ f(0, mice whenever |x- "m e and | y-0|«k& ` 


Hence the ien function is continuous ry origin. 
| EXAMPLES. 


1. Prove by using the definition of limit that 
(i) was} Jim. xt 2y)- T 











(ii) . “tim K +2y)= 3. [Rohilkhand 2009] " 
Gi) lim {sin (x) sin qi y)}=0. [Himachal 2007| 

Evaluate P aulvdiid limits : | Tum 

ám x? ox" xy: fot "Xy, 

2. IRA 2005 

gine Je Je 3 oa B -y Wabapur ] | 
| el | 
4. Showthat lim —*—=0 [Bundelkhand 2008] 
A009 yy? py cc 

Show that the following limits do not exist: 

Sc. mb Ee, 6. fim x-y 
EAA x? + y? oA (90,9 x? 4 y? 
[Lucknow 2012] [Bundelkhand 2012] 

7. |i xy | 

. im .——É—————. ; -1 
(0.9 x! y! + (x— y)! Qm tan ' (y/ x). 
[Rohilkhand 2009] - 


for all (x, y) =+ (0,0). 


[Bilaspur 06, Raipur 11]. 


+ 2 





—À—À tÀ 
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he point (1, 2). 


9. Prove that f(x, y)=x’ +3y is continuous att 
[Jabalpur 2004] 


Show that the re functions are continuous at (the origin : 
: 10. œ») ra y)* (0,0); f (0, 0)=0. 

y . [Lucknow 2005 (ist paro) 
me y)* (0,0); f (0,0) -0. 


tinuous at the origin: 








CP =z 
l Show that the lovin functions are not con 
: E feni zy #0, y #0; f(0,0). 
es n | [Avadh 06, Rohilkhand 07, 10, 11] 








LY 13. fe. »-5 





(8 #0, 0); f(0,0)=0. 
[Bundelkhand 2010] 
14. f »-5 a. P. s) (. 0); / (0,0) - 0. 
NE Take y= mx?) 
ae . ANSWERS 
a PE NE . 8. Limit does not exist . 


(12.2. Partial differential coefficients. The partial 
differential coefficient of f(x, y) with respect to x is the 


3 ordinary differential coefficient of f(x, y) when y is regarded 


as s g constant. tis written as L or Of /Ox.. 
X 


pioa ASF y) 


Thus y -lim, , 
| h 
provided the ini exists. 


Again, the partial differential coefficient of /dy of 
f(x, y) with respect to y is the ordinary differential 
coefficient of f(x, y) when x is regarded as a constant. 


Thus | Aimi ZO 0-7 Gy). 
| Oy — © k E. 


provided the limit exists. 
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Similarly, if f is a function of the n variables 
Xj, X2, eee Xp, the partial differential coefficient of f with 
respect to x), is the ordinary differential coefficient of f 
when all the variables except x, are regarded as constants, 
‘and is written as Of / ôx.. 


L and L are also denoted by fand f, respectively and 
x y 


are called partial differential coefficients of the first order. 
_ Since f, and f, are, generally, functions of x and y, we 
can again differentiate them partially to get fos Jys f^, f. ; 
die asso pfo py 
m 2 7 | A 2. 

(00x 3y ax’ Ax BY" ay? | 
These are called partial differential coefficients of the 
second order. It should be specially noted that 


0 f means (a and 0f means a(z). 





. respectively. 

















OyOx Oy V Ox (OxO0y ,  OxWiOy 
2 2 
In ordinary cases 2 fius o f : 
OyOx  OxOy - 


A proof is given in the next section. | 


12.21. Commutative property of partial differential 
coefficients. We shall prove that a sufficient conditon for the 


E ate ar . "M 
equality of and —= is that these partial differential 
Ox Oy Oy Ox | 





coefficients be continuous. 
Consider the expression 
f (x - hy *K)- f Gy * k)- f (ok hy)* f 65). y 
| hk | | l 
Let F(x)=f (x,y +k)-f (x,y) (2) 
Then the numerator of (1) is F(x +h)-F(x). Keeping Y 
constant and applying Lagrange's mean value theorem, we see that 
F(x+h)-F(x)=hF,(x+0, h), 0«0, «1, 


! 
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or F(x+h)-F(x)=h{f, (x «0,h, y -k) - f, (x *9,h, y) 
by (2). Thus (1) becomes 
(f, (x+0,h, y +k)- f, (x +0,h, y))/ k- (3) 


Regarding (3) as a function of y, and applying the mean value 
theorem, the expression (3) becomes 


k f(x 40, hy 40, k) / k, 0«0,«1 


where f, means s (2) 
Oy V Ox 


So (1) becomes — f,, (x 40,5, y *0,k) (4) 
But if we first let p(y) stand for f (x - h, y) — f (x,y) and 


thus apply to (1) the mean value theorem by regarding it first as a 
oe function of y (x being kept constant) and then as a function of x, we 


can show that (1) is the same as 
Fy, x *8,h, y +8,k) (5) 
Thus the expressions (4)and (5) are equal. Taking limits as 


. h— 0 and k— 0, and keeping in mind that the functions (4) and 
. (5) ate continuous, we get 


f, , Q5, y)m f, (x,y) which was to be proved. 
af ZI 
it is easy to see that - Vice. e 
Ou 089, 202,090, Ou 
Ox’ Oy Ox Ox Oy | Ox Oy dx avar? 
O"""u  Q"*"y 
Ox" dy" ~ ay" ax” 


and the proposition can be readily extended i re th 
| if th 
two variables. : neers an 





With the help of the proposition: 


Similarly 





12.22. Geometrical representation of a function of two 


variables. .To indicate the position of int i 
a point in space w i 
often use rec fe 


i tangular Cartesian co- ordinates. Let X'OX and Y'OY 
e two perpendicular lines intersecting atO and let Z'OZbea third 
ine through O perpendicular to the plane containing the first two. 
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Then the three lines OX, 
OY, OZ can be taken as the 
axes of coordinates. 

Let P be any point in 
space. Draw from P the 
perpendicular PN to the plane 
XOY. From the foot N ofthe 
perpendicular, draw the line 
NM parallel to OY cutting OX 
in M. Let x, y, z be the lengths of 
OM, MN, NP respectively. 
Then x, y, z are the rectangular 
Cartesian coordinates of P, and 
are generally written as (x, y, z 





Let S be a given surface. Take arbitrary values of x and yand- 


plot the point N (x, y, 0). From N draw a vertical line NP cutting the 
surface S in P, and let NP = z. Then z depends on x and y and we 
may write zx). (1) 
This is known as the equation of the surface S. Conversely, any 
equation of type (1) represents a surface. The equation could also be in 
the implicit form F(x, y, z)- 9. 
12.23. Geometrical Meaning of partial differential 


coefficients. Consider a point P(x,y,z) in space, then the 


































equation 
z-f Gy) — 
represents a «m 
surface. ff «fi (t 
| M icm nt | 

The. rqugpon RUNE (r,4) 
y =c, where c is ee Hi 
a constant, will du dui I lt 





"i VIA | MW 
represent the WA iy : 


plane parallel to 
the plane XOZ 
and at distance c 
from it. 








4 


- M —————À — —— ————— a ru 0S9 rar SPT "UNMBLISDI RST LCS USETRIRRURTR TU mU t puerr zs 
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This is because all points for which the value of y is ; 
evidently lie on this plane. Hence if we consider only those poin% 
of the surface z = f (x, y) for which y =c, we shall get the curve 
in which the plane y =c cuts the surface z = f (x, y). 


Let the plane y 2 c cut OY in O', and take O'X' to be parallel 
to OX. If P be a given point on the section of the surface 
z= f(x,y) by the plane y=c and Q any other point on it, it is 
clear from the figure that as Q — P, QP tends to the tangent at P 
to the section, and the tangent of its inclination to O'X" tends to 

r tim, ,, LE *^ 2- f (x,c) e to (à) 
y-c 


Ox 


— Hence Oz Ox at P is equal to the tangent of the angle which 


| the tangent at P to the section of the surface z = f(x, y) by a 


plane through P parallel to the plane XOZ, makes with a line 


. drawn parallel to the axis of x. 


A similar interpretation can be given to dz / Oy. 
wx. 1. Find the partial differential coefficients of. x* +x? T +y*. 
" Let f(x, y) 2x! 4x? y! * y*, then 


[4x *2xy', f, -2x yt4y, ` f$ -4xy, 
fj, = 4xy, fa=12 +2y*,  f,-2x'-12y!, . etc. 
Notice that in the above y LN ae | 
EK. 2. If uM Vx? + y? +2? +y z? 40 
2 
show that au, uy ô u ~ =Q 
ax? ay? az? z 
' ay Mo dic Patna 06, Magadh 09, Kanpur 12] 
u 
Now i-e + prez? ye? 2àxz-x(x! + y? 42 2-42 


Oru A" -3/2 1 
a ai (x? + yh ez! y"! -x (2) (x? i +27)? 2 


=-(x + y` +z ty? aae (x? + y 42 ye N. (f) 


. Simil os, -X 
ilary ay (xi + yz ) !*-3y (x! + y! uz syn (2) 


A E du PURA T mcam ee — e 
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s Oru 2 BARE ESS " 
and CO + yi zt) 4322 (x2 y! e zy (3) 


Adding (1), (2) and (3) we get th result. 


" , 
(E. If x" y*z* =c, then show that i decal =- (x log ex)” ', when 
Ox Oy 


x= yH=zZ. [Deihi 03, Indore 04, Kashi Vidyapeeth 09, Garhwal 
09, Avadh 06, 08, 10, Raipur 13, Bundelkhand 14} 
We have x" p's’ =e 
Taking the logarithm of both sides, we get | 
xlog x+ ylog y+ zlog z -logc 
Differentiating (1) partially w.r.t. y , | 


|. 0 
y. Mog ys (z:- +1 Jog £)—— =0 
y Z OY c 





i.e. Li Sn tr logy | | (2) 
' Oy 1+ log z | 
er Oz 1+ log x 
larly, — =- 
Sm Qe i+logz 
Again, differentiati : (2 partially w.r.t. x, we get m 








Oz. —(1+logx){-1)| 1G _ (i+logx) 1 -(1+log y) 


=e a E . 
ax ôy zdy (l+logz)} z l+logz 





(1+ log z)? 









Eee. [since x = y = z] 
(1-logx)! x 
I -> l 





- X(1+logx) x log ex 


which is required result. 
Ex. á. If u- log (x! +y’ +z’ -3x yz), show that 


Qu Ou Ou 3 


ae — 4 — = . 
^ ox Y Oy Oz x+y+z 
ae [Garhwal 08, Jabalpur 08, Raipur 1] 


2 
9 
DT MC 
Ox Oy oO (x+ y*z) 
[Kanpur 07, Garhwal 08, Avadh 09, Agra 09, Kumaon 04, 10, 
Kashi Vidyapeeth 08, 10, Bundelkhand 10, Rohilkhand 07, 10, 11] 











| 


a o ii 
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Wehave — u-log (x! + y’ +z’ -3 xyz), so that. 


Ou _ 3x! —3 yz 
Ox x? +y’ +z? -3xyz- 
RN Ain 
ey x+y +2? -392° 
Ou 3z? —3xy 


and — = —__—__———_.. 
ðz xi + yi +z’ -3y2z 


! Adding these three equations, we get 


Qu Ou Ou _ 3x? *y'*z'-yz-zx-xy) 


Ox Oy Oz 


x+y +2 -3yz 


“~~ 


ra 3 (x! +y? e z! - yz zx-xy) 23 | 














-2( 3. L9. 3 p2 3 
Ox\x+y+z) ðy\x+y+z z\x+y+z 


, 


-3 : -3 -3 9 


Snn t — M s 
(x+y+z) (x+ y+ z) (x+y+z} (x y-zy 


D 5. If u= f(r), where r? 2x? + y, show that 
Qu Oru l 
|Delhi 06, Rohilkhand 08, Indore 08, Lucknow 02, 07, 10] 


Differentiating r? =x? + y? partially w.r.t. x, we have 


9 Ot zx & = = 
or ay (1) 
Again differentiating u= f(r) partially w.r.t. x, we get 
Ou = du or = f ud 1 
ye Ss Ei [using (1) (2) 
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E (2) again partially w.r.t. x gives 


i a? peces um 


ax? r 
- zo, fo fea 
g +x r r? 79s vA i 
ZO, spo £2 [using (D1 "4 
" aa rre roe LO}. © 
or r 
Similarly aH, rf(nty f (- -y eiu zo) - (4) 


Adding (3) and (4), we obtain 


ERE ont +y npo- ua ze 
oy 


i eye FO -rfO since x? 4 y! =r? 


[= ror sre 
EXAMPLES 
Ou Oru 


when u is equal to 





: ustrate the theorem —— = 
I. Hl e ay yx 


SS ax! + 2hxy + by’. Ai xsin y+ ysin x. p 
f xlogy. 4») log (x? + y! )/ x 

(v) log tan (y/x). (vi) (ay-bx)/ (by- ax). 
2. If f(x, y)=x tan '(y/ x) - y? tan ^! (x/ y, x0, y 0, 


e 
of vf 
f(0,0)- 0, then prove that at the origin. - roy" ETA 


3. Let f (s, M y)* (0,0); f (0,0) - 0, 


| Himachal 2006] 


RT ER a 71 10 NS 3 - 
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(Pr u=e'’’, show that AE 


[Gorakhpur 03, Jabalpur 05, Indore 07, Lucknow 10, Avadh 03, 11, 


xyz 


= (1+ 3xyz + x? y rz" ye 





Kanpur 11, Kashi Vidyapeeth 12, Raipur 12] 


5. If u=tan"' z , show that 
yl+x’ +y 
Q'u l 
= y2" 


Oxdy (1+x? + yl) 





[Raipur 03, Indore 05| 





Qz ,0Zc 


6. If z- f(x* a $(x-ay), prove that ay zd 
| Kanpur 05, Indore 05, Lucknow 11] 


7. If z=x f(x * y) * y (x^ y), prove that 
Qiz O'z a*z 
e222 
Ox! Oy! axdy 

e If z(x+ y) 2x! + y’, show that 


(&-&) asf 1-2 -2 
ôx ôy dx dy 


[Delhi 07, Bundelkhand 06, 11, 12, Raipur 13] 
9. If u-sin (Vx Vy) show that 





Ou Ou | 
"a gy zt vy neo (Vx + y). |Agra 2011] 
Gai u=sin' Ž+tan' Ž, show that PC PN. JN 


c [Bil Lem? * 
. |Silaspur 06, Magadh 07, Lucknow 09, Kumaon 12] 


ae usi M TP z 
ll. If u - x^ tan oy tan ys Prove that Ou x'-y 


2 








Oy Ox x? +y? l 
| [Lucknow 03, Bila 
12. If V a(x? + ya za spur 07, Raipur 13] 
Y *2') ^, prove that 


; oV oV 
(i) x—+ pongo" =. 
ax a V. [Jabalpur 03, Bundelkhand 05] 
ay SY, avo o ida: 
Pu ^-^, "UV. 
rs tat Oz? [Bundelkhand 05, Kumaon 08] 
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13.. If V 2r" where r? =x? + y? +27) show that 
| e 2 ip | e 
Ey r 49V o m(m+1)r"? —— (Delhi 03, 08] 
Ox ^Oy! oz 
14. If u 2 log (x! + y? + z? -3xyz), show that 
ox! oy! oz (x y-z). 


x? y! z? i 
AT + + —*— =], prove that 
a +u b«-u ctu 


2 2 1 
uU, Cu, +u, =2(xu, + yu, + £u, ). 


[Garhwal 04, Purvanchal 05) 


| Avadh 09, Patna 09| 











12.3. Homogencous Functions. _ 
ax"'-ax" y+ ax y 24 ta, xy" cay 
is an expression in which every term is of degree n. It is 
called a homogeneous function of degree n. This can also be 
written as 


y 2 y ni. 
x" esa 2+ (2) esa (2) 


Hence the general definition of a homogeneous function 
is as follows : | 

x" f (y/ x) is called a homogeneous function of degree 
n, whatever the function f may be. . | 4 

Thus <7 Sin (y / x) isa homogeneous function of x and y 
of degree 2. 


Generally, if the function PAX A eia a) of the m . 


variables x,, x,,...,x, can be expressed in the form 


X, X 2 
x? F TL QT Qa s 
\ x, x, x, 


then f (x,, X3, ... Xm) is called a homogeneous function of 
X, , X35 ++- X, Of degree n. 
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INI Euler's Theorem on Homogeneous Functions. 
If f(x, y) be a homogeneous function of x and y of degree n, 


then 





of. of 


XT 
Ox y 


delkha 










[Himachal 05, Bu 


- nf. 





arhwal 06, Bilaspur 06, 


Avadh 08,09, Magadh 04,06,10, Patna 10, Kashi Vidyapeeth 10] 


Let f(x, y) be expressed in the form x"F( y / x), since it 
is a homogeneous function of degree n. Then, we have 


of. Cn Li wt i 
= {y"F — np" puo 
c aU (y/x)2nx" F(y/x)- x' F'(y/x) x2 
Of _ n n- , 
Or PU F(y/x)-x" y.F'(y/x) (1) 
< OF d.n 7 l 
Again — =— {x"F(y/x)}=x"F’(y/x).— 
ay d (y/x)} (y hc 
of n-l r 
or | ra y rs) (2) 
Adding (1) and (2), we have 
we 


Jn general, if f(X,,X5,...,x 


function of degree n, then. 
of of 
X —n + EE t eee 
Ox, ^1 Ox, 


The proof is similar to that for two variables. 
12.32. Corollary. If u beaahom 


Y of degree n , then 








—-— /x)}= 
ax dy (y/x)) 2n f(x, y). 


») be a homogeneous 


ogeneous function of x and 


[Lucknow 2009] 
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W? u 
Gi) x 22 2xy Qu or 2u wen(n-l)u. [Patna 08, 11) 
ox Ox Oy oy? . 
\Since u is a a homogeneous function of degree n, then by 
Euler's theorem, we have 

got Ou mu. (1) 

\ ox ` oy | 
(i) Differentiating both sides of (1) partially with respect 


to x, we get 
O*u ous ys Qu 


x— t+ r , 
ex? ud * dix Oy ox 


| 
pes NO Lac BE yen (2) 


ox" Ox Oy | 
(ii) Differentiating both sides of (1) partially with respect 
to y, we get | | 





i "Ey 55 ay 


(iii) Multiplying (2) by x and Q) by y, and then adding the 


resulting equations, we have * 
40°u Qu. .,0u ,, Qu | Ou) 
— y 2 sna ey 
um PE Oy” Ox ` Oy 
=(n —1) nu-n(n -1)u, using (1). 
Ex. 1. Verify Euler's theorem when 
f(x, y, z)=3x yz + 5xy! z + 4z“. 


Here 9f ina Sy*z. 
Ox 
Ó 
Therefore "4 = 6r yz  $xy'z 
Ox 
NH of 2 10x: 2 
Similarly "3, = 3x° yz + lOxy z. 


à 
and sZ siy t Sxy?z + 16z“. 


z ioo 


, or e x— +e y— =e 
X 


a2 2 i Ó aie v Br 
9 w y Bim NS. 0) 








PARTIAL DIFFERENTIATION | 297 
Hence x, y Lg gL aac ya + 209 + 162" 
Ox Oy 
=4 f (x, y, 2), 
which verifies Euler's theorem for a function of degree 4 in this case. 
ð Ou 
Ex. 2, If «top| = zm | , prove that E + Is, =I. 





[Kanpur 06, Delhi 07, Lucknow 08] 
Here us e xd 
x 


fo 
UE = log z 
*Y , 


` 2 2 ! / 2 
where zze" d Ty = y% 1+(y x) 
QXtRy (MG/x) 





i.e. z is a homogeneous function of x, y of degree 1. 
ey cw 


=Z. (1) 


Hence by Euler's theorem, we have x= +y 


Then CG e te | (2) 


~ [from (1) and (2)] 
or | x— + pee zl]. 
_ OX 


^am 3 
» t e 
Ex:3. If u=tan ole igor y, Show that 


S ð Ou / 
N d. x—+ y— =sin 2u P 
™ Ox Oy ". 


— —— EP seana 


[Magadh 06, Lucknow 10, Patna 10, Avadh 11, Kanpur 04,12] - 


O0'u Qu es 
A amm 2 2 
E Ay ——— + y — =(1-4sin? u)sin 2u 


|Delhi 03, famen 03, Rohilkhand 03, Himachal 06) 


. * x! +y? 
Here u=tan~ J =tan™ 


where ratnun > +y =x? l+{y/ xy 


x-y I-(y/ x) e) 
which is a homogeneous function of x, y of degree 2. 
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ðz O2. > 
Hence by Euler's theorem, we have d " Vy =2z (2) 


&. Qu — 0r 2 Ôu | 

i — and — = u— [from (1)] 3 

Since x —sec'u s an y y | (3) 
xsec? u— + ysec? — =2tan u [from (2) & (3)] 

l | re . Ld 

or xe yD 2s u cos u=sin 2u (4) 


Differentiating (4) partially w.r.t. x and w.r.t. to y, we get 
Qu ðu . O'u Ou 

——+—+ =2cos 2u.— 

T ox! M Ox i Ox Oy Ox 


"Ei i Pu acos 2u. = 





and m 7a By y oy ay 
Multiplying the first equation by x, the second by y, and adding, we — 
get 
SIT au pp Eu ut y yes u(x H+ y) 
Oy Oy Ox ` Oy Ox ` Oy 
or SPP a Ta y! oF = eos 2u- DG ET) 


=(1-4sin? u)sin2u. [using (4)] 


Ex. 4. If u=x (y/ x) * v (y/ x), prove that | 
| x’ + +y aru 
dx” Ox Oy oy! 
[Garhwal 05, Bundelkhand 05, Himachal 07, Kanpur 08, Kumaon 11] 
- Let u, 2x $ (y/x) and u, =y (y/x) sothat u=u, *u; 
Here u, is a homogeneous function of degree 1 and u, is of degree 
zero, so that by Euler's theorem, 


=0. 





> | 
P. MEA. MS and „2 y% =0. (1) 
Ox Oy Ox Oy 
"Qu Qu 
Now sis "SA d is +u,)+ Zu tu) 


 -———————————————— o 
f $ 


or 


.and 


or 





i 4 4 
3. If u= log — 
| VA. x+ 
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Ou Ou (2) 

—+ y— =U. 

x Ox Yy ay i 

Differentiating (2) partially w.r.t. first x and then y, we have 
5i eu i 0" u Z5 o (3) 
Ox! Ox axdy x 

Ou ðu O'u Ou, (4) 





x +—+y 
QyOx Oy ' Oy Y 
Multiplying 3) by xand (4) by y, adding and using (1) and (2), we get 
10u 4, Ou, 10'u 
x — + ty — 
ax xy ð 











EXAMPLES 


l. Verify Euler's theorem in the following cases: 


(i) f(x, y) 2 ax! + 2hxy + by’. 


(ii) f(x, y, z)=ayz + bxz + cy. ` [Lucknow 11, 12] 
2. Verify Euler's Theorem for the function | 
() u-(x"* + y" * )rx"* + y"). [Jabalpur 2006] 


(ii) z=sinu where u-sin" (x? + y? )/ (x y). 





Ou Ou 
show that x — + p— =3, 
x y oy [Bilaspur 09] 
4. If u-x' *-y!-z!-3xyz, show that 
Ou Qu Qu | 
— + y—+72—=3u. 


x 
Ox oy Oz 


5. If u =cos™' (x+ y)/ (Vx + Jy), prove that 


Qu Ou | 
7 "" + vy + zt u=0 [Delhi 05, Rohilkhand 10] 





If x+y Ou Ou 
u =COS v 
te »prove that x UL = Cot " 


[Gorakhpur 2003] 
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ao - | | Qu, Ô 
3. ERE vy show that 498 i y R0. | 
Jx Ox | 


"T ay 


[Delhi 04, Indore 05, Gorakhpur 05, Rohilkhand 07,11, Lucknow 11] 


ðu | 
8. If w=sin™ ca ae i prove that gut ‘a pe 


4x y ox 
[Magadh 03, Lucknow 05, Purvanchal 05, Bilaspu r 07] 


| dg y 20 Q 
Gr aes t D , show that x C + pS =tanu. 
x+y ON, Qys cou 


iGorakipuf 03, Patna 03, 05, Magadh 05, Meerut 05, Bilaspur 08, 
Avadh 06, 10, 11, Raipur 15] | | 
-— 7 
E Y. show that UE t E =2cot z Z..% 
x+y Ox & e 
ll. If u-sin'' (x + yen + y"*), prove that. | 








10. if z=sec™! 


; SP a E ay rgo rim di 5 
= -< «Undore 04, Agra 09, Garhwal 10] 
-1 x? + y? , * 


12.:I£;,4-tin — ——. paws 
| x+y | 


(i) x E zi r sny. u IKumaon 03, Kashi i Maret 11} 
x 

_ Gi) x PL ny 4 y — z =(I- —4sin’ u)sin 2 2u. 

Ox y e. 


. [Indore 2005] 





. : 2 
13. If w= = zs xliv that ; 
2t E oe 5545. 


Ou ` Ou 40 
x cera — + pa . 
! ox? UC RS a By’ i 
ELA 2,.2 12 | - 
14. If V - log, sin S Pe e , find the value of 
DEL 2 (x! * xy* 2yz*z Qe 
LA OV ov 


paren a i 
Pa Raye ae erret A 





[Kanpur 2010] 


. u, to distinguish it from the partial differential c 





Be ; the increments in x, y and u may be taken as 5x, Sy a 





[Ans. 4n] 
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12.4. Total Differential Coefficient. If u= f (x, Y) 


where x=(ġ and y=y(d), 
then we can find the value of u in terms 
from the last two equations in the first equa 
composite function of the single variable t. 


Then du/ dt is called the total differential coefficient of 
oefficients 


of ¢ by. substituting 
tion. Here u isa 


Qu / Ox and Ou/ Oy. . 
To find du/ dt without actually substituting the values of 


x and yin f(x, y), we can proceed as follows: 


Let àt be a small increment in / corresponding to which 
nd du. 


T u -6u = f(x +8x,y * Oy) so that 
bu _ f(x +8x,y *8y) - f(x,y) 
z Pony Dos T 
_ f(x ox, y +dy)— f(x,y *8y) 
EV B | 
«d (x,y +5y)- f(x,y) 
con adding a f(x,y +8y) 


_ f(x +8x,y *y) -f(x,y £8y) öx 
uL OX 6t 
+ I (x,y +5y) - f(x,y) oy 
X ii rae dy ot 
Taking limits as 6t — 0 and hence 8x and dy also tend to 


. Zero, we have 


10886 tim BY = tim LE tSsy +8) - f(x, y täy) . ôx 
dt 120 ği &x0 Sx - . NE 
+ fim FOP 9) Fy) lim 9» 
iN oy $& 20 Af 
"E 4 Wa ma a (0 
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where lim ox _ & and lim by = dy. 
&-206t di &206t dt 


Also, if dy does not. depend on ôx, then, by definition — 
tim £02 +5x,y +8y)— S(x,y y). f Gy ty) — 
&x30 dx Ox « 


Moreover, supposing that Of (x, y)/Ox is a continuous 
function of y | 


m ZC yb FG, y)_ ff 3) 
wm Ox Ox Ox 


Therefore, from (2) and 03) we have 
f(x +8x,y +õy)- f(x,y +y) Of. 


lim 
em 5x Ox 
Hence, from (1) gu u b, of. A. 
' dt. Ox dt Oy d 
i e du D ou dx + ou dy 


dt ox dt dy dt 
In general, if u — f (x, x; ,......, x, ) Where x, ,x, X, are 
all functions of £, we can prove that 
uu: Du dk | OR Pak Pee 
dt ax, dt m dt Ox, dt 
. This is sometimes also uen d the chain rule of partial 
differentiation. 
12.41. Change of Variables. If u= f(x, y) where 


x 26 (h.t) and y 7V (h.t) (1) 
it is frequently necessary to change expressions involving u, x, y, 
into expressions involving u, t, ,£, where x and y are now 
functions of the two variables /, and f, instead of only one 
variable t. Hence, by § 12.4 above, we get 
Ou _ Ou Ox | Ou Rom Ou _ Ou. ox , Ou oy 
Ot, Ox ot, ay On — ôt, oOx. ôt, a CA 





2 - by the substitution x = uv, ville 


p A So 
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In case equations (1) are easily solvable for f; and f2 in 


. terms of x and y, say 


f, =F, (x, y) and i, = Fx. J); 
it is easier to use the formulae 
Ou — Ou Ot, Ou ôt, 
Ox ôt, ae” at, E 
Ou Ou. ot, | Ou 2 


; Oy at, Oy 0t, ay’ 
The above formulae can be easily extended to the case of 


~ more than two independent variables. 


 -—«Ex. Transform the equation 


Es Oz 


"ra y oer y’z=0 

[Kumaon 2012] 
Since z is a function of x,y which in turn are functions of uv, 

therefore zis a function of u,v. 


From the given relations x= uv, y - 1/ v, wehave 
| z Qz0u Oz0v Oz 0z loz 
E -y—t-—.:0- 


— = — — — — 


Ox OuOx v əx Qu Ov y Ou 
Oz 10 È a 4 az 
ax? voulvou) v! Ou 


Oz Oz du OzO0v a l| Oz ( Oz x 
$ v| u— i 





| Also c. T EE 
| Oy Ou dy dv dy "Ou y! ov 


Substituting the above values in the given equation, we get 


1 tz ju kZ) +2v (2-4 le fe. gis z=0 
v? Ou? viv Ou v y? Ou Ov 


2 
Or: Adz u 2u(j et 2091 8722.0 
ĝu Ww. .*. Op 


v? Ou? y? Ou v? 


o8 : | 
oer as tla 2u (v 1-29 (v? -DŽ +urv4z=0 


on multiplying throughout by v? 
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Z 
or De og n 
Ou Ou 
The student should note that this equation is exactly the same as the 
given equation except for the variables. This shows that the function z is 


the same for wand v as it is for x and y 


12.5. An important case, Differentiation of implicit 
functions. When f(x, y) is a function of x and y, and y is a 


+2(v-v )R eatis =0. 


function of x, the total (ie. the ordinary). differential | 


coefficient of f with respect to x is given by 
Git TY 
dx ox Oy dx bL. 
Now, if y be an implicit function of x of the form . 
| fœ y)-c 
where c is a constant, the above formula becomes 


zi + E dy =0 which gives 


Ox Oy dx 
dy . 9f | 8f 
dx — Ox| dy 


This is ar important formula for finding the differential 
coefficient of an implicit function. 

Again, d f is a function of the 7 variables 
Sox, EE cases , and x,,x,,......x,, are all functions of xi, 
the total (i.e. m ordinary) differential coefficient of f with 
respect to x; is given by | | 

dr S, S du S du, Of de, | 

dx, Ox, Ox, dx, Ox, dx, Ox, dx, 

12.51. The second differential. coefficient of an 

implicit function. If f(x, y) 7 0, we have seen that 
dx ox ôy 
We can find d?y/dx? by "axe this. 
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eof a’ Q of 
For the sake of convenience 2 ee cf, CHER and 


arf are often denoted by p, q, r, s and ¢ respectively. 
2: 
i dy . P 


Adopting this notation, we have, from UL. dx q 


Differentiating with respect to x, we have 














| dp dq 
dy "Jk "h D 
det q' 
PS. | EN 2 d 
But by § 12.5, ` a "imu at moy di 
ib PEE. 
e RAPI Tg q 
TN E Lp. a dy (-2)-2-7 
$ ly — =s+r|—-— |= 
| Similarly YES ox ay d E q 


Substituting these values i in (2), we get 
dij Irc dans pt 


] Ex. 1.. If i7 y where xzt? and y=t°, find du/ dt. Verify 


by substitution. 
dod dx Qu dy 


| We nave di Ox di "ey d 


-4x y .2t + 5x‘ y' a. 


. . As a verification we notice that this value of du/ dt 


sag Y (PY eoe soy (C Y 3-236". 
Also, substituting the values of x and y in u, we have 
— us (PY (0) ae? 
Therefore — du/ dt =23t™, as before. 
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Since u= f(X,Y,Z) 

Ou _ Ou ox Qu oY. Qu OZ 


Ox = x A Ox K, Ox 


Ex.2. If x? +3x?y+@y? + y =l, find dy/dx. 
Let — — f(xy)ex + 3x7 pt &y! + y! -1 








Qu Ou 
= 2 2 = 2,2 2 -2 — — (-0D)2——-—— (1) 
Then Of! Ox = 3x* + Gxy+ 6y', Af/ dy = 3x’ + 12xy+ 3y (p«2 3Y = (0)+ ) ax eZ 
Hence ae Qf. x +2y+2y" "nr Gu OY | Ou OZ 
dx |.Qy xt +4xy+y? Oy OX oy pA n 
PE x | LE (2) 
Ex. 3. If u =x* — y? «sin yz wherey=¢° and z=logx, find du/dr. C Dem = (+S (0) -x oY 
Wehave, “che Dr t CON dr tn’ te tt " Ou ƏY | du OZ 
dx Ox Oy dx Oz dx bd anys P 
=2x+(-—2y+zcos yz)e' * (ycos yz)/x | -2 («5 C- D (1) -- 245 (3) 
It is easy to verify that we shall get the same value of du/dx if we first 
: Ou Ou 
convert u into a function of x alone by substituting in it the values of y Adding (1), (2) and (3), we get Ot "o & - 
and z, and then differentiate. | ', 
l , : » | EXAMPLES 
Ex. 4. Fi i i | 
Here p-2(ax*hy) . q=2(hx + by), | | (ii) y +x’ =c. [Agra 2008} 
r-2a, s=2h, t-2b — 2. If u=x log xy, where x! + y! * 3xy 21, find du/dx. 
, Hence | EM 3. Find du/dx if u=sin (x? + y^), where ax b? y? =c’. 
d'y —- (Ax + by)’ a-2(ar+ hy) (ho + By + (ax 4 hy)’ b | du. aig 
dé? co (hx byy o 4. If y! -3ax! +x’ =0, then prove that PCM —=0. 
| y 
Ex. 5. If u= f(x- y, y-z,z-x), prove that E EH 2. 0. S. If f(x, y)=0, o(y,z)=0, show that 
| x z 
| | Of db d of d | | 
[Bundelkhand 06, Lucknow 05, 08, Kanpur 09, Rohilkhand 09, Oy & dk "or OY, un. [Avadh 2006] 


Agra 07, 10, Kashi Vidyapeeth 10, Garhwal 10, Avadh 10] 6. If. the curves f(x, y)=0, $(y,z)=0 touch, show that at the 


Let X= , Y= Z=2z- rh 

d eae MR. x, then we have, point of contact Ur Ww e Ve E [Lucknow 07, 09] 
OX — "" m. OX | Ox Oy Oy x 
Ox Oz [HINT: At the point of contact, the value of dy/ dx for the common 
oY _ 0, OY _ oY La tangent will be the same for both curves.]. 
Ox Oy dz T. If cu v), uzx! gie —-yvzy, show that 
aZ o s arai; E ! ! | 
"s "viai: x (x YS + NE =0 is transformed into 0z / 0v =Q. 
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8. If z wn e" +e", yze" —e', then 
Oz Oz Oz oz. .— 


prove that —-—— =x— -y= Lucknow 20 
Ou Ov Ox ~ dy | "i 
2 2 2 2 
9. Prove that pu * Ed zs: ES 
o Oy 0E! ôn? 
. wherex z$cos a -nsin a, y-6sin a 4 cos a. [Kumaon 2009] 


10. If u 2 e* sec y, v=e* tan y and V isa function of u,v, show that 
2 
cos y oy Eid - uv oY, oe "E ty?) av 
Ox dy Oy Ow av? "Ou dv 
11. If x+ y-2e*cos$ and x-y-2ie'sin ue iz 4-1, 
Ov Qv 9v 
M rp = Ay | 
060! oy ex Oy. By. 
ANSWERS . 
1. (i) — (art hy)/ (het by) ; 
(ii). — (y* log yd (9 m log x). 
2. rogis Ero J e 
3. 2x (cos (x? t: y! 1-2! / b! PE. 


12.6. Change of variables from Cartesian to polar 
coordinates. A change from Cartesian coordinates (x, y) to | 


: polars (7, 9)i is very often required. and vice versa. 








Show that 





Wehave x- r cos, y=rsin®, then 


= fx? ty, 0 - tan” (y! x). 


It must be remembered that in this connection that just as 
8/óx always means (0/0x),.,,, and 0/dy means 
(8 / 8y),. cone » Similarly 0 / Or means LO a: ne  and0/00 - 

. means (0 / 00), < cons - ; | 

Thus x-rcos0, so. ‘ax /ar = =cos 0. 

But, although r-xsec0, Oor/dx#secO, 


because this value of dr / dx is really (ðr /0x),, cona, and we 
want (ôr / dx) | 


y= const * 


os 


“OR” “Jf V is'a function of two variables x and y and x=re 


| [Lucknow 05, 09] 7 E "E -rsin 0, prove that 
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In fact, since r° =x’ + y?, we have 

| 2p 7 a4, i.e. Or X -cos0., 
Ox Ox r 

` The simple rule is to express x and y in polars before 
finding the partial differential coefficients of x or y, and to 
express r and @ in Cartesian coordinates before finding the 
partial differential coefficients of r or 0. 


2 2 
Ex. Transform the equation A: + ea =0 into polar coordinates. 


s [Garhwal 2004] 
os 6, 


Qu Ou Ou lau 1 u 
LL p — =: — + - — + — — 


[Avadh 07, 09] 
óc ay ôr rêr r 00 








ince... x-rcos0, y-rsin 6, (1) 
| cred e y^ 0-tan^ '(y/x). (2) 
o d =cos 0, Or . E =sin 0 
C x^ + y* Oy jx! y! 
| [using (1) & (2)] 
æy sn 20 x cose 
|. OX. x+y? r ' ay x! 4 y! r i 
[using (1) & (2)] 
~ By § 1241, Ou _ Ou Or , Qu 08 
ox | ar ax * 09 ax 
Qu Ou 4l m 
or — =— cos 04 — | -— 
Ox Or. + r 
Ere. a meee u. 
Ox Cr sr O0 
| 
` It follows that ae (es 0 Lj uns ac s 0 Ou sin @ ou 
ax? or o0 or .r 680 
; l 
scos 02 (cos 0 u SRE A) SE E (eso OS 
or Or 4 15308 r Q9 Or r à 
-— 03 0 v E. 
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9? u 2sin Beast Ou sin’ sin? 0 3u 
iie oot EN ^p 
e r, 
, 3n 8 On , 2sin @cos 0 a, 
r ôr p? o5 
Qu ðu 2sin 0cos 0 Qu , cos? 0 Ou 
Similarly — =sin *9— $a a opt 
dy’ eor r | E 


cos? O Ou 2sin cos 0 dy 


— m — 


r Or r? 30` 





Ou Ou au ,19u, 1 atu 
Adding, we get a + g or? a ar a 29 n 
N . . ĝu lôu 1 Ou. 
Hence the transformed equation 1$ FE +- S — + a * 
EXAMPLES 
1. If x=rcos 0, y -rsin 0, prove that 
a’e 070 
p- 19.2. i 72. 77-o 
ox à r Ox Oy 
(iii) 9^6 p LENT [Lucknow 2012] 
Ox Oy r’ 


(i) 


ar a'r 1l(ary (ar) 
a Zea) (5) | 


4. 


If x=rcos 0, y=rsin 0, z= f (x, y), then prove that 


2 2 2 
= + oy pe (= +45) é [Garhwal 2005] 
Ox oy Gr) r°\ 00 | 
If x=rcos 6, y=rsin 0, prove that 
2 
Gr Gr ( or . [Avadh 2008] 
Ox) ay lw 


If x=rcos 0, y=rsin 0, z= f (x, y), prove that 


e = 2 cos 0-12 sin 0 [Avadh 2006] 
Ox Or r 
If u-1" "^, find the value of n for which 
1 ð ðu \ Ou 
= =i =) 2011] 
» dr G 2) or [Ans. -2] [Lucknow 


[Lucknow 07, 11] 
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12.7. Taylor's Theorem for functions of two variables. 
By Taylor's theorem for functions of a single variable, 


j 
k 
— diga aa 
Of (x,y + k) , 
| ex Ox? 
_ Expanding now each term, 


fi eh E) f(x y) O20 EIE), 
Oy "or ay? 


Ae psidfn,.. 





" Hence f(x hy y+ D m fes) e 2 | 
| Ox 


dez Lena. Au am 
2N Ox’ | xps 


This is sometimes written symbelivatly as 


$42] 
sa » 8 d'39n.. 


COUP D NZERUCEG LEID Me Ema = 


S(x+h, ytk)= 
| y*k) fesnr, 


Generally, if fi is a function of the n variables eE 
shall have similarly 


F(x, +hy, x, +h, epee (X, th, = f(x, x. Er a 
(^d E ah L e dx * 
* ax, a 


.  Intheneighbourhood in 
ofa poirit (a, b), Taylor's th ' 
- expressed as follows . | EN co 
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fs)» (Gb) * Go +(y-b) 4 fb) 


i 0 a] 
2 -o$ ro-a f (a,b) *--- 


E, n 
NOTE. Us +k— 2) f means that we expand C: +k 2) f 


as if ô, ôx and Gy were algebraic quantities and write f on the right-hand 


side of each term, but after this ae 


as the products or quotients of powers of ô and 
a f +k’ —— o f 


Thus hu fmeans k’ aS La SL =a 
Ox ð ax’ Ox Oy Oy 


But all th 


method of writing. For, = — f + fe — , although + LAE E 


rterms of degree nin hand 


The consideration of the remainder afte 
on is valid, is 


k, and of the conditions under which the infinite expansi 
beyond the scope of this book. 
Ex. Expand x’ y+3y- -2 in powers of (x-1) and (y+2). 
[Jabalpur 03, Rohilkhand 09, Avadh 07, 10] 


Let fx. y)2 x y*3y-2. then f(1, -2)- -10 at the point (1, - 2). 
The partial derivatives of f(x, y) are 


2 2 
f 43, 2422), 8f 9 s. 
ex ay’ Ox Oy 


of _ 
ax x 2xy, ay 
Partial derivatives of f(x, y) of the third and higher orders are zero. 


At the point (1, -2), we have 
OF -2 


2 2 
Eod D A, DT and, LP IY 
Ox ex! , Ox Oy 


Thus by Taylor's the .rem about the point (1, - 2), we get 
f(x y)= f(, -»«|e-», +(y+ »2| f (4-2) 


y EH etc., are no longer considered 
X 


ax or Gy multiplied by f. 


e laws of algebra a be Spp in the = | 


—— 
eye 
nnn ee 


th i 
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ð 0| 
"I [e-v Ox +42) A f(,-2)** 
since terms of higher orders are zero. 


= f(1,-2)+ (ern tg ra- 





sile- 1)’ Z +e IX y+ 2) Ato» z zl f,- 


or x’ y+3y-2=-10+4[(x-1)(-4)+(y+2)-4] 
2 +4[(x-1)? (—4)+ 2(x- 0(7* 2-2 Gy 2)" -0] 
or x y*3y-2z-10-4(x-1)- 4(y4-2)-2(x -! + (x - DC y * 2)- 
EXAMPLES 
B e the function f(x, yx 4 xy4 y! in powers of (x-2) 
| f [Jiwaji 03, Jabalpur 04, 05, Indore 08} 
| 2. Expand the function f(x, y) 2x! +xy—y’ by Taylor's theorem 
in powers of (x -1) and (y+2). [Bilaspur 07, Jabalpur 08] 
Expand by Taylor's theorem upto the second degree terms: 
3. f(x,y)-log (x+ e") in powers of (x-1) and y. 
4. sin xy in powers of (x-1) and (y—12) [Avadh 2009] 
5. Ex Le i 
includes e iA = o andy d = 
ANSWERS 
1. x? «xy y?=19+ 7(x-2)+8(y-3) 
t(x-2) +(x-2)( y-3)+(y-3) 
2. x! +y- y =-5+5(y+2)+(x-17 + (x-D(Cy 2)-(y+2)’. 
3. log (x+e” )= log 2+4[(x-1)+ y]-+[(x-1)? +2 (x-1)y- y?]. 
4. sin xy = 1-117 (x-1)’ -31(x-I((y-11)-1(y-1n).. 
S. e* cos yz Io x1 (x! -y’) +1 (x? - 3" ). l 
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13 
Jacobians 


a pe meme 





13.1. Jacobians. If u and v are functions of two 
independent variables x and y, the determinant 


Qu Ou 
x ð 
av. ô 
& ð 


is called the Jacobian of u, v with respect to x, y ; and is 
Oey) or sometimes as J ^ v). 
ð (x, y) 

In general, if u, u, u3,- 
independent variables x,, x, ae u Ka 


written as 


,u, are functions of 7 
the d of 


ys Ua, Uz, -s U, with respect to p is 

Ô (14,15, ...., U 
J (Uy stare tn) = j DE n a 

ðu, Ou, Ou ou, 

óx Ox, a, O &, 

Ou, Ou, Ou. Ou, 

ax, ax, Ox; T 6x, 

=|ĝu, Ou, Ou - Ou, 

ar, ox, éx, Ox, 

Ox Gx, dx, ^ m, 


An application of Jacobians will be found useful in the 
change of variables of multiple integrals. 


314 


1 
E 


# 


JOOD O E E OSOS sessile 
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13.11. A Special case, If the functions u,,u,,.--,U, of 


Aat 3X, 5...,X,, are of the form 

















u = fi (x, );u, = fix, ux. Tuas -s U, =f; (X, »X, sese £u Jo 
then it is evident that 
2. adi Ou, — — Ou, - 
Ox, ôx, , , ex, , 
Qu Qu 
— =0, — =0, ..., er =0 and soon. 
Ox, Ox, Ox, 
Then, substitution of the above values in the Jacobian gives 
^ Q p 0 
| Ox, u 
Ô (u, ,u, ,...,u,) | = = 0 0 
O (x, »X55- X8 ) 7 " *2 
. Ou, Ou, Ou, 
Ox, Ox, Ox, 


— 
—— MM 9 LM 


Thus it can be stated that if the functions Us Urso., Of 
Xis Xz5e00yX,,, are Of the form u, = fi (X, } u, = f(X x,),..., 


Ua = f (X, X,,...,X,), then the Jacobian 


O(nu,,u,,...,M,) Ou, Ou, Ou, 


ns Resta: T3 


Q(x,,X,,...,X,) Ox, Ox, Ox, 


Ex.1. If u, 2x, x, /x,, u =X, x, /X;, u, =x, x,/ 
J (u,,u,,u,)= 4. 


x,, Show that 


[Meerut 04, Lucknow 04, ‘Indore 05, Rohilkhand 07, Kashi 
Vidyapeeth 08, Agra 08, Garhwal 09, Raipur 14, Bundelkhand 14] 


O(u,, Uz, u, ) 
ð (x, 34 9:1, ) 


We have J (u,,u,,u,)-7 
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JS dun 9w| [55 xo 0h 
ox, Ox, Ox; Xi *i a, 
_| Ou, ĝu, ou, ray es stil Xi 
A ax, Ox, Ox, e x, X 
Qu, Oy ĝus xy pol LI 
Ox, wt OR i4 x x 
=X; X 3 xX 
=. px I iz 
Mig PR ATES Xo XX. xX) | T 
| eter te [00 72[- . on 
Ero y a cd Pd , by Ry >R, +R, wol 
eee ee Dres S i E Ta - 
-2041)- 4. 
Ex.2. If x=rsin 0 cos 4, y= =rsin osin z= =rcos 9, show that x 
one). yz) =r’ sin B; | | 
or, 90,0): 


[Meerut 03, Kurmaon 04, Purvanchal 05, Garhwal 0 07, Avadh 07, P 


- Rohilkhand 09, 12, Bundelkhand 13] 


_ We have x= rsin 8cos $, PEE ON bee = rcos 6, 


‘Ox ax ^ rain ing 
— =sin cos i Z cres 800s 6, A =- rsin si 
r b ; o0 ; A 


sy = E is Dcos d: 
=sin 0 AX =rcos s Osin X -rsin cos 
=sin sin 4, | ‘2 2 


OF s n 
: D et a A =-rsin 8,- B 
"Or ^ 80 | 

Or. . 


A (x,y,z) |y ay. 
6(,9,) | ar 


e|. Ble 
LIV Ve Vly ae S 





P then os that | : 


-= -> ¥=rcos Ocos à, y=rsin 0 
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sin 8cos — rcos Ocos $ . | —rsin Osin > 

-|sinOsin$  rcosOsin$ ^ rsin cos $ 
cos0Ü  . -rsinO - 0 
=sin Ocos $ (r° sin? Ocos $) -sin Osin $(-r^sin?0sin$) — 
_ +cos 0 (7° sin 9cos cos? +r? sin 8cos Osin? >) 

2d sin. ' cos? +r? sin ' sin? ) 
| E tr sin üco«s' I fens? bosin? $) 
- p sin. 20477 sin cos? 6. 


me =r * sin 0 (sin? 8+cos? 9)- m isine. 


Ta i EXAMPLES. | | 3 
| KE Lar 41x sve (=y); w= yd-2). prove that,- 
o Quy (u,v, w) - =x’y ws  Manpur 2007 | 
l 3G » z) ; 


(x, 260») Or, o) ` 
a(r, 8 A(x yy" 
_ (Meerut 04, Agra 06, vien 12] 


M Ifx= Fcos 8, y= rsin 0, find 


Es i. dfx- «den, y "(reat then find the value of — 227 O(x, y) 
7 .  O(u, y) 
oe M MCI s Eg | [Lucknow 2011] | 
^ 4. If x udi E y= v(l- 23 find the Jacobian of x, y with 
m Tespectto u, v : M s : :  [karpsir 2006] 
| em If usa, y= = xy+ ye+ zx, w= x+ ty+z, show that : | 
e (Y) os Broz Kea) [Lucknow 2010] 
n Ox, J» z) i 


6. If yn 008 x), Y, =sin x, COS ae =sin x, sin È cos xy, 


9n), 


-sin? Ai sin? x sin x,. 
ntis 


. Vabalpur 0 04, Indore ree] 
given that 


-rsin «c s Im sin? 


ahiz) y: 
0(r,9,9) 


bu 


7. Findthe icon 





where m! +n? 21. 
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| | | ; : | du,‘ ðu, dy, du, dy,|. - 
ANSWERS | ra (0y, 0x9» Z Oy, Gx, dy, Ox, 
| TOM ad E yon DM US DUELO ane. 
2 rand Vr Jobi sur h leuen i =| “dy, dx, “ay, Ox, ^ “a, a, 
7. EAE gona? | | 00 ys, ar», 7 y 9o. 
(is =m? sin? 9) (1- n’ sin *.8) s PER- | MUS óy, ay By, Or, doy By. ox 
13.2. Jacobian of Functions of Functions. A l ‘ eka Dug = Cup si. Ow 
Uy, My. U, are functions. Of — Yi Yi Ya an | rn. TA po as 
Jis Jas Yn are functions of Xp Xr ‘s Xu» then dE Edi Ou, Ou; | Ou, n i (DI 
ð (u, ,u, s 4H, ) _ Ô (uy yas 09K, ) OV ren) A T Ms REA m Ox, Ox, Ox, [ E 
TERDA E o 09 AS, 
Since u,, uz, ...., 4, are functions of Ji: Yass Yn which i M | ae =. ^ [9n exo; | < 8x, 
are again functions of Xy, X3, +, X,; therefore | ks Ae E (u sti. an). 
Ou, Ou, Oy, ui Be em, Mh Dey a EM L o MM 8 Q5 x; "x 
x dy, Fax, pe y, X A Ba MEX. f , 
| o» Ôx, 2 Or Tr | [. NOTE. The above formula i is very similar to the formula 
x Ou, y, Ou eu LN E LM z X22 E PO LS nodr dt 
ox} EZ ‘ox, Oy, Ox, PM 8x, fa Oy, Ox, Me ge ade d d 


j ‘for the function of a fanctidn: It will be found that several other formulae ae 
- for Jacobians: show similarities with formulae for derivatives ofa single 


5 and so on till (Q9 
Qu. T" D. au; DX d ou, Oy, >H Ou, ôy, | 





s me e ze. 














at a tt oe 
Gr, Oy, Ox, Oy, Ox, Oy, Ox, AOV, Ox, p ee 
. | qe. 71321. A Special Case. Taking y, =X U, =X5 50.54, —X;, 
Then : Ô (th, stiz»: sta), EUR] | " CRM we have - y 
ps ê (y, agat ») 26 a p) m Bu P. OG X eX n) 901 Xz aero ) 90, Vad 
Dui os Du LONE: £y. - 9v IM E noe an) 9 (y, Y2% A) CIETIE E 
10». Or er giS Ox, Ox, ^ o RENE . des 
au, Ou, Suli Ov; Ov D A. ‘sothat DOO PO Yes 
= ay y, nine ój x. ax, Bx. T ax, ON OY ys va i) Ole axe, 2. 3x =) 
dos : E Ug OM E óy. | 13.3. Jacobian of Implicit Functions. 7f uj, lz, +005 U, 
y, t ec. By hl aati ace eae | fee, and Xis X. X, are connected implicitly by n equations 
; J 2 n i l 2 n ee 


E given by 
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320 ^ ' DIFFERENTIAL CALCULUS 
fins sey Uni XU XS ^, X,) = 0, 
Sy (ty y ss ees Uy ye e, X,) 7 0; 


fiit. Hy, ee, Un oy X= 0, -— 


Of. fu s f.) ‘D (uus. 4, 4,) =(- 4)" Oo f Sn) 


5, H,) OX X, X4.) O (X, Xz aX) 


DESIL 


0 (u,,u,,.. 


X1, X3, 


,X,, we have © | 
Ha, am A, uy, af, Ou. 29, 
Ox, Ou, Ox, ĝu, Ox, . Ou, OX, 

9f, fı Ow | df u, Of, Ou, p | 
Ox, Ou, Ox, Ou, Ox, | Ou, Ox, 

a .. and so on till 
Ot AL A Ae 
ax, Di, Ox, "Pu, Ob, E A * 


Or 


RUN NE y ———---—. 2 
Ou, Ox, ax,” "Ou, Ox, ^; Ox, 


"E and so on till. re Ou, Ua. 


y 0 af 


u, UN. 


‘Then Bh Sf) D(is i. n 
Ô (th; Ugs io Uy) O (Xis X4, Xn) 


W, A, 


Ou, Ou, 
Y. 9 
=| ðu, Ou, 
Sn Sa 


af, 





Ou, Ou, 
ón (Ox, 
Ou, Ou, 
x x, Ox, 
Ou, du, 
ar, A 


Differentiating the given equations with respect to 


AEN 


4 
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SH, AH du Hi Me 
Qu, Ox, “du, ax, Ou, Ox, 
Hm ym yh% 
Ou, Ox, Qu, Ox, Qu, Ox, 
yY du AED SEPA 
Ou, Ox, “du, Ox, Qu, Ox 
LH a 
Ox, . OX, Ox, 
d. Se df, Ed 
=| Ox, Ox, Ox, [using (1)] 
Of, fy of, 
Ox, Ox, Ox, 
Of, Of, of, 
Ox, Ox, Ox, 
of, of, of 
"mm : OCT foin f.) 


eo aliae Oe, "Oe, =E 
i CD pe oM. T [RCD sA ross, J 


a Ox, Ox, Ox, 
The above result can also be written as 
9 (u, ; ú, jaa ti.) =(-1)" oUF, its caf al ð OS s — Pm. 
Tm S "US Q X, TEE )  O(u,u, ioca db, ) 
(2) 
B. 31. A Special Case. Ifthe implicit relationship between 
Uy Uy ,..,M, and x, x... x, is of the type 
| FEE MA ,X,,u, ) -0 


f, («35 X, M, stiz) 0 
fA; 1X4 50X,,u ,u,,u,)-0 


f (x, usu, sess =0 
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OF fs f.) OF Ff, 0f | 

th dip de hen JE FLUR Eee ae ae 

en 0(u,u,,..,u,) Ou, Ou, Ou, [using § 13.11] 
and ens f.) 0f, 0f, Of, 


> OR XQsa4x,) 0x, Dx, - Ox, 


Hence from m we have 
906 uuu) =(-1)" of, He Ge LB. 
OIX ie Xx) ôx, Ox, Ox, 


Ex. l. If u=(x+ y)/(l-xy) and v=tan™'x+tan™' y, find 
O(u,v)/ A(x, y). [Lucknow 03, Meerut 05] 


Also find the relationship between u and v. 


[Himachal 07, Rohilkhand 11) 


Letx-tan $ and y=tan 8 sothat $- tan! x, 0-tan' y. (1) 

















. tanó-tanO . 
Th = = = 

en u rey tan (6+6) and v=o+6. (2) 

1 du uj | a 2 

Hence 205 (ur) , (48) _| 9 3| | ax ay 

(x,y) 0(¢,0) axy) |æ av] |00 æ 

o> 00 Ox oy 

| E. 
_|sec?(g+@) sec'($-0) | rex! [from (1) & (2)] 
1 0 l 
l+ y? 








=0x . ; —01[20. 
I+x? dp y! 


From (2), the relationship between u and v is given by 
u —tan($4 0) - tan v. 


O(u,v) 3y) 
O(x,y) O(wv) 





Ex. 2. Prove that 


[Avadh 06, Kanpur 08, Bundelkhand 08, 09, 10, 11, Raipur 1 1] | 


Differentiating partially w.r.t. x and y, we have 


* 





UR D ee et ete tee 


323 
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Ou Ox Ou Oy ,, Ou Ox , Ou Oy 
= u (x, Jz2— 4S 0-— —4— (1) 
sine india wor y Oil ôx Gv ‘dy Ov 
Ov dx | av Oy Ov Ox | Ov Oy 2) 
fo 0=— —+— — j=— —+—- — (2) 
and for v =v (x, y), a y Ou ae) By Ov 
Ou  Ou| lQx ox 


alu, v) OQ y) |Ox — Oy ov 
A(x, y) O(uv) | ov Ov) | ay ð 


Qux Ou Oy u Ox , 3u Oy 
Gx Ou Oy Ou ôx Ov d ‘|= 
|æ ae | Ov By By ax, ov Oy 
{Ox Ou GyOu  OxOv OyOv 4 


[using (1) and (2)] 
E Ex.3. If i! «v? 2x y, i! «v! =x +y, prove that 
| O(u, v). y! -x! 
| O(x, y) ~ 2uv(u - v) 
^ ASagar 03, Garhwal 03, Avadh 08, Rohilkhand 08, Agra 11, 
Bundelkhand 06, 12, Lucknow 12] 


“Let fau ev -(ee y)and fis à «v! -(x € y^). 
06v). ( y 9064 [905 2) 














ay) ə (x,y) / O(uv) 

y, RJ HR H 
deo 9j. Qu 6v - -L -=l . 3u? 3y? 
do, | lA A| -3x -37| |2u. 2v 


—— ——— 
= -— . 


6uv (u-v) 2uv(u-v) 
Ex. 4. If x+ y+z=4, y+z=uv and z = uvw, find the Jacobian of 


x; » z with respect to u, v, w. 
[Kumaon 05, Himachal 06, Lucknow 04, 08, Rohilkhand 10| 


OR 
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a(x yz) 
0 (u,v, w) 

[Bundelkhand 05, 06, Bilaspur 06, Lucknow 06, Agra 08, 
Rohilkhand 05, 09, Raipur 15] 

Let f sxtytz-u f, =y+z-uv and f, 8z-uvw. 

Since it is a special case of implicit functions, the Jacobian is given 


:Ifx+ yt z-u, y+ z= uv and z = uvw, prove that u*y, 


by o 
sew Naam) of, of, a) 
6 (u,v, w) Ou Ov Ow]| | Óx Oy a 
T CDCuoc»)., i 
Ix Px] 


Ex. 5. The roots of equation {(A- -x) +(A- yy + (A- » =0 in 
À are u, v, w. Prove that 
õlu, v, w) _ 3 O-DE -x)(x - y) 
Q(x,y,z) (v-w)(w - u)(u - v) 
i [Lucknow 07, Kumaon 08, Garhwal 08, Kanpur 10] 
Rearranging the given equation in terms of À, we have | 
333 -3X (xe ye 2) 3A (x° y! z^ )- -(x°+y?+z°)=0 
Since the roots of this equation are u,v, w, by Algebra, the sum and 
products of the roots are given by i ub 


u+v+w=x+y+z, uvtyw+wu =x yz! 


and | ww-iQà +y +z"). 
Lt fi=u+v+w-x-y-3, 
bf =uv+vw+wu-x° -yi-z 
and - f, =uw-1 (P + y! « z^). 
Then alu, vw) (cq "UL [fd 
O(x, yz) í 0 (x, y, Z) ð (u y w) 
KR BA BA) AAY 
ax ð | (õu a Ow 
jh HF Hl Nn RH 95 
Ox Oy | G Qu Ov Ow 
y, Ow, A | 5 
Ox |. Oy GU Qu Ov ðw 


à 
Sa 


E > JACOBIANS 00 60 328 
ab TL... [i l 
=| -2x -2y -2z| + |v*w w+u uty 


_— 





| -x! -y -2? vw uw wW : 
* Era Bo x eer Wet 
if =|-2x 2(x-y) 2(-z) * [v*w u-v 7 u—w 
x oy-y x? =2" yw w(u-v) v(u-w4. 
by C, > C; aC, and C, > C; -C,. 
 -2(-»)6 -27)-@" = !)(-2)) | 
v(u-v)(u-w)- -w(u- -y)(u-w) 
20-96-2602», ,0726-290-» 
Y ~ (u-v)(u-w)(v-w) y -w)(w- uT 
EXAMPLES 
1. Ifthe Jacobian of u, and u, with respect to x, and x is J,, and 
the Jacobian of x, and x, With respect to u, and u, is J;; then prove that ' 
| JG. =l. [Agra 07, 10] 
| E " 
2. Prove that - QUIM) wy 905»). E. 
(00 0(x yz) Ou, v, w) 
[Indore 07, Kanpur 09, 11, Bundelkhand 12] 
03, If Wty +w exe yz, uo ev) ew) =x ay +z, 
u+y+w=x +y +z’, then prove that 


9Q,ww) (y-2)60-306-9) [Kanpur 12, Rohilkhand 12] 
O(x, y,z) (u-v)(v-w)(w-u) 


1 1 1 
4, lf w aye qw +—-,wWert+y? +z ? prove that 


x y 2 
ð AER _—~v(y-zXz-xXx-yXx+y+z) 
8 (x, y, z) Suse (yz 4 zx xy) . [Kumaon 09, 13] 


5. If A, ui, Y are roots of the equation 








then find the value of 22222) 8) (a -Y) (y -2) 
O(.u,y) (a-b)(b-c)(c—-a) 
6. If u, =x, tX, X, -X,, U U, =X, +X, X,, Mí uu, =x, X, 


! ð 
WWW, — X, show that 9 (,,x,,x,x,) =u )u i 
l 4:13" 


[Kumaon 2012] 





PEC PIS état partisan sara mmi asnu 
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326 DIFFERENTIAL CALCULUS 


13.4. Dependence of functions. Jf u,,4,,...,4, be 
functions of n independent variables x,, X,, ..., X,, then a 
necessary and sufficient condition for them to be connected 
by a relation  f(u,,u,,..., u,) - 0 is that the Jacobian 
GAM sigs tree) vanishes. 

A (X,4X45 4 X, 
A necessary condition. If 


independent functions and there is a relationship amongst 
them ie. f(u,, u,,..., u,) 0, then the Jacobian is zero. . 


U, Uz, U, are not 


Differentiating this relation with respect to x,, x5,..., X,, | 


we obtain 
9f Ou , Of Ou, {Ao Ou, o 
Ou, Ox, Ou, OX, Qu, OX, 


af m Of Ou Of o 
Ou, Gx, Ou, dx, Ou, Ox, 


9f Ou, Of Ou, ^, Of UM o 
Ou, Ox, Ou, Ox, Ou, Ox, 
of ee from these equations, we 











Eliminating —, 
E Ou, Ou, Ou, 
get 

Ou, Ou, Ou, 
Ox, Ox,  &, 
Qu, Ou, PH 
ox, x, &l-0 
Gu, Ou, ôu 











ox, Ox, | x, 
AUTE TRO E _ 


or 
oh E PE xx 
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A sufficient condition. If the Jacobian is zero, we will 
show that there exists a relation amongst the functions 


Uy Uy, s, H, proving that they are not independent. 
he functions 14 , uz, ..., 4, and 


The equations connecting t 
can be transformed, by 


the variables x,,xX5,-« X, 
elimination, into the following forms: 


F,(x,, X; «rey x,,u,)=9, 
F(X; X3; ees Son? u, ,u,) = 9, 

F (5s, Xp tes Eqs Maar ) 0 
F (x, 1,45... Up) =O. 


Now, by § 13.31., 


Batat) DR ie (A Fe 
a E exu) Ox, Ox, Ox, Qu, Ou, OU, 
But we are given that this Jacobian is zero, So that 
oF, OF, OF, _ 
On Ox, ox, 


0 for some value of r between 1 and n. 





Hence, OF, < 
Q 


r 


This implies that for this particular value of r , the 
function F, must not contain x,, and hence, the 
corresponding equation for F, becomes 


Fie Bch ep E cette. Toe (1) 
Thus we see that (1) and the remaining equations 
F,,20, E,,20, .., F, 20 (2) 


contain n —r independent variables x, ,,, x,.,, ..., x,,. These 
equations along with (1) are n—r +1 in number. 

Thus, eliminating x,,,, x,,,, ..., x, from (1) and (2), we 
can get a relation connecting 1, w,,..., u, alone. 

If the functions are dependent, a relation between them 
can be found by trial and error. 


$i 901,02 290a, DEP 1, i07 9 4C 84.4 21 814. 7T iT 3, £1 88.7 LAN 273 
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Ex. 1. Prove that the functions t2 x * y-Z,V=x—-y+z, 


z 2x! + y! « z! -2yz. are not independent of one another. Also find a 


relation between them. [Lucknow 2010] 
We have | 
ou ðu ou 
lax Oy Oz 1 l -] 
O(u,v,w) |Ov Ov Ov) || -1 l 
ð (x,y,z) |cx Oz 
yz) ow bn Fd 2x 2(y-z) 2(z-y) 
Gx Oy qc 
2 Q 0 
ð (u,v, w) | by Ri 2 R,*R, 
or ———— 22 2 0 0 j= | 
0 (x, y,z) | E and R, >R, +R, 
x y-24 Zz-—Jy 


This shows that the functions u,v,w are not independent of one 
another. To find a relation between them, we have 
u? =x + ylerb42xy-2yz-2xm 
and — v'-x!«yz!'-2xy-2yz42zx so that 
u? ey =x? +y? +z? -2yz)=2wW which is the. 
-required relation between the functions, 
Ex 2. If w=xt+y+z, V=xXy+ yz+ zx, wax ty +z’ -3xz, 
show that u, v, w are connected by a functional relation and find them. 





[Avadh 2009] 
Qu Du 
Ox oy 
We have O(u,v,w) |Ov ov 
O(x,y,z) |Ox oy 
Ow ôw 
Ox oy 
l ] l 
=| y+z ztx x+y 
3(x’-yz) 3(y’-zx) 3(z?--xy 
] 0 0 
=3| y+z x-y x-z 


-yz (y-x)(x*y*z) (z-x)(x+y+z 
by C, 2C,-C, and C, >C, -C, 





>% 


| 

| 

| 

| 

i 

|: 
pi 
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I 0 0 : 
=] -] |z0, 


-3(y-x)(z-x)| y*z 
x’-yz xtytz xtytz 


since C, and C, are identical. 


Hence the functions u, v, w are not independent and must be 


connected by a functional relation. To find the relation, we have 
u’ =(x+ yt+z) 
-x y +z’ +3 (x y+ z- xy! zy, xz! yz’ )+ 6x2 


=)" vod Cd Et ee zx)+3z (xy+ yz + zx)- 3xyz 
by adding and subtracting 3xyz 


=x? ey ez -3gz+3 (x+ y+ z) (y+ yz+ zx) 
or ui=w+3uv. which is the required relation. 


an EXAMPLES 
l. Prove that the functions u = 3x+2y-z,v =x-2y+ Zz, 
w=x sirt 2 zr z), are not independent and find a relation between them. 


[Lucknow 2005] 


2. if u Bo ay 1,» -x-2ys3z,w ex - ze 4 yr 22? , are not 
independent find a relation between them. 
[Jabalpur 07, Lucknow 09] 


3. If u=x° + y! e z^, vox y+z,w=xy+ yz zx, show that 


u,v, W are not independent . Also find the relation between them. 


[Meerut 04, Raipur 12 (2nd part)] 


4. Prove: that the functions "u-xty-z,v-x—-y-z, 


w-x + y +z t-2 yz,are not independent. Also find a relation between 


them. [Lucknow 2010] 
5. If u = (x+ y) z, v= T z)/ x, w= yx y+ z)/ xz, prove 
that u, v, w are not independent. : 
6. Prove that ax! *2hxy* by! and Ax? «2H xy By? are 


independent unless 


xis 


l. u? -v! = 8w. 2. u'—v* =4w. 


3. vy! =u+2w. 
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14 
Envelopes, Evolutes 


14.1. Families of curves. The equation 
] 
=mx+— 
? m 


represents, for a given value of m, a straight line. By giving 
different values to m, we get different straight lines. Suppose 
now that m continuously varies from one value to another, 
We get thus a "family" of straight lines. 

In general, if F(x, y, a.) is an expression involving x, y 
and a, the curves corresponding to the equation 
F(x, y,a)=0 constitute a family of curves. If a; is a 
particular value ofa, the equation F (x, y,@,) =0 represents 
one member of this family. The symbol a, which is constant 
for the same member, but different for different members of 
the family, is called the parameter of the family. 

. 14.11. Envelope. Definition. A curve which touches 
each member of a family of curves, and at each point is 
touched by some member of the family, is called the 
envelope of that family of curves. 
For instance, we know by Coordinate Geometry that all straight lines 
whose equation is of the form y 2 mx 1/ m touch the parabola 
y! 24x 
and also that the parabola y^ — 4x has at every point a tangent which is of 
the form y 2 mx * 1/ m. Hence we infer that the envelope of the family of 
straight lines y 2 mx * 1/ m isthe parabola y^ - 4x. 

14.12. Envelope. Another Definition. We can give the 
following working definition as equivalent to the previous 
one : 


330 
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If F(x, y, a.) 20 represents a family of curves whose 
parameter is a, and if the curves F(x, y,a)=0 and 
F(x, y, & -- h) z0 intersect in a point which tends to a 
definite point P as h— 0, the locus of P (for varying 
values of a) is called the envelope of the family. 

14.2. Method of finding the Envelope. Let the given 


family of curves be 
F(x, y, a) =0 (1) 


Supposing a to have a particular value, this equation 
represents one member of the family. Let another member of 


the family be 
| F(x, y, a + h)=0. (2) 
The coordinates of the point of intersection* P, of (1) and 
(2) will satisfy the equation 
F(x, y,a + h)-F (x, y,a)=0 


| and, therefore, also the equation 


F(x, Y, Q + h)- F(x, y, a) 
| h 


= 0. 


— Taking limits as h — 0, we see that the coordinates of the 


point P to which P, tends as h — 0, satisfy the equation 


OF (x, y, a.) 
— ee es 
px l (3) 


-Also the coordinates of P must satisfy (1), because P isa 


point on (1). ' . 
If we now eliminate a between (1) and (3), we shall get 


an equation which the coordinates of P will satisfy for all 


values of a . That is, the result of eliminating œ between (1) 


and (3) will be the locus of P. 


. Hence, the equation of the envelope of the family of 
aures F (X, y, a) 7 0, where a. is the parameter, is obtained 
y eliminating a between the equations 
OF (x ya) 0 


F(x, ya)=0 and 
Oa 


* n 
The argument will apply even when there are more than one points 


. Of intersection, 
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ht lines 


- Ex. 1. Find the envelope of the family of straig 


y=mx+i/m 
[Gorakhpur 03, Agra 10]. 


Differentiating partially with 


respect to the parameter m, we have 
Q=x-l/m’ or mzx" 


Substituting this in the first 


ys +x"? n 
or y? =4x, aparabola.  — 
A study of the adjoined figure will 





. be instructive in this connection. 


Ex. 2. Find the envelope of the family of- straight lines 
where the parameter is t. — 


xcos a+ ysin a =/sin a cos Q, 
Garhwal 09, Rohilkhand 


[Bundelkhand 05,06, Avadh 07, Indore 07, 
12, Raipur 12, 15} ig 


The given equation can be written as : —— +t ? =i (1) 
sina cosa 





Differentiating (1) partially w.rt. a, we have 
xcos a sin q 
uc + Ee =0 
sn^a cos a 
tan a 2x? / y" whence 





or tn'a-x/y ie. 
1/3 1/3 
, x | 
sin a = . and. cosa =- 
"id 4 y? x 3-4. y 


Substituting these values in (1), we have 


xd x^? + yx? ap yt e 


— a ——Má—— 
-— 


+ 
x"? y? 

2/3 | 2/ | 
or x x 3 +y”? +. ye, x?" 4 7 el 


2/3 2/3 43/2 ‘ 
or (74 y y" =i i.e. x? x yal? 


which is an astroid, is the required equation of the envelope. 











DS 
a 
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Ex. 3. Find the envelope of the family of circles 
x’ + y! -2axcos a -2aysin a =c?, where a is the parameter. 
[Kumaon 04, Indore 06, Rohilkhand 11, Bundelkhand 14] 
Also interpret the result. (Meerut 05, Avadh 09} 
The given equation is x? + y? -2axcosa -2aysina -c° =0 (1) 
Differentiating (1) partially with respect to a, we get 
2 ax sin a —2ay cos a =0 (2) 
Rearranging the terms of (1), we have 
2 ax cos a+ 2aysin a =x" + y? -c? (3) 
Squaring (2) and (3), adding and simplifying, we have 
| 4a’ (x! + y! )2 (à + y -c?y (4) 
which is the required equation of the envelope. 


To ordo this result, let us write the equation of the envelope as 
(x! + y! y -2c (à + y!)«c* 2 Aa? (x?) + y^) 


Er Qi y!y-2Q0a «c yx  y!)«ec* 20 


Solving for a quadratic equation in (x^ y^), we get 


G* + y?)=412 Qa! +07) a Qa! ect y -ac*] 
=(2a* +c? )+ 2a Va! «ct 
z[a? 4 (a? *c!)]£2a Ja! « c? 
-[at Va! «c! y. 


. the origin as their centre. ! 


14.3. Finding the Envelope i | 
pe if the Para i 
Quadratic. In case the equation F (x, y,a)=0 p ae T: k : 
dratic 


ina, say 
Aa? +B " 
a+C=0, (1) 


Where 4, B and C are functi 
die > functions of x and 
differentiation partially with respect to œ i i , the result of 


24a + BzQ. 
Substituting the value ofa from this in (1), we have 
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BY B 

al -— tq ee = an = 

( ; | Cz] 0, or B^ -44C =0. 


Hence the envelope of the family of curves 
Aa? - Ba «C -0 
where A, B, C are functions of x and y, is 
B! - 4AC - 0. 
Ex. 1. Find the envelope of the family of straight lines 


y=mx+alm [Kanpur 05, Himachal 07, Agra 07] 


The equation of the family can be written as m’x—my+a=0, 
which is a quadratic in m. Hence using the quadratic formula for the 
parameter where 4 =x,B=-y,C =a, the required envelope is 

B?-4AC=0 or (-y)-4.x.a-0 
y? =4ax, which is a parabola. 
Ex. 2. Find the envelope of the family of straight lines 


y=mx+.a’m +b’, the parameter being m. 


[Rohilkhand 04, 07, Bilaspur 09] 


The given equation is y =mx + Jam +b’ 


Squaring both sides, y —2mxy+ mx? =a m 4 b! 
or m (x? - à? )-2m xy * (y) —b*) =0 
which is a quadratic equation in the parameter m. 


A-xi-d, B--2xy and C- y! -b.. (1) 
(2) 


le. 


Here 
Hence the envelope is given by B^ -44C =0 
Substituting (1) in (2) and simplifying, we have 
b!x? « a! y! - a! b! -0 
or x'/a! + y. / b =1 which is an ellipse, is the required envelope. 
Ex. 3. Find the envelope of the family of curves given by 





x? y! 
—+ =], where a is the parameter. 
a? k!-a 
[Jabalpur 04, Kanpur 08, Rohilkhand 12] 
x? y | i l 





- The givencurveis —>+ 
. a? E -a? 


or x(k? -a? )4 y'a? 2 a* (k? -a?) 


j 4X 
Uf 
—— ———— ———————— ee | ae 
eee " 


2 
TANN SA 


e (00 Moeren — : 
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a! -(x! -y  k)a! «&!x? «0 
This is a quadratic equation in a’ , so that we have 
Asl, B=-(x -y +k?),C =k'x’. 


or 


Then the required envelope is B^ =4AC 
(x! - y! +k y 24 kx. 
EXAMPLES 
1. Find the envelope of the family of curves given by 
x sina + y'cosa-a?, where a is the parameter. 
[Bundelkhand 08, Rohilkhand 09] 


Find the envelope of the following family of straight lines: 


2. ysmix-1 m. . 3. yzmx-* am", m is the parameter. 


4. (x/a)cos 0 € (y/ b)sin 0 21, where O is the parameter. 
| [Bundelkhand 09, Kashi Vidyapeeth 12] 


or 


es x/a.* y/ (a-a)-1, where a is the parameter. 
6. xcosa 4 ysin a =a, a being the parameter. [Garhwal 2007] 


7. xcosm0+ ysin m0 =a (cos n 0)"; where @ is the parameter. 


F ind the envelope of the following system of circles: 
[Agra 2009] 


8. (x-a)+y’ =4a. 
[Lucknow 09, 12] 


9. (x-a} +(y-a)? =20, | 
Find the envelope of the following family of curves 
10. tx? +1? ya, the parameter being f. 

1l. xsec? 9+ ycosec?0 - a, where 6 is the parameter. 


[Kanpur 2003] 


12. Find the envelope of the family of straight lines 
axseca—b ycosec a= a?—b?, where the parameter is a. 

[Purvanchal 05, Bilaspur 06, Jabalpur 08, Raipur 11, 13, 14] 
13. Find the envelope of the family of trajectories: 


where 0 is the parameter and u, 





: S 
-xtan 0-—- , 
| in 2 u'cos! 8 
a constant. [Lucknow 2007] 
14, Find the envelope oftheellipses x= asin (8 a), y= b cos 0, 


Where a is the parameter. [Himachal 05, Kanpur 09, Agra 11] 
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ANSWERS 

| 2. y! 4x 

(PIP "x? + pay" =0 4, x aba yt ph el. 
Vx A y - Ma. | 


pom nl (mn 


x’ +y“ =q“. 


6. x? +y? =qa°. 


o | ? cos (n0/(m-n), where r, O are the 
polar coordinates of (x, y) | 


Ré 
8. y'-4x-4-0 9. (x+ y+)? =2(x + y?). 

6 
10. xf +4ay =Q 11. (x-y) -2 ax-2ay+ à! =Q. 
12. (ax) + (dy)? =(a? -b'y^, | 
, A3. y+lg [ij -u/2g.. 14. x-ta. 


14.4. The envelope touches each member of the 


family. We shall now show that, in general, the envelope of 


a family of curves, deduced on the basis of the second 
definition, touches each member of the family. 
Let any member of the family be ; 
F(x, y, a.) - 0, ^) 
where a is constant and equal to a, say. 
The equation of the envelope is the result of eliminating 
a between 
| F (x, y, a.) - 0, 
ð 
2a F (x, y, a.) 20. 
Thus the equation of the envelope may be regarded as 
a: AE F(x; y,a)=0 (3) 
in whicha is not a constant, but a function of x and y given by 
OF (x, y, a.)/ 0a. =0. (4) . 
Consider now the point P on (1), where P is the limiting 
position to which the intersection of F(x, y, a,) - 0 and 
-F (x, y, a, * h) 20tends as h — 0. This point P lies on the 
curve (1) has the gradient dy/dx given by 


pocos 2) 


(2) 


last article enables us to infer at o 


^. the first definition. 


. between F- 0 and OF / da =0 will be, or will at 
.'. least include, the locus of the cusps. But from the 
` figure it is evident that the locus of the cusps will 


| family. 
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where, while differentiating, a is kept constant and equal to 
Qi. 
But the tangent at P to the envelope has the gradient 
dyldx given by | 
A A. =0 (6) 
Ox Oy dx \ Oa dx Jaza — 


because a is not constant for the envelope. 


But by virtue of equation (4), which is satisfied at every 


s i. point of the envelope, (6) reduces to (5) ; i.e. the gradients of 
^'- the tangents to the curve and the envelope at the common 
— point P are the same. This means that the curve and the 


envelope have the same tangent at P. In other words, they 


i =. touch each other at P. 


J NOTE. If ôF / Ox and OF / dy are both zero, the value of dy / dx 


cannot be found from equation (5) or (6) and the above argument would 


break down. So the proposition might not be true for such points. We 


; . have seen before (8 11.4) that if oF J Ox 2 OF / Gy=0 at some point, 


-© then there is a singular point there. 


14.41. Equivalence of the two definitions. The proposition of the 
nce that, in general, the two definitions 


ofan envelope given in $8 14.11 and 14.12 would give us the same curve, 


with the exception that the second definition might in certain cases give 


.— usa curve, the whole or a part of which, is not an envelope in the sense of 
3 b 


For example, if the curve F (x, y,&)}=0 is the curve Cı (which has a 


cusp at P), and C» is the curve F (x, y, a + h) 2 0, 
it is evident that as 4 — 0, i.e. as C; ch P| 
tends to P. Hence the result of eliminating a 


not touch C, or C» or the other members of the 
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There . E 
onain Se other loci (besides the locus of the cusps) which are 
joe ais i i process of finding the envelope by eliminating 
detail. ho i and oF / 6a =0 The consideration of the subject in 

» however, is beyond the Scope of the present volume. 


y oat When the Equation of a Family of Curves is not 
di | the equation to a family of curves is not given, but 
; e a I5 Bi Ven in accordance with which any member of the 
E can be obtained, then the equation to the family must 

irst be found in a suitable form, whether it be in cartesian or 
polar form. 


Ex. 1. Find the envelope of the circles drawn upon the radii vectors | 


ofthe ellipse x^ / a7 4 2 / 52 =] as diameter. [Nagpur 2005] 


Any point on the ellipse is P (acos 0, bsin 9), 0 being the 
parameter. 30, by coordinate geometry, the equation of the circle drawn 
on the radius vector OP as diameter with end points (0,0). and 
(acos 8, bsin 8) is 


(x-0) (x -acos 0) (y-0) (y-bsin0)-0 
or x^ + y! —axcos 0 -bysin 0-0 (1) 
Differentiating (1) w.rt. 0, — axsin 0 —bycos 0 =0, 
LE. tan 8 =by/ ax, whence 
sin 6 = by/(a*x^ +b? y! )"*. cos8 = ax/ (ax! +b? y) (2) 
Substituting (2) in (1) to eliminate 0, the equation of the envelope is 


’ 2.2 2.3 
i2 DUM P ile 
(x? +b? y’)? (a’x? +b’ y’)? 
or x? FS y - (ax! 4 p^ y! yt 
or (x! + y!y zai p! y*, 


Ex. 2. Find the envelope of the circles which pass through the vertex 
of the parabola y? =4ax and whose centres lie on it. 


Let A (at^, 2at) be any point on y? 2 4ax . Then the circle with its 
centre at A which passes through the vertex O (0, 0) of the parabola , will 
have the radius OA =./(ar? y +(2at)?. Hence, the equation of such a 


family of circles will be given by 


9 o— occ 9 Mur SENT  VEVEL TF NIE 
. 





or x! + y’ (x+2a)=0 


| 
| 
| 
L 
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(x-at*)! & (y-2at)! = (at? } + Qat 
or x’ + y’ —2axt’ -4ayt =0 (1) Y A (at’, 2at) 
where ¢ is the parameter. 
Now, differentiating (1) partially w.r.t. 
1, we get, 
—4axt-—4ay=0 or t=-y/x (2) 
Eliminating ¢ from (1) and (2), we get 
the equation of the envelope as 


2 
x! 4 y! -2æ(-2) -4ay{ -2)=0 
x x 


or x (x! + y!)«2ay! 20 
which is a cissoid. 


Ex. 3. Find the envelope of the circles described on the radii vectors 
[Lucknow 2009} 


r” -a"cosnO and let 


of the curve r” =a" cos n O as diameter. 


Let P (r,O) be any point on the curve 
(R,O)  bethe polar coordinates of any point Q on the circle with the 
radius vector r (i.e. OP) of the given curve as its diameter. 


By geometry, the angle subtended by the diameter of a circle at the 
circumference is a right angle, so 
Z OQP is a right angle. Thus from the 
right-angled triangle OQP, 

OQ =OP cos < QOP, 
ie. R=rcos (O-6), 
or R"=r"cos"(@-6). 
But r'-a"cosnO so that 
R" =a" cos nð cos"(O-6) 
or  R-acos"" n 8cos (0-0) | (1) 
Taking the logarithm of both sides of (1), we have 
log R = log a+ (1/ n) log cos n8 + log cos (8 - 0) 
Differentiating partially w.r.t. @ ; Which is the parameter, 





Scanned by CamScanner 











i 
| 340 DIFFERENTIAL CALCULUS 
| g, lta, Sin (0-9) 
| n cosnO  cos(O-9) | 
Hence tan (0O—-0)-tan 50. or 9-02n04nm (2) 
| or | 82(0-mn)/ (n* 1). (3) 
By substituting this value of 0 in (1), we get the equation of Un 
envelope as | 
Rzacos"" n (Som cos (0-2575) [from (3)] 
nal n+l 
ite (e=) (reme) 
=acos "n cos | ———— |: 
n+l n+l 
awn at right dnglesto > 


Ex. 4. Find the envelope of the straight lines dr 
the radii vectors of the spiral r = ae?“ ° through their extremities. 


The equation to the lin 


vector, is 
Rcos (O -0) 7r, 
ie. Rcos(O-8)-ae 


Differentiating logarithmically w.r.t. the 


Se s . (1) 


parameter 0, we get 
tan ( - 0) »cot a - tan (11a). 





Therefore O -0 =4 n-a + mm, 
Or 8-6-a-i(2m-*l)z 
Substituting this in (1), the required envelope is 
R cos {a -1 (2m 1) rj = aexp {© +a - 1 (2m * 1) rj cot a. 


6 cot a 


which is of the form R= Ae 
i $ 
j Hence the envelope is another spiral of the same type. 


the equation of a family of curves contains two parameters 
connected by a relation, and the elimination of one of them 
from the equation of the family makes the subsequent 
process of finding the envelope tedious, we can proceed as in 


the following example: 





e through (r, 9), at right angles to the radius 


14.6. Two parameters connected by a relation. When 
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Ex. Find the envelope of the straight lines 
LS AR Y (1) 
s | 
where the parameters a and & are related by the equation 
a" +b" =c", c being a constant. (2) 
| [Gorakhpur 06, Lucknow 06, Rohilkhand 07, Bilaspur 08, Agra 
09, Kashi Vidyapeeth 11] ' 
Let us regard (for the sake of symmetry) a and b as functions of a 
single parameter t . 
Differentiating (1) with respect to £, we have 
xda, y db p | (3) 


a? dt b? dt 


we have 
s „ıı da s 05 
a" —-4b" —=0 : 
. at dt (4) 





We have thus to eliminate a and 5 between (1), (2) and (5). Now (5) 


à M REA d o 
a hs RN" Let re TOSS - 


i gives i Son Sa | 
As a Bala E E a E Lr 

TU; gy t 0 [using()&(2] 

Hence a" =o", pt! -cy | 


Substituting in (2), we have 


: 
(c^x)" ja l) + (c^ py! 1) ET c" 


| Or x" o» yt ) Sco 1) 
p which is the equation of the required envelope 
EXAMPLES. 


l. p " 


parameters a and 5 ar 
e connec . 
constant’ ted by the following relation, c being a 


i). addio. | ! 
[Avadh 02, Garhwal 03] 
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'.. We have to first simplify this. So differentiating (2) with respect to f£, | 


Equating the values of A / . obtained from (3) and (4), we have 


mp n-li X wt | 
SC JE = je I0 


te et r 
a a E E (M 
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[Bilaspur 06, Avadh 09, Rohilkhand 10} 
[Gorakhpur 2003| 


(i) a^ +5? =e. 

(iii) a" b" - c"*". 

2. Find the envelope of the family of ellipses x^ / a° + y?’ / b? «1 
where the parameters a and b are connected by the following relation, c 
being a constant.: | 


(i) a+b=c. |Garhwal02] (ii) a+b? =c’. — [Avadh 03| 
(iii) abzc?. [Lucknow 2012] 
3. Ifa and b are parameters such that a^ +b” =c”, then find 

Y" |, [Rohilkhand 2012] 


the envelope of the family of curves 2 + FEES 
ʻa 


4. Show that the envelope of the family of parabolas 
(x/ a)?  (y/ b)'? =1 under the condition ab-c) isa hyperbola 
whose asymptotes coincide with the axes. [Garhwal 2008] 
5. Find the envelope of the circles which pass through the origin and 
whose centres lie on theellipse x^ / à? + y! / b? =L [Garhwal 05] 


OR Find the envelope of the circles which pass through the centre of 


the ellipse x^/a? 4 y^/b! =L and have their centres upon its 
; P 


. circumference. [Himachal 2006] 


6. Find the envelopes of circles described on the radii vectors 
of the following curves as diameters: 

(i) y =4ax. (ii) r° =a’ cos 38. 

7. Show that the envelope of the family of circles whose diameters 
are double ordinates of the parabola y' -4ax is the parabola 
y! =4a(x+a). [Rajasthan 03, Bilaspur 10, Kashi Vidyapeeth 10) 

8. Find the envelope of the circle whose diameter is a line of 
given length which slides between two fixed straight lines at right angles. 

[Kashi Vidyapeeth 2008] 


9. Find the envelope of a system of concentric and coaxial 


ellipses of constant area . [Avadh 04, Gorakhpur 05, Kanpur 10] 


10. Find the envelopes of the straight lines, drawn through the 
extremities of and at right angles to the radii vectors of the following 


curves: 





"A — 
; ————————— 
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(i) rcos(0-a)- p. (ii) r : a(14 cos 9). [Bilaspur 2010] 
(iii) r” cos n0 =a”. (iv) r” =a" cos n8. 

11, Show that the envelope of circles described on the central 
radii of a rectangular hyperbola is a lemniscate r? =a’ cos 29. 

12. Show that the envelope of the family of circles described on the 
double ordinates of the ellipse x^ / a^ + y! / b! =1 as diameter is the 
ellipse ———7 + 3 =1 [HINT. Take the double ordinates as 

a+b’ b 
(acos 0, bsin 0) and (acos 0, —bsin 0)] 
polars of points on the ellipse 


13. Show that the envelope of the 
2/ a? + y? /b? =1 is 


x? Ih? + y? 1k? =1 with respect to the ellipse x 





hx E y. [Bundelkhand 2011] 
a“ p^ 
ANSWERS 
1. (i) xe» - Ve. (i) x7? y uet 


(iii) (m n)""x" y" mnc 
20) xD ey! uc. (dH) x£y-tc 


x" (m+ p) 4 y” (m+ p) E c"! (m+ p) . 


| QU y! y »4(a!x +b y). 
. (Da «x(à-y)s0. (i) r”*=a"* cos (30/4) 


A circle x? + y? 2 c^; where c is the length of the given line. 


i 


© 00 OC tU U N 


. 2xy 2c! , where nc is the given area. 
10. (i) rcos? 1(6*a)» p. JJ (d) r-2acos8. 
(iii) 7"? cos (n0/ (n+ 1) sa", 
(iv) r" "7" =a™" cos {n 0/ (n+ 1)). 
14.7. Evolute. The locus of the centre of curvature for 
a curve is called its evolute. 


Ex. 1. Find the evolute of the parabola y^ 2 4ax. 


N Do wal 04, Kanpur 06, Purvanchal 06, Indore 04, 08, Bilaspur 
» Kashi Vidyapeeth 08, Agra 06, 09, Rohilkhand 10, Raipur 12, 14] 
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Differentiating y? =4ax. w.r.t. x; we have 
dy 2a | 2a Va ánd d'y 1 -3/2 
nce | 2 re 82 714 
Let(a, B)bethe coordinates ofthe centre of curvature of the given 


parabola, then 


d? yi dc Ja. x"? 
or - a =x+2(x+a)=3x+4 2a. (1) 
Aio epit dni, 20 (52) 
, d' yi dx? Ja. x? 
or B=,/ = 2 (e+a)vx 22247 y? 2) 
Va 


To obtain the locus of the centre of curvature, we eliminate x 
between the equations (1) and (2), so that we have 
B? 24a^'x) -4a'! (a -2a)' / 27, 
i.e. 27a? -4 (a -2a).. 
Replacing o and B by x and y respectively, we have as the equation 


of the evolute 
27ay! =4 (x-2a).. 


Ex. 2. Find the evolute of the hyperbola 2xy =a’. 
[Lucknow 06, Bilaspur 07, Rohilkhand 08, Garhwal 10, 
Bundelkhand 13, Raipur 15] 


Differentiating 2xy=a’ w.r.t. x, we have 


2x+2y dyi dx Z0 or  dy/dx--y/x (1) 
d'y xdyldx-y 2y 
and Abo EE 
7 2 EX [using (1)] 
Let (a, B) be the coordinates of the centre of curvature of the given 
hyperbola, then l 
_ (dv! doe (dy/ de) yrl (-y/ 9) 
d! y/ dx? 2y/ x 
2:95 44 2 
Or a=x+ ure dii op l (1) 
2x a4 


——— 
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be (dy/ dey _ {1+ (/ xY] 
pe peyt d! yl dx? Pli 2y/ x 


(2) 


vey? x 3y’ 
or AFT 8. — 
pz y 2y 2y 





To find the locus of the centre of curvature, We shall eliminate x and 


y between the equations (1) and (2) We have 
3 
3x7 + y! x! 4 3y! yc y ex -3y! _ (x+y) 
ma Ferre Ai saltu uu UE. r ————. 

a 4p Tm m? 2x 2xy 
4 x+y 
+ H 
or a+ p- : i.e. (a - B) ^ ^ Oy) 
PE m so that 





Si il | = LE TT 
imilarly, (a-p) (Oxy) 


v3 (s. Ry? = (x y» -(y-x» " Axy 
(a +B)”* - (a - p) (yy Ooy” 
=2 (21y) =2 (8) -2a?. [since 2y =a] 


espectively, we have as the equation 








Replacing a and p byxandyr 


of the evolute , 
(x+ yy? -(x- ^" -247? 


14.71. Evolute as the Envelope of the normals. As the 
centre of curvature of a curve for a given point 4 on it is the 
limiting position of the intersection of the normal at A with 
the normal at any other point B, as B — 4, and the evolute is 
the locus of the centre of curvature, it follows by § 14.12 that 
the evolute of a curve is the envelope of the normals of that 
curve. 

Therefore (by § 14.12) the normals of a curve touch the 
evolute. This an alternative method of finding the evolute. 

| Ex. 1. Assuming that the evolute of a curve is the envelope of its 
normals, find the evolute of the parabola y. = dax. 
[Rohilkhand 02, Kanpur 06, Indore 04, 08] 

Any normal to the parabola with m as the parameter is 

ysmx-2am- an? (1) 


or yzm(x-2a- am!) (2) 
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To find the evolute of the parabola, we shall find the envelope of the 
normal (1). Differentiating (1) w.r.t. m, we have 


. 1/2 
i.e m-( x—2a : 
3a 


Substituting this in equation (2) of the normal, we get the evolute 


(5 aee 5222). 222)" Geran) 





0-x-2a-3anm? 








3a 3a 3a 
or 27 ay! =4 (x-2a) as before. 
Ex. 2. Find the evolute of the ellipse x^/a? 4 y^ / b^ =1, 
[Avadh 06, Rohilkhand 04, 07, 11, Raipur 11, Lucknow 09, 10, 12] 


regarding it as the envelope of the normals. 
[Himachal 07, Bilaspur 09} 


Any point on the ellipse is given by (acos 0,5 sin 0). So the 
equation of a normal to the ellipse at this point can be written as 
ax by =a? =b% , (1) 


cos@ sin®@ 

where O is the parameter. 
Finding the envelope of the normal (1) will give us the required 

evolute. So, differentiating (1) partially w.r.t. 0, we have 

ax sin 0 , ose o 

cos?@  sin?0 
or tan? 0 =—(by)/ (ax) ie. tan 0 =- (by) / (ax) 

- (b^ (ax)"” 


whence sin 8 2—————————— and c0s0 2——————————. 
Jax)” + (by)? (ax) (by) 


Substituting these values in (1), we have 


ax (ax) +(by) by (ax) *() _ a us 


(ax)? (by)? | 
Or (ax)? (ax)? 4 (by? + y? (ax)? + (byy? 2g! -p! 


or [(ax)^? 4 (by)? y? 2g! -p 
Or (ax)? * (byy? =(a’ —b? y 


required evolute. 





which is equation of the 
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Ex. 3. Prove that the evolute of the cardioid r=a(1+cos 9) is the 
cardioid r=4a(l-cos 0), the pole in the latter equation being at the 
point (2 a, 0). 

Take-any point P (r, 0) on the given cardioid. Let O' be the point 
rzia,0-0 Let C(R,0,) be 
the centre of curvature at P. 

Then O'C =R, ZCO'A =6, 
and PC p , the radius of 
curvature of the given curve 
r - a (1-- cos 0) at P. 

Let CM and O'M' be 
perpendiculars dropped on OP. 
Then 

p - PC =4acos i 0. 


We know that the angle $ 
between the radius vector OP and the tangent at P is connected by the 





relation 
do r a (1 cos 0 2cos* ! | 
4i )- 2 =—coti@ 


- "ry  dridó  -asin8  -2sin ;0cos 10 
or tan$-tan(in-10) so $-in410 
and : ZCPM -10. [from the figure] 
From the right-angled triangle CPM, we have 
CM = PCsin 10 = acos 10sin 10—2asin e. 
From the right-angled triangle O'O M', we have 
O'M’ = OO'sin 0-23asin O- CM. 
Therefore O'C is parallel toOP ie. 0,-8 (1) 
Also R =0'C zOP-OM'-MP -r-iacos 8-4 acos? 10 
since MP = PC cos 19 from the right-angled triangle CPM 


=a(l+cos 0)-3 acos 8-2 a(l+cos 8) 
or R «1a(1-cos 0). (2) 
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Substituting (1) in (2), the locus of the centre of curvature C is 
R «la(l-cos 8, ) which is the required evolute, 


EXAMPLES 


l. Find the evolute of x? -y? =a’, [Bundelkhand 2012] 


2. Prove that the evolute of the tractrix 
x — a (cost * logtan 1f), y=asin t, 
is the catena y=acosh (x/ a). [Bundelkhand 2010] 
3. Find the equation of the evolute of the hyperbola 
x!'lab-yibl«l [Indore 2005] 


+ 


4. Show that the evolute of the curve x^? + y”? =a”? js 


(x vy tiay 2a. 
[Agra 05, Bilaspur 06, Himachal 06, Garhwal 08, Lucknow 08] 


5. Show that the evolute of a cycloid x= a (0-sin 0), 
y =a (l—cos 8) is an equal cycloid. [Kanpur 10, Raipur 13] 
6. Show that the evolute of an equiangular spiral is an 


` [Garhwal 2009] 
[HINT : Start with the pedal equation p -rsin a, where a isa 
constant, and prove geometrically that if any point on the evolute is 
(P, R) then P = Rsin a „using the fact that $—o.] 
7. Prove that the evolute of the ellipse b’x? + a^ y? 2 a^b' is 
the envelope of the family of ellipses given by | 


equiangular spiral. 


a! x! sec* a + b! y! cosec* a - (a? - b^, 


a being the variable parameter. [Lucknow 07, Kumaon 09] 


8. Show that the evolute of the curve whose pedal equation is 
r -a° -mp! is the curve whose pedal equations is 
r -(1-m)a? =mp’. | d 
ANSWERS 
1. x? =y” - (2ay^. 3. (ax)? -(byy^ - (a. 4. p? yo 


14.8. Length of arc of an evolute. The difference 
between the radii of curvature at any two points of a curve 
is equal to the length of the arc of the evolute between the 
two corresponding points. 


— 





on the curve up to (x, y) 


(o, p) . 
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A suitable sign being given to p , it is evident from the 
figure that, if (a, D) is the centre of curvature corresponding 
to (x, y) on the curve, then | 

a=x-psiny, D-y-t*pcosvy (1) 

Let s be the length of the arc of the given curve measured 

from some fixed point A ` 


and o the length of the 
arc of the  evolute 
measured from some 
fixed point on it up to 


Remembering that 
dx / ds 2 cos y, 
dy | ds - sin y, B 3 = 
and dwy/ds =1/p, | 
we have, by differentiating (1) and simplifying, 
| da dp . dB dp ‘ 
yen ge OM eo ae N 


‘Squaring, adding, and taking the square root, 


es 
ds da) ds 


um qu. gu 
da ds ds’ = 


' 
‘ 
! 
1 
! 
1 
i 
! 
1 
i 
cr 
1 
1 
! 
' 
4 
i 
t 
1 





Hence . dn zx |, 
do 


Therefore o =p+c, where c is a constant. 


Hence o, -6, =P, -P,, Wherep, and p, are the values 
of p for any two points P, and P» on the curve, and c, and 
C, are the corresponding values of c . 


This proves the proposition. 
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Ex. Prove that the whole length of the evolute of the astroid 
x=acos’®,y=asin?® is 12a. 
The parametric equations of the given astroid are 
x=acos ð, y-asin'0 (1) 
Differentiating (1), we have 
dy _ dyl dð  3asin' G.cosO 


= - —tan @ 
dx dx/dOó —3acos!OsinO 
d? y —sec? l 
and AE E T e ame S E. 
a d9 dx —3acos* @sin@ 3acos” Osin 8 


-The radius of curvature p at any point (x, y) of the given astroid is 


_(i+dy/ dr)? (1+tan? 8)? 


=! =sec? 0. 3acos* Osin 0 
d’ yi dx 1/ (3acos* @sin 0) 


or p =żasin 20. 
We know that the evolute of an astroid is another astroid whose axes 
are at an angle of 45° to the axes of 
the given astroid. 
Thus at 4,0 =0, so the radius 
of curvature is 
p, =$ asin 0=0. 
At B, Q9=7/4, so the radius 
of curvature is 
p, =sasintn=ia’ 
Hence the length of the arc 
AB of the evolute is given by 





P-P, 7ja-0-ja. 
Since an astroid is symmetric about both the axes, the evolute of (1) 
being another astroid , will also be symmetric about both the axes. 
Hence, the total length of the evolute of the given astroid 
= 8 times length of the arc AB of the evolute 
-8x(ia)-212a. 


——————X re E 
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14.81. Involutes. If one curve 
is the evolute of another, then the 
later is called an involute of the 
former. 


Thus if the curve C; C;C, is the 
evolute of the curve P P,P,, then 
P, P,P, is an involute of C,C,C,. 

If C, and C, are the centres of curvature of the curve 
P P,P, at P, and P, respectively, then by the last article 

C, P, * arc C,C, 2 C,P,. 

Hence, if a thread was wrapped round the curve C M ior ipe 
and was prevented from slipping, it is evident that when the 
thread is unwrapped, being kept taut all the time, the point on 
the thread which was at P, to begin with will describe the 





ecurve PPP. 


This explains why the curve C,C,C, is called the evolute 
of the curve P, P,P, . 


Obviously any point on the thread will describe an 
involute of the curve C,C,C,. Thus every curve has an 


infinite number of involutes. 

If the curves P, P,P, and P, P; P; are both involutes of 
the same curve, then they are called parallel curves, because 
the distance between them measured along their common 
normal is constant. 


EXAMPLES 
l. Show that the whole length of the evolute of the ellipse 
X! la) + y! uj? =1 is 4(a3 4 b-b!la). 


2. In the evolute of the parabola y? =4ax , show that the 
length of the curve from its cusp x= 2a to the point where it meets the 
parabola is 2a (34/3 - 1). 
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Maxima and Minima 





15.1. Definition. A function f(x) is said to have a 
maximum fora value a of x if f(a) is greater than the 


value of the function for every other value of x in a small 
neighbourhood of a , i.e. if an s can be found such that 
f(x)- f(a) is negative for all values of x for which 


| 0«|x-a|« s. 


Thus if the accompanying figure shows a graph ofthe function f(x), 
and OA = a, we say that f(x) has a 
maximum for x=a, because f(a) is Y 
greater than the values of f(x) for every 
value of x between B and B' (except, of 
course, x —a itself, where the inequality 
reduces to an equality). It will be noticed 
that, f(x) is said to be a maximum at x-a : Ọ A 
even though the value of f(x) at x=ais 
less than the value of f(x) at C. What the definition requires is that f(x) 
at x=a should be greater than all other values of f(x) in some small 
neighbourhood. Thus a maximum value of f(x) is not necessarily the 
greatest value of f(x). In fact, a curve might have several maxima (and 
minima), also called extreme values.. This is why the term local maxima 
and local minima is used sometimes. 

A function f(x)is said to have a minimum for a value a 
of x if f(a) is less than the value of the function for every 
other value of x in a small neighbourhood of a, i.e. if an € 


can be found such that f(x) — f(a) is positive for all values 
of x for which0« |x—a|« &. 
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15.2. Conditions for maxima and minima. Let f(x)be 
a given function of x, and suppose f(x) is expansible in the 
neighbourhood of x =a by Taylor's theorem. 


Then, if 0«0«1, 
f(x) = f(a) +(x -a f '(a)4 (0/21!) (x -ay. f " (a)... 
t 0/(n—1) (x -ay f^ (a) 
+ (I/n!) (x-a; f'(a*- 0 (x —a)}. 
ie. f(x)- f(a) » (x - a)L f (a) * (x-a) (0/2!) f” (a) 
t (1/3) (x - ay f" (apt... - 
4 (121) (x-a! f"f(a+0: x-ay] (1) 


Case I. If f(x) is a maxima at x = a, then by definition, 
f(x)— f(a), and therefore also the right-hand side of (1), 
must be negative for sufficiently small values of | x — al, 
whether x = a be positive or negative. 


But the series which occurs inside the crooked brackets 
on the right-hand side of (1) is a finite expression which does 
not tend to infinity as x > a . Hence the product of this 
expression and (x — a) can be made as small as we please by 
making |x—a| sufficiently small. If, therefore, f'(a) 0, 
we can make the product numerically less than f'(a). So for 
sufficiently small values of |x-a| the sign of the 
expression within the square brackets in (1) will be the same 


as that of f'(a). 


It follows, therefore, that if f'(a) x0, f(x)— f(a) will 
have one sign when x —a is positive and the opposite sign if 
x—-a is negative. Hence f(x) cannot have a maximum at 
x=a if f'(a)«0. 

Similarly, since for a minimum at x =a f 

x “WwW — uy. x)- (a 
must (for sufficiently small values of |x — a|) be x 


whether x-a is positive or negative, it follows that f(x) 
cannot have a minimum also at x = a if f (a)«0:; 
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Hence a necessary condition that f(x) should have q 
maximum or a minimum at x=a is that 


J ' (a) =0. 
Case II. If /' (a) =0, then by (1) 
f(x) - f(a) =(x - ay (0/2!) f" (a) -(073)) (x a) f "' (a) 
t (1n!) (x 2a)? f"(a+0 x-a), 


Now the sign of the expression between the crooked 
brackets is, for sufficiently small values of | x — a |, the same 
as that of *f " (a). Also the sign of (x — a)? is always positive 
(x *a) Hence, if f"(a) is negative, f(x)— f(a) will be 
negative for sufficiently small values of | x — a |, irrespective 
of whether x »a or x« a. 


Thus, there is a maximum of f(x) at x=a if f'(a)=0 
and f''(a) is negative. 

Similarly, there is a minimum of f(x) at x=a if 
S'(a)=0 and f''(a) is positive. 
' 15.21. Generalisation. The above argument shows also that if 
f'(a)2 f'' (a) f'"'(a)+...= f" '(a)=0, and f"(a)z 0, then fora 
maximum or minimum we must have n even. Also, for a maximum 
f" (a) must be negative and for a minimum f "(a) must be positive. 


NOTE. 1. For the validity of this proposition, it is only necessary 
that f(x) and its first n differential coefficients be continuous at x =a. 
The higher differential coefficients of f(x) may even be non- existent : 
the propositions will still be true. This becomes evident from (1) of the 
last article when we notice that /(x)—- f(a) now reduces to 


(1/ n!) (x-a) f" {a+ 6(x-a)), 


and the sign of this must, due to the continuity of f" (x) at x — a, be the 
same as that of (x—a)" f" (a) for sufficiently small values of |x—a |. 


2. The above rule for finding extreme values involving second order 
derivatives, is also called the second derivative test. 


MAXIMA AND MINIMA . 455 


15.22. Working Rule. The propositions of $ 15.2 and $ 
15.21 gives us the following rule for determining maxima 
and minima. 
1. Find f'(x) and equate it to zero. Solve this equation 
for x. Let the roots be a, ay,.... 

2. Find f"(x) and substitute in it by turns G, Ay,» Jf 
f" (a, )is negative, we have a maximum at x = aq. YJ" (a) 
is positive, we have a minimum at x = a,. 

3. If f'""(a,)=0, we must find f '''(x)and substitute in 
it ay. If f'"(a) 0, there is neither a maximum nor a 


. minimum at x =q. 


4. But if f'"'(a,) is also zero, we must find f" (x) and 


- Substitute in it a,. If f" (a, )is negative, we have a maximum 


at x —a,, if it is positive, a minimum. If it is zero, we must 


. find f" (x), and so on. | 


Ex. 1. Find the maximum value of (x-1)(x-2) (x-3). 
Let f(x)2(x-0D(x-2)(x-3)2x! -& +1 x-6 


Then, for a maximum or a minimum, f'(x)-0, 


En e. 3x? -12x € 11-0, 
whence ptn 70-33 1221/45. 


Also f'(x)s6x-12. 
We see that f’' (2+ 1/ 4/3)is positive and f'' (2-1/ 43s negative. 
Hence (x-1)(x-2)(x-3) has a maximum at x-2-1/43 and a 


minimum at x 2-24 J/43. 


The maximum value of f(x)z (x-1)(x-2)(x—-3) is therefore 
(1-43) 43) 1-143) 1—1)0/43) - 2/3 J3 
Ex. 2. Investigate for maximum ini 
and minimum val i 
ee MB ists [G.N.D aon aon 
ef T EIC, ar 4] 


Si ‘= —2si 1 
mes y =cosx 2sin 2x -cos x-4sin xcos x =cos x(I—4sin x) so 
that y'=0 when COS x x0 or sinx=1 
4 * 
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Jun d re n=0, 1, 2, 3,.... 
xsnmntim, or x-Sm 4s whe yl, 4 
" — 
Now y" =-sin x-4cos x= -(-D -4 (-1). 
f: n. 
For x=nntin ) »0 for every 


T OLX 2 5(a? 
For x=sin™ 4, y' =-sin x-4 (1-2sin* x)= [O0 4G). 


i.e. y” is negative. 
ini ned = integer 
Hence, we have a minimum at x=nt+ 5% (n ger), and a 
maximum at x -sin " }. 
Ex. 3. Find the largest and the smallest values of the polynomial 


p —18x? + 96x in the interval [0,9 i: |Avadh 06, Allahabad 12] 


Let f(x) 2x! -1& + 96x. 

Then, for a maximum or à minimum, f'(x)=9, | 
i.e. f'x)23X! -36496-0 or (x-4)(x-8)-0, 
ie. x=4, 8, both of which lie in [0,9]. 

Also f''(x)26x-36 then f^' (4)2-12«0 and f''(4)=12>0. 
Hence f(x) has a maximum atx=4 anda minimum at x - 8. 

So the maximum and minimum values of f(x) are f(4)= 160 and 
f(8)=128 respectively. Also the values of f(x) at the end points of 
[0,9] are f(0)=0 and f(9)=135. 

Thus in [0,9], the largest and the smallest values of f(x) are to 5s 
chosen from f(4), /(8) £(0), /(9) since within the interval, no value 1s 
greater than f(4) or smaller than /(8). Also since [0,9] is a closed 
interval, its end points also need to be considered. i 


Hence the largest value of f(x) is 160 and the smallest is 0 in [0,9 ]. 


15.23. Properties of Maxima and Minima. If f(x) isa 
continuous function and so has as its graph an unbroken curve, 4 


figure will at once show that : 


ie 4 lie between 
(1) At least one maximum or one minimum must lie be 


two equal values of f (x). 
(2) Maxima and minima occur alternatively. 


=: (3) The sign of dy! dx changes from + to — 4 y pese 
(while increasing) through the value which makes y a maxinum. 
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The reverse is the case for a mir.imum. 


These considerations often enable us to decide, without 
finding d? y / dx? , whether there is a maximum or a minimum at a 
particular root of f '(x) —0. 


15.24. Stationary values. dy/dx is the rate at which y 
increases, so if dy / dx is zero at x =a, we say that y is stationary 
at x 2a. 


Similarly, d? y / dx? istherate at which dy / dx increases. So, 
if d^ y / dx? is zero at x =a, we say that the tangent to the curve at 
x —a is stationary. 


It is obvious from the above that y=f(x) has a stationary 
value when it is a maximum or a minimum. At a point of inflexion 
the tangent is stationary, but we have neither a maximum nor a 
minimum there even if dy / dx is zero there, i.e. even if the tangent 
there is parallel to the x-axis. 


15.25. Points where the tangent is vertical. At a point like P 


or Q where we have a cusp with a 


vertical tangent, dy/dx does not Y 5 
exist because at P the limit of 
{f(x +h)-f(x)}/h on the right is 
— o , and its limit on the left is +00. 





Similarly dy / dx does not exist at i 


Q. Hence such points, though they 
give a maximum or a minimum according to our definition, will 


t 
o b x 


not be obtained by the preceding methods. These cases can be 


treated by 8 15.23(3). 


15.3. Applications. of Maxima and Minima to 
Problems. The theory of maxima and minima can be applied 
in solving problems by finding the first derivative and 


 equating to zero. It is not always necessary to use the second 


derivative; 
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Ex. 1. A rectangular sheet of metal has four equal square portions 


removed at the corners, and the sides are then turned up so as to form an 


open rectangular box. Show that when the volume contained in the box is 


a maximum, the depth will be 
1 (a b)- (à —ab + b! )!, 
where a, b are the sides of the original rectangle. 
Let x be the length of the side of each O 
removed. Let V be the volume 
of the box thus formed. 
So V 2 (a-2x)(b -2x)x (1) | 
= 4x! -2x! (a + b)+ abx. 
Therefore, for a maximum 
or a minimum PF, we must have 
dV | dx =Q, 
ie. 12x? - Ax(a- b) ab -0 On 
- 2(a- p)x44 (a by - I2ab =1{(a+b)+ (a? —ab +5 yy 
12 


As a? - ab b? =(a- -py +ab, and is therefore positive, the values 
ue of x obtained by taking the positive 


f the square portions 





e Qeacer ease — 


we have found are real. But the val 
sign before the radical, viz. 
1 {(a+ b)+ (a -ab« b! )") 
is (if a> b) greater than 4 {(b+5)+ (ab —ab- b! )"^), ie. is g greater than 
1b, which is impossible (see figure). 
Hence we have a maximum or minimum volume only when 
x=+{(a+b)- - (a! -ab b! )"] Q) 
. But V = © when x = 0, and also when x =+ b, and for intermediate 
values V is positive. Hence the value (2) of x munt give a maximum P. 
Ex. 2. A person being in a boat a miles from the nearest point of the 
beach, wishes to reach as quickly as possible a point b miles from that 


point along the shore. The ratio of his rate of walking to his rate of rowing . 


is seca. Prove that he should land at a distance b -acot a from the place 


to be reached. 





+ 


a 
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Suppose the person lands at C which is at a distance x from B, the 
place to be reached. Let A be the point where the boat is stationed and D, 
the nearest point on the beach. 


Then, AC = Va’ +(b- fa? +(b-x)'. 
Walki. 
We are given, ————— — - po ALD ui iis 
Rate of Rowing 


The time taken in rowing from A toC 


_ via" +(b-x) 3 e -x)*} 


where r is the rate of rowing. 


The time taken in walking from C to B =x/rseca. 


LY 


—— m 


.] 
| 


Hence, total time taken from 4 to B is 


pV + O- x 


r rseca 


This will be a maximum or minimum when 47 / dx =0, 





Le. + fa’ £(b-xy Y^ x2(b-x)(-1) l =0 
2r rseca 
b- | 
or xul aa =cosa or (b-x) ={a* +(b—x)*}cos* a 
a! * (b-xy 


or  (b-x)sin'a-a^cos?a sothat (b-x)=acota 
Or x-b-acota 
dT -(b-x) 4, £08 
dx rya *(b-xy r 
dT l la? +(b-x -(b- xP {a +(b-x yr -}/2 


d? or AL amey 
REL NEN 
ría! «-xy Y 


Hence d’7/ dx? is positive for x-b-acota, the distance for 





Since 


which time 7 is a minimum. 


u- ee ee vtr ee ee ee en Pd 
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1531. Two variables connected by a relation. If the 
function whose maxima and minima are to be found is expressed 
as a function of two variables connected by a given relation, one of 


the variables should first be eliminated. 
_Ex. 3. Assuming that the stiffness of a beam of rectangular cross 


section varies as the breadth and as the cube of the depth, what must be 
the breadth of the stiffest beam that can be cut from a log of diameter a? 


Let the breadth be x and the depth y, and let S denote the stiffness, 

Then S =k xy, where k is a constant. 

But x+y" =a’. 

Hence S =kx(a*-x’)*’. 

For a maximum or a minimum S, we must 
have dS / dx — 0, 
ie. (a -x y” +x.i(a’ -x1)" (-2x)=0.. 
or a’ -r -3t =0, | 

Hence for the stiffest beam the breadth must be equal to half the 
diameter of the log. 





i.e. x=tia. 


EXAMPLES 
1. Show that x?-Sx'«5x!-1 has a maximum when x=I,a 
minimum when x=3, and neither when x=0. | [Kumaon 2003] 
2. Show that x!-3x!«3x47 has neither a maximum nor a 
minimum at x= |. 
3. If y=alog, x+bx’ +x has extremum values at x 21, x=2 
and find a and b. " .[Avadh 2006] 
4. Determine 
maximum value. 
5. Find the maximum and minimum values of (1—x)' e". 
; [Allahabad 2012] 
"6. Show that the maximum value of (1/ x)' is e"*. 
7. Show that sin x(1+cos x) isa maximum when x=17. 
[Avadh 2007] 
8. Investigate the maxima and minima of the function 
sin x + 5sin 2x - sin 3x in the interval O<x<7 


~ 


the value for which x/(1+xtan x) has a | 


r 
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9. Divide a number 15 into two parts such that the square of 


one multiplied by the cube of the other ís a maximum. 
[G.N.D.U. Amritsar 2004] 


10. Prove that the minimum radius vector of the curve 
a? / x! « bà / y! =1 isoflength a+b. ` 
11. Show that the triangle of maximum area that can be 
inscribed in a circle of radius a is an equilateral triangle. | 
[Allahabad 2008] 


12. Prove that the least perimeter of an isosceles triangle in 
which a circle of radius r can be inscribed is 6r 43. [Rohilkhand 2005] 

13. Find the volume of the greatest cylinder that can be 
inscribed in a cone of height ^ and semi-vertical angle a. 

14. A perpendicular is let fall from the centre on a tangent to an 
ellipse. Show that the maximum value of the intercept between the point 
of contact and the foot of the perpendicular is a—5, where a and b are 
the semi-axes of the ellipse. 

15. Show that the semi-vertical angle of the cone of maximum 
volume and of given slant height is tan~ V2. 

.16. Show that height of a right cone of given capacity and minimum 
curved surface is /2 times the radius of the base. [Garhwal 2008] 

17. Show that the semi-vertical angle of a right circular cone of 
given total surface (including area of the base ) and maximum volume is 
sin 3 [Rohilkhand 2012]: 

18. One corner of a long rectangular sheet of paper -of width 1 
foot is folded over so as to reach the opposite edge of the sheet. Find the 
minimum length of the crease. 


19. A figure consists of a semicircle with a rectangle on its 
diameter. Given that the perimeter of the figure is 20 feet, find its 
dimensions in order that its area may be a maximum. 


20. A lane runs at right angles out of a road a feet wide. Find 
how many feet wide the lane must be if it is just possible to carry a pole b 
feet long (b > a) from the road into the lane, keeping it horizontal. 


— ae eee "E Ram i: ww P EI AR 
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ANSWERS 
a--2/3,bz-1/6 4, x-cosx 
Min. value 0 at x 21; max. value 4/e at xe-l. 
Max. at x 22/4, 30/4: min. at x=2n/3. 


18. 343/4 ft. 


O 9 tw t» 


9, 6. 13. + nh’ tan’ o. 

19. Radius of semicircle = height of rectangle = 20/ (4 + tt) ft. 

20. bsin @--atan @ feet, wherecos@=a'?/b'*. 

15.4. Maxima and Minima of functions of two 
variables. A function f(x, y) of two independent variables 
x and y , is said to have a maximum for x=a, y=b, if 
f(a, b) is greater than the value of the function for every 
other pair of values of x, y ina small neighbourhood of a, b; 
i.e. if 

f (a, b)» f (a * h, b * k) 
for all sufficiently small independent values of hand k. 

A function f(x, y) is said to have a minimum for 
x-a,y-b, if f(a, b) is less than the value of the function 
for every other pair of values ofx, y ina small neighbourhood 


of a, b; ie. if 
f (a, b) « flath, b 4 Kk) 
for all sufficiently small independent values of h and k. 


If z= / (x, y) is regaraed as a surface, then at a maximum 
point, the ordinate to the surface is the largest in the 
neighbourhood. It corresponds to a ‘hill top’ from which the 
surface descends in every direction. Similarly a minimum 
corresponds to a cup-like depression from which the surface 
ascends in every direction. | 

Besides these, we can have a 'ridge' of maximum (or 
minimum) such that the surface falls (or rises) in all directions 
except that of the ridge where it remains stationary. 


WEGE AE err 


E c 
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Lastly, we can have a ‘saddle-point' on the surface where the 
tangent plane is horizontal and the surface ríses for displacements 
in some directions and falls for displacements in other directions. 
All the above cases are classified as stationary points. 

15.41. Stationary points. A point (a,b) where the first 
order partial derivatives Of /x and Of / Oy of the function 
f(x, y) vanish, is called a stationary point and its value 
there is called its stationary value. 

A stationary point can be a maximum or minimum Or 
neither of the two. 


15.5. Necessary conditions for maxima and minima. 
To determine the maxima and minima of a function f(x, y) 


for x = a, y = b, we investigate the sign of 
f(a* h b k)- f (a, b). (1) 
If it is the same sign for all small values of A and k and is 
negative, the function has a maximum at (a, b). If it is positive 
for all small values of A and k, f(x, y) has a minimum. 
By Taylor's theorem for functions of two variables 


fh bes f B aE), 
x 





Oy y= 
] Br ^f gf 
+—| k — +2hk —— + k? —— 
A ax? àv | ay he 2 
=% 


or f(a+h,b+k)-f(a,b)=h f(a, b) - k f,(a, b) 


since for small values of ^ and &, the second and higher 
order terms are much smaller numerically than the first order 
terms, and may be disregarded when determining the sign of 
(1). Thus | 


sign[/ (a * 4 b -- k) - f (a, b)] 7 sign [hf (a, b) + kf, (a, b)]. 


Taking k = 0, we see that the righ i $i 

3 ght-hand side changes si 
when h changes sign. Hence f(x, y)cannot have a ipaa 
or a minimum at x =a, y =b if f (a, b) « 0. 
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Similarly taking A = 0, we find that f(x, y) cannot have a 
maximum or a minimum at x =a, y =b if f,(a, b) #90. 
Hence a set of necessary conditions that f(x, y) should 
have a maximum or a minimum at x =a, y= b is that 
f. (a, b) 7 0, f, (a, b) = 0. (3) 
These are necessary but not sufficient conditions for the 
existence of a maximum or a minimum of f(x, y). 
If the conditions (3) hold, then by (2). 
sign [f (ath, b - k) - f (a, b)] = sign [7 (h?r +2hks 4 k' t)], 
for small values of h and k. Here, for brevity we have put 


9f (ef (Z£ 
p ^ > S € M I 3 2 , 
Cx” Jx=a OxOy x=a Oy x=a 
reb y=b y=b 


Now kèr +?2hks+k'°t= lg? r? + 2hkrs + k?rt] 
r 





-Luhr a ks} + kirt- 4) 
r 


The first term inside the brackets is positive. The second 
will also be positive if rt > s^. In this case the expression (4) 
will have the same sign for all values of h and k. This sign 1s 


determined by the sign of r. 
Hence another necessary condition that f(x, y) should 
have a maximum or a minimum at x =a, y= b is that 


(AeA | >0 Le. rt—-s’?>0 
| ax? .óy! OxÓy jee 


y=b 


Furthermore, if these conditions are satisfied, f(x, y) is a 





2 


E . . . Q e f . 
maximum or a minimum according as a is 
X x74 


; - . ye 
negative or positive i.e. r« 0 or r» 0. 


This is known as Lagrange's condition for a maximum 
or a minimum value of a function of two variables. | 
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If r(—5^ «0, f(x,y) is not a maximum or a minimum at 
x 2a, y =b, then f(a-- h, b - k)- f (a,b) has one sign for some 
values of h, k (e.g. k =0, h #0) while it has another sign for other 


. values (/ 2 —s / r,k £0). Such a point is sometimes called a 


saddle point. 

If r t-s? =0, further investigation is needed to determine 
whether f(x,y) isa maximum at x =a, y =b , or not. 

15.51. Working rule. The above proposition gives us 
the following rule for determining the maxima and minima 
of functions of two variables. 

1. Find Of/O0x and 0f /dy and equate them to zero. 
Solve these simultaneous equations for x and y. Let 
a,,b,; a,, b,;... be the pairs of roots. 

2. Find 0! f / x, 0^ f / xy, 0? f Oy ,and substitute 
in them by turns a,,b,; a,, b,;... for x, y. Calculate the 
value of rt — s? for each pair of roots. 

3. If rt - 5? » 0 and r « 0 for a pair of roots, f(x, y) is 
a maximum for this pair. If rt ^s? » 0 and r » 0, f(x, y)is 
a minimum. 

4. lf rt s^ <0, the function has neither a maximum 
nor a minimum but only a saddle point there. 

5. If rt—s^ =0, the case is undecided, and further 
investigation is necessary to decide it. 

When we geta large number of roots, it is more convenient - 
to form a table giving r,s,t and rt —s? foreach pair of roots. 

Ex. 1. Discuss the maximum and minimum values of 

x + y —3axy. 
[Garhwal 04, Jabalpur 05, Bilaspur 08, Kanpur 08, Raipur 11] 


The points of maxima and minima are given by 


of 2 of 
—=3x"-3ay=0, —=3y)'?-3ar= 
ax hio. dy 3y -3ax-0 





Scanned by CamScanner 











a A. ERE o L7 te mnm - 


366 DIFFERENTIAL CALCULUS 


From the firstequationabove y — x^ / a. Substituting in the second, 
x‘-a’x=0, or x(x-a)(x!«ax4a!)-0 
Hence x=0 or a discarding the imaginary roots; then 
yzx'la-0 or a. 


Therefore the function is stationary at (0, 0) and (a, a). 





AZ ^2 ^2 
We have Ul cdi: 9 POR pasci I .6y 
ex? Ox Oy oy 


At(0,0) = rt-s? =0-(-3a)* =-9a° <0. 

Hence it is a saddle point. 

At(a,a),  rt-s! =6a.6a—(- 3a)’ 227a'. 

Hence (a, a) gives a maximum or a minimum. Since r= 6a, itisa 
maximum if a is negative and a minimum if a is positive. 

Ex. 2. Show that minimum value of 

u — xy (a° / x)* (a! l y) is 3a?. 
[Rohilkhcnd 08,09, Lucknow 10, Avadh 11, Kanpur 11, Raipur 15] 
For maximum or minimum, we have 
Ou a? Ou a! 


Ou y-f--0, C -x-—-0 


^ - 


ox x oy x 
x yoo and 


which give 


x y! =a. (1) 
Solving these, we get x? y=x y^ or x y(x-y)- 0. 
. This gives x=0, y=0 and x- y. 
Forx-0 and y=Q, we have from (1), a 2 0 which is not admissible, 
so we reject these values. 
Hence we have x= y so that from (1), we get x= y - a. 


At x= y- a, we have 





Ou 2a 2a* _ _ 3u i p-n 2a 2a 3 
a? = a ? x ôy f ôy’ y a? 


Therefore rt—-5?-2(2)(2)-T =3>0. Also r=2>0 
Hence there is a minima at x= y — a. 


Thus the minimum value of u 
3 3 
a a 
=8? +—+— =R «aq «a! =3a’. 
a a 


M M MÀ a 
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Ex. 3. Determine the points where the function 
x’ 4 y* -2x! - Axy-2y! has a maximum or minimum. 
[Rohilkhand 10, Kumaon 13] 


We have E Lagi -4x+4y=0, Y Lay +4x-4y=0. 
Ox dy 


Adding these, we get 4x°+4y'=0, or x--y discarding 
the imaginary roots. 
Putting y--x in the first equation, we obtain 


x!-2x-0 ie. x=0,V2, or ~Z 

Corresponding values of y are y=0,-V2, or V2. 
| Of 4 pa OF 12y -4, 
Gxdy si” 

At (0, 0), rt—s? =(-4)(-4)-4’ =0, 

At (+V2,#V2), rt—-s? 220.20-4? >0. 

Since r is positive at (+ NINE ) hence at these two points the 
function has a minima. At (0, 0) further investigation is needed. 

Now f(x, y)2x! + y! -2(x- yY 

--2(x- y) approximately 





2 
We have pal Laa -4, s= 
Ox 


for small values of x, y. Hence the function is 0 at (0, 0) and negative for 


all values of x, y, in the neighbourhood except when x = y. When x= y, 
the second order terms vanish and f (x, y) »x* + y' =+ve. Hence (0,0) 
is a saddle point. | 


Ex.4. Discuss the maximum and minimum values of 
2sin + (x+ y)cos į (x- y)+cos (x+ y). 
Let f(x, y)=2sin 1 (x+ y)cos 1 (x+ y)+cos? (x+ y) 
Breaking up the first term, 
f(x, y)=sin x+sin y+cos (x+ y) 

Therefore Of / Ox =cos x—sin (x+ y), 
and Of / dy=cos y—sin (x+ y). 

For a maximum or a minimum, ôf / dx =0= 0f / Oy, 


i.e. cos x -sin (x+ y)=0=cos y-sin (x+ y) 
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This gives COS x=cos y=sin (x+ y) 


The first set of equations gives x=2n n+ y (n being an integer). 


Then the second set gives 


cosx=sin 2x=2sinxcosx or cos x (1-2sin x) =0. 


Hence, x=nnt+in, or xssin'l2nntlim 
Now, r-Qflóx! --sin x-cos (x+ y), 
s =0° f 1 0xOy =—cos (x+ y), 
and t —0! f10y! -—sin y-cos (x+ y). 


For x=2mn+in=y, 
r--1-(-1)20,5---1)211--1-(-1)-0 
Hence rt—s’ =0-1=-1<0 


So, there is neither a maximum nor a minimum at x= mnu+in. 


For x=(2mt+l)n+in=y, 
r=+-1)-(-l)=2=t,s=-(-l)=1 
giving rt- =4-1=3>0 


Also r > 0. Hence there is a minima at x= y=(2m+3)m ' 
Ex. 5. Discuss the maxima and minima of the function 


u=sin xsin ysin z, where x, y and z are the angles of a 
triangle. {Jabalpur 04, Garhwal 09, Bundelkhand 09, 11] 
Since x y+z=7, (being angles of a triangle), we have, 
u =sin xsin ysin (n—x— y)=sin xsin ysin (x+ y). 
u! €x =cos xsin ysin (x+ y)+sin xsin ycos (x+ y), 
=sin y {cos xsin (x+ y)+sin xcos (x+ y)}, 
or Qu / Ox =sin (2x+ y)sin y. 
Similarly Qu / Oy =sin (x+2y)sin x. 
For maxima or minima Qu / Ox = 0 = Ou/ Oy which gives - 


x= y=(, or _x=y=in, 


since we shall only consider values of x, y between 0 and n (being | 


angles of a triangle) . 


| 
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Now  r=0?u/ dx? =2cos (2x+ y)sin y 
s=0'u/ dxdy =sin (x+2y)cos x+cos (x+2y)sin x 
and t =0°u/ dy’ =2cos (x4 2y)sin x 
When x = y 20, wehave r=0,s=0,f=0 sothat rt -s* =0. 
Hence the case is undecided, and further investigation is needed at (0,0). 
When x-y-im, 
r=2cos nsin 1q=-¥3, 


s=sin (2x« 2y) -sin3x 2 -1N3, 


and t 22cos nsinin=- 3. 
So — rt-s «(-43)-43)- C 43/2} - $20 
i.e. rt—s? ispositive and  r is negative. 


Hence we have a maximum at x= y -i7. 
Ex. 6. Find the minimum value of. x? + y^ * z^ when 
ax+ by+ cz = p. 

[Jabalpur 05, Lucknow 06, Indore 04, 07, Avadh 08, Bilaspur 07, 
Bundelkhand 12, 13, Raipur 11, 14] 

Let u=x +y +z’. (1) 

We shall express u as a function of two independent variables x and 
y by eliminating z using the given relation, namely, 

ax+ by+ cz = p. (2) 
From (2), z-(p-ax-by)/c which on substitution in (1) gives 
u=x? + y! «(p-ax-by) Ic. 


For maxima or minima, Ou/ Ox =0=0u/ Oy which gives 


Qu — 2a(p--ax— by) 
X dence -0 or x(a!*c?!)eaby-ap-Q0 (3) 
Qu 2b (p—-ax— by) 

and nose cese or abx* y(b' -c^)-bp-Q (4) 


Multiplying (3) by ab and (4) by (a? + c? ) and simplifying, we get 
yc'(a! +b? +c*)=bpe’ or — yzbpl(a!eb!«c). (5) 
Similarly from (3) and (4),we get x= ap! (a! +b? + c?). (6) 
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2 2 2 2 2 
Now poe Ha Oe s= Ou 200 PR ap Ze, 
ox? c? Ox Oy c? oy! c 
2 2 212 2 b) 
So ce apte RE m 
c? c? c* eur 


Since both rt—s? andr are positive, u is minimum for the values 
of x and y given by (5) and (6). | 
From (2), (5) and (6), we get z 2 cp/ (a! * b^ + c). (7) 
Substituting the values of x, y and z given by (5), (6) and (7) in (1), 
we have the minimum value of u as ` 
(ap) *(bpY «(py _ P' o 
(a? +b «cy a+b c! 
Ex.7. Find a point within a triangle such that the sum of the square 
of its distance from the three vertices is a minimum. 
[Garhwal 05, Kumaon 08, Kanpur 10] 
Let (x, y) be any point within the triangle whose vertices are the 
points (x, y, ), (2, y, ) and (x;, y, ). If u be the sum of the square of 
the distance of (x, y) from the three vertices, then 
u-((x-xY +y- xY14IG 72x + G- »Y1*[6975) * 7] 


For maxima or minima, Gu/ Gx =0=0u/ dy which gives 


x, +X, +X 
Ou _ 9 (x-x )£2(x-x,)52(-x,)90 or x= 2, 
es 3 
Be +y,+ 
and re et ea or y=} E ^ 





2 a2 2 
Now: "apice oe pe os, sche 
Ox? Oxdy oy! 


rt—s’ 236 >0. Also r=6 >0. 
Hence u is a minimum at the point (x, y) i.e. at the point 
S +X, +X yy tYX*J 


? 


3 : which is the centroid of the triangle. 


EXAMPLES 
Discuss the maxima and minima of the following functions 


L x? +y’ 6x12. [Garhwal 07, Kashi Vidyapeeth 10] 


——M—H—— PGÉ 
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[Bilaspur 2009] 


x’ + y! «2/ x * 2/ y. 
[Garhwal 04, Bilaspur 10] 


3. PIPIR, 
4, xy? - 5x! -Sxy- 5y". 
[Garhwal 05, A vadh 06, Kumaon 12, Rohilkhand 12] 


x! y (1-x- y). {Kanpur 2012] 


5 
6. 2a!xy-3ax! y- ay. -x y+xy. 
7. x! « y' —2x" + Axy-2y’. 
8 If u-acy -x'y!-x y, prove that x-a/2,y-a!/3, 
makes u a maximum. [Lucknow 2009] 
9. Find the maximum and minimum values of the function 


[Rohilkhand 10, Kumaon 13] 


u-x!y(l-x- y). 

| Purvanchal 05, Jabalpur 07, 08, Kashi Vidyapeeth 08, Garhwal 
| 10, Bundelkhand 06, 11, 12, 14] 

OR Show that the value of u=x° y’ (l-x-y) is maximum at 


"xz1/2, y 21/3. [Rohilkhand 11, 12] 
10. If u-2xv(a-x- y) show that the maximum value of 4 is 
|Lucknow 08, 11] 


ü i27 
| 11. Discuss the maximum or minimum values of u where 
u —sin xsin ysin (x+ y). " 
[Indore 05, Lucknow 05, Kumaon 10, 11, Raipur 12, 14] 
[HINT: Since this function is periodic with period x for both x and 
y, values of x and y between 0 and z only need be considered] 


12. Investigate the maxima and minima of u 22 (x— y). -x' — y* 


[Kanpur 2009] 
13. Find the minimum distance from the origin to the plane 
x*2y-2z-12. i [Bilaspur 2009] 


B. 14. Finda point within a triangle such that the sum of the distances 
from the angular points may be a minimum. 


leaving aside any doubtful case that may arise. 


15. A rectangular box is situated in the xy - plane, one corner of 
this box is at the origin. If the vertex in front of the origin lies on the plane 
Gx-* 4 y 3z «24, then find the maximum volume of this box. 


[Jabalpur 2003] 
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ANSWERS 

2. Max. at. (1, 1). 

4. Maximum at (0, 0). 
Max. at (2,2) , doubtful case at (0, 0). 


Min. at (—3,0). 
Doubtful case at (0,0). 


Max. at (5 a,4a), (5 a,—14); min. at (1a,-1a), (3a,1a). 


Min. at (+V2, r42 2), doubtful case at (0, 0). 


VAN Do om 


8. Maximum at (21,1); ridge of minima for y=0,0<x<], 


and ridge of maxima for y 20,x «0, and y=0,x>L 


11. Max. at (n/ 3,7/3), max. value is 33 


12. Max. at (+v2, t42), undecided at (0, 0). 13. 4. 
14. Point is such that each side subtends an angle of 120° there. 
15. 64/9cube units. 


15.6. Lagrange's Multipliers. It is a method of finding 
the maxima or minima of a function subject to one or more 
conditions called equality constraints. 


Let u- f(x, y, Z) (1) 
be a function of three variables x, y, z, which are connected 
by a relation 

$ x, y, z) - 0. (2) 


| Only. two out of the three variables x, y, z are 
independent; - the third one can be determined in terms of the 
others by (2). Let us take x and y as the independent variables 
and z to be dependent on them. Then it follows from § 15.5 
that for a stationary point the differential 


du -Lat dye te (3) 


must be zero for arbitrary values of dx.and dy. 

The differential dz is of course dependent on dx and dy. 
Differentiating (2) we obtain the following relation from 
which it can be determined: 
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ð 
O9 p 9o ay L0 (4) 
Ox Qy 3; ^ 
Multiply (4) by à and add to (3). Then 


àv (2.499 Jas (B7. A9 Jay (Ler a 
ð ð Oz Oz 


Ox Qy y 
A is an arbitrary function of x, y, z. Choose it in such a way 
that 9 499.9 (5) 
Oz Oz 
Then du= (2 ao Jae y a8 a. 
Ox Oy Oy 
Since this is zero for arbitrary dx, dy, we must have 
Fg Mo, Lig Pao, (6) 


Ox Ox ay May 

for a stationary point. | 

The equations (5) and (6) together with (1) and (2) 
determine the value of x, y, z and u at the stationary point. 
This method is known as Lagrange's method of 
undetermined multipliers. This method is also applicable 
when we have more than one relation connecting the 
variables. 


While the method is often very convenient in application, 
the drawback is that it does not determine the nature of the 
stationary point. This can sometimes be done from physical 
considerations, as in the examples given below. 


Ex. 1. Prove that of all rectangular parallelopipeds of the same 


volume, the cube has the least surface. [Raipur 2013] 
Let x, y, z be the dimensions of the parallelopiped, V, its volume 

and S, its surface area . 

| Then V =x yz, (1) | 

| and S =2xy+2yz + 2zx, (2) 

| We need to find the minima of S given that V is constant. 

| 

f 

t 

poppoo” =e ee 
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Now dS -2(y*z)dx42(x*z)dy*2(x4 v)dz »0 
or; (y+z) d+ (x* z) dy+(x+ y)dz=0. (3) 
Also, from (1), yz dx + zx dy+ xy dz =0. (4) 
Multiplying (4) by i, adding to (3), Lagrange's Method gives 
(y+z)+Ayz =0, (x+z)+Axz=0, and (x+ y)+ìxy=0. 
Multiplying the first equation by x, the second by y and subtracting, 
we get zx—zy-0 or x= y. 
[The root z =0 is discarded, as it will not satisfy (1).] 


Similarly, from the second and third equations we get y= z. Hence 
the dimensions of the parallelopiped are 

| x2ycz-V^, [from (1)] 
Consider z as the dependant variable and x, y as the independant 


variables, then from (1), we have 





Oz Oz Z 
zum 0 Or — ———, (5) 
g PY Ox X 
os Oz Oz 2yz 
$8 May 42y 52:42:92 ary, ——— [using (5)] 
So A A ar 10 X 
2xz 
Similarly = =2x- . 
Oy y 


Differentiating once more, we get 





2 . 
poo QU Mur ME LUE oe. [using (5)] 
no x gr x ^ 3.3 
5,85 229.22 2x0: 4 2z 22. 
y y y yy’ 
on differentiating OS / dy partially w.r.t. x. and using (5). 
Koai O'S 2xz 2xôz 2xz 2xz 4xz Oz z 
gan f= = + = sine —=--. 
ow y yay y y x Oy y 


Hence at x= y=z, r-4, s=2 and (54, so rf—s* =12 >0. 


Also since r » 0, 5 is minimum when x= y=2 iea parallelopiped 
-of the least surface is a cube. 


and ix+ my nz 2 Q is a plane; Th 
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Ex.2. Find the stationary values of x? + y^ + z? subject to 
ax’ + by! * cz? =1 and lx+ my nz =0. 
Interpret geometrically. 


Let u 2x! + y! 4 z?, then 


du — 2x dx - 2y dy * 2z dz. , 5 (1) 
Also, from the given conditions, 
| 2ax dx+ 2by dy+ 2cz dz =0, (2) 
and ldx+mdy+n dz =0. (3) 


Multiply (2) by a and (3) by 2p , and add to (1); then . 
du -2 (x Xax- ul) dx 2 (y Aby-- um) dy 2 (z - Acz un) dz. 
Equating to zero the coefficients of dx, dy, dz,. Lagrange's method 


gives - x¥+Aax+pl=0, (4) 
-` yt+Aby+pum=0, (5) 
zt Àcz-pn - 0, (6) 


for a stationary value. A 
Multiply (4), (5) and (6) by x, y and z respectively and add, then 
| x? y! e z! & X (ax? + by! e cz!) (Ix - my * nz) - 0, 
or u+A+0=0, or A=-u. | 
Substituting for in equations (4) - (6), they become 
(au-1)x=pl, (bu— 1) y2um, (cu-1)z Siin. 
To obtain a relation free from p , we notice that | 
PF 2 2 
m e m — [x my nz =Q. 


Hence the stationary values of u are given by the equation 








p m ^? n^? 
mud Sri zn 
bu-l cu-] (7) 


This is a quadratic in u, giving two Stationary values of ! 


=I is an ellipsoid (or a hyperboloid) 
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The maximum and minimum values of this distance are the major 
and minor semi axes of the conic. So equation (7) gives the squares of the 
lengths of the semi-axes of the conic of intersection. 

EXAMPLES 
1. Given f(x, y,z)=5xyz/(x+2y+4z), find the values of x, y, 
z for which f(x. y,z) is a maximum, subject to the condition xyz = 8. 
2 Ifx+y+z=a is given, find the maximum value of xyz. 
[Bilaspur 2010] 
^ 3. Find the minimum value of x? + y? +z? when yz + zx+xy = 3a’. 
4. Divide a into three parts such that their product shall be a 
maximum. 
5. In a plane triangle ABC, find the maximum value of 
cos Acos BcosC. [Jabalpur 06, 07, Lucknow 07, Kashi Vidyapeeth 09| 
6. Applying Lagrange;s-multipliers, show that the rectangular solid 
of maximum volume that can be inscribed in a sphere is a cube. 


[Kashi Vidyapeeth 2010] 


7. Show that the volume of the greatest rectangular parallelopiped 
x p* g“ 
— + + =l. 
2 b 2 C 2 
is 8 abc! 343. [Himachal 2005| 
$. Show that the maximum and minimum of radii vectors of the 
2 2 2 
2 2 22. X ¥ Z 
(x tY +Z ) “at Bt 
by the plane Ax+py+vz =0 are given by the equation 
a^ X b^u 2 civ! 
———- + ——_~ + ——— 
l-ar? l-b? l-er 
ANSWERS 
1l. 42,19. -- 2. 4127, P Wages 


4. a/3,a/3,a/3. | S. 1/8 





that can be inscribed in the ellipsoid 


section of the surface 


= 0. [Avadh: 2009] 


| 





16 


Indeterminate Forms. 
NEEDED IM MCN 


16.1. Indeterminate Forms. The limit of $ (x)/w (x) 
as x — ais, in general, equal to the limit of the numerator 
divided by the limit of the denominator. But when these two , 
limits are both zero, the quotient reduces to the form 0/0, 
which is meaningless. 

This does not imply that lim, ,,($ (x)/w (x)) is 
meaningless, or that it does not exist; the only conclusion 
which we may draw is that the method adopted by us is 
unsuitable. In the present chapter we shall consider what 
should be done in such and similar other cases. 

The form 0/0 is called an indeterminate form. Other 
indeterminate forms are oo / oo, 0 x co, oo — co, 0°, 1? and oo?. 
" oot follows it should be clear that we do not find 
lonia ^s : or any of the other indeterminate forms. We 
imits of the combinations of functions whose limits 


assume these forms when we take the limi 
e limit 
separately. s of the functions 


16.11. The form 0/0. Let > (x) and y (x) be functions 


which are expansible b 
ui y Taylor's Th i 
neighbourhood of x = a. Also let > (a) =0 aad y ( a)- * 


Then lim $ (x) $ (x) 
O yA yr ag’ 
We have by Taylor's Theorem. |i 
, lim ! 
$ (a) + (x — a) à' (a) 4 roa 9 (x)/W (x) = 


lim- (1/2!) (x — 2n 
v (2*6 -2)v' (2) (1/25 ( T. abt se 


V^ (a) ...-- R, 





= lim, 
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378 DIFFERENTIAL CALCULUS 


Here R, -(1/nf(x-ay$?(a-0(x-a), 0<0<1, 


and R» has a similar meaning. 
Now, since $(a) 20, and w(a)-0, we get, after 
dividing both numerator and denominator by (x — a), 


($0) q, 9 (0*G-2(01209 @)+ ~} 
CUwG) e v'()-a)(/20v* (a) +} 






- 


This proves the proposition which is generally called - 


L'Hopital's Rule. 


It is easy to see that if. $' (a), 9" (a), ......,$ (a), and 
y' (a), v" (a), ...... y“ (a), are all zero, but $^ (a) and 


V " (a) are not both zero, then 
— ~ e (x) § (x) 
lim, ,, —— = Jim, — 57. 
W(X) - y " (x) 


NOTE 1. The existence of differential coefficients of order 


higher than n need not be assumed. - 


2. The proposition of this article is true even when x tends to co 
instead of a. For writing x 21/1, we have, if 3 


lim, ,,0(x)20 and lim, ,.W(x)=0. 








then lim, ,,, $6). im, 91/0 
| y (x) y (Ut) 
i "Utt" 
- lim, ,, ES , by the proposition proved above, ` 
DUD LO) ^ 
120 |, X5 , e 
y (0/1) W(x) 
IMPORTANT. The student must not differentiate 


$ (x)/ v (x) as a fraction by the quotient rule of differentiation. 


The numerator and inator have to be differentiated 


separately. 
— ee 


as eee REY REET REET Soe IY ces eee 


. P 
ee - 
` - € 
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Sometimes it is necessary to use L' Hopital's Rule several 


.. times in the same problem as can be seen in the following 


examples. The use of standard results on limits, such as 


; tanx 
lim,,, —-1 and lim,_,, =] 


x x z 
ee ——— « 
can simplify and shorten the process of continuously 
differentiating the numerator and denominator. The student 
should employ such methods whenever possible. 


JE. Evaluate lim, ,, (a? -b*)/x. 





| Agra 03, Indore 04, 07) 











Wehave lim, 2 —? 8 
| ; 0 
E lim ag a loga-b' logb = log a- log bz log hoy 
l b 
. tan? x-x? 
JEK.2. Evaluate lim, ,, ———. . [Delhi 2008] 
à x tan x 
Z e uad ae 2 
We have lim, ,, E ji, fan x—X jim a 
x^ tan? x x’ "* tan? x 
. tan? x—x?/0 
7 lim, ,, ———— B |: lim, ,, A. ] 
x 0 x 
slim... 2tan x sec? x-2x 0 
4x? 0 


. 4 
“lim, 2sec x- 2tan x- 2sec x -sec x tan x—2 
12x? 
4 
Sec x+2tan? xsec? x—] 
——— Mà MÀ 


= lim, , 
6x? 


0 


= lim, ., 25€" x-2sec? x-1 0 
wg 


. 4 i 
2x 


i | 
- lim, ., 12886" x-4sec? x 
H "XP TERES nce MERC 4 > — 
r0 lim, tanx 12 4 


2 
l les 
2 x 12 3 
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2x-asin x j 
Xx. 3. If the limit of a as x — 0, be finite, find the 


|GNDU Amritsar 04, Delhi 06| 


value of a and the limit. í 
2sin xcos x - a sin x 
Leisten T diligen 


in2x-asinx ,. 
ee ir 


We have lim n J 190 ox! 
sin x (2cos x-a ) 
- li x0 3 
x 
sinx ,. (2cos x-a ) 
E li x30 7 l m, -+0 2 
X x 
2cos x- a : sinx _ 
lim a EEA olim =D) 
x 


From (1), we see that lim, x^ =0. For the above fraction to have a 
finite limit, the numerator must also be zero as x — 0, 
Le. lim, ,,(2cosx—a)=0 or 2-a=0 or ‘a=2 (2) 
From (1) and (2), we have 


2cos x-2 ;| 
lim, ,, : n 
x 0 


—2sin x - B8 
á = lim, ,, P 
2x | 0 


sin x 
--lim, ,, —— --1 
x 


Hence, a =2 and the limit is —L 
16.12. Alternative proof. We can deduce De I' Hopital's 


Rule (8 16.11) very easily from Cauchy's theorem. The rule itself 
can now be stated in a more general form as follows: 








Let ó (x) and w(x) be continuous in a €x X b, and let 
$'(x) and w'(x) exist in a«x«b; further, let $ (a) -0, 
y (a)-0 andy(x)z0 in a«x«b. Then 


lim, ,, t(x) - lim, ,, s) if the latter limit exists. 
y (x) x) 


For values of x less than b, we have 
b) _ 6(x)-$(a) 
y(x) w(x)-w(a)' 


since $ (a)=wy(a)=0, 
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af 053 , a« x, « x, by Cauchy's theorem. 
y'G,) 
Taking limits, and remembering that x, > a as x — a, We 
v t, . "(x 
zi lim , ,, $G) m Lu, 2. 
y (x) y'(x) 


It is to be noticed that b may be very near to a if necessary. 
Also, since a« x, the above limits are really right-hand limits. It is 
evident, however, that we can enunciate the rule to cover the case 
when x a from the left. 

The advantage of deriving the rule from Cauchy's theorem lies 
in the fact that the existence of the derivatives at x —a is not 
necessary. 

If $' (x)/ y' (x) assumes the form 0/0, we can apply the rule 
again. .- 

16.2. Algebraic Methods. ln cases where the 
expansions of the functions involved are known, or some of 
the limits are known, they may be used either to solve the 
problem or to shorten the work. 

The student should note that differentiating the 
numerator or the denominator repeatedly amounts really to 
finding the coefficients in the expansion of the function 
concerned, by Maclaurin's Theorem; and if the expansion is 
already.known, the work can be shortened. 

But in some cases, when on account of the non-existence 

. of the differential coefficients, Taylor's and Maclaurin's 
theorems are not applicable, we can still get the result by 
algebraic methods. | | 


Ex.1. Find lim,,, 


x”? tan x 


(e - pw ` 
As x"? cannot be expanded in a Taylor's series in the neighbourhood 
of x ^ 0, L' Hopital's Rule is not applicable. 


[Rohilkhand 05, Kanpur 07] 


1/2 . 
But, lim , Z0. i; x"? tan x 


x20 l ———— 
(ePIC x? 21. yr? 


by the Exponential Theorem 


— 
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x”? tanx 


ae V LRL. 
"YT Os x/ 214. )"* 


tan x l 


=li — 


"m etd r i 
ee ax 2+...) l °” x 
(14 x)"* -e 


: TPA 
|Kumaon 04, Indore 05, Rohilkhand 07, Magadh 01, 08, Patna 02, 
04, 08, Allahabad 08] 


Ex. 2. Evaluate lim,_,, 


Vx — 0 
We have lim, ,, Caius: (S 
x 0 
4 
4 (qx)! 4 ; 
-lim, ,, =lim, 49 = (+x) (1) 


l 
Let y=(l+x)"*  sothat log y=—log (1+x) 
v 
Differentiating w.r.t. x, we get 


ld X11 
doy 1, Do toe atx) 
ydx x (l+x) x! E 


l zi 1 x? x 
=— l+ ——— -—+—-.. 
"i ù EE 2.: 9 : 
ae! MI ) | 
x ja x 2° 3 


=(-l+x-... )*i-(1x-..) 


Then z =y 4 + x+ terms with higher powers of x) | 


or (43)! =(1+3)"{—3 txt tems of higher powers ofx] 


| a lim, ,, 3 may be equal tol. 
or lim, “(+x)” - lim, (19-x) (-3+)- e(-1)--1e ; t | 
dx 2 [Allahabad 02, Kashi Vidyapeeth 08] 
Vx 
since we know that lim, ,,(14- x)" =e. | B, Prove that lim, ,, EE Ms Purvanchal — 
Substitutng this value in (1), weget li (xy ] 05, Avadh 06 i Vi : E Ei 
bs g , We ge | pt s CP = I e. | s Ava » Kashi Vidyapeeth 09, Patna 10, Kanpur 12] 
| ! : M m 
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EXAMPLES 
Evaluate the following limits : 
lim, ,,(e" -e7 )/log (I+ bx). Æ lim,,, (x—sin x)/ x^. 
| Bundelkhand 06, Kashi V. 10] 
[Magadh 03, Patna 03] 


m" 
Ge lim, ,, (x—tan x)/ x°. 
Ar lim, „(e - e? *)/ (x-sin x) 
(E lim, xe" -log (1+x)}/ x. 
6. 
8. 


[Rohilkhand 09, Agra 06, 10] 


lim, ,, log (1-x° )/ log cos x. 


r0 


lim, ,, (tan x-x)/ x? tan x. 








lim, „(tan x—sin x)/ x°. [Lucknow 07, 10] 
9. lim xcos x—log (2) i [ Meerut 2005] 
r0 x? i 
x € E . x X^ 
10; 35, :, € Heg xe 11. lim,,, > 
tan x —x x —a 
[Rohilkhand 2003] 
B 7^ sin x -x 1x 
12. lim, ,, ————. ut lim, ———.——. 
1-x-4 log x ! x 
[Allahabad 2004] [Kumaon 2005] 
14. lim,,, 5————. [Kumaon 2012] 
x—sin x 
. s ond 1 
G. Prove that lim, ,, une TM sd . [Indore 2006] 


x (18 
16. Find the values of a, b, c so that 
ae* -bcos x+ ce™ 2 


=o o =2 | V. 
0 Cane [Kashi V. 09, Lucknow 09] 


lim 


17. Find the values of a and 6 in order.that 
x(l- acos x)- bsinx 
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384 DIFFERENTIAL CALCULUS 
ANSWERS 
1. 2a/b. 2. 4 35d. 4. ok 
5. 3, 6. 2. 7. 4, 8. 1 
9, -L 10. —1. 11. (loga-1)/(log a1). - 
12:52. Hd. uis. 14. 3. 
16. a=1,b=2,c=1. 17. az-i-i. 


. 16.3. The Form c/c. Let 
. lim, ,, y (x) be both infinite. Then 
20) jim * OO 


lim, ,, 0 (x) and 











lim, xo r 7 
y (x) y (x) 
For, lim, $ (x) T NA 
y (x) 1/6 (x) 
which is of the form 0/0. 
atime V 09 / 9 6) — ^ vv eis), 


(v G)Y/ GP’ 
“tim 21V QD pe) | 
[9 6) Ly G9) 
Thus lim, ,, $ (2) - lim, ,, ~ VQ) lim... TA . (1) 
V (x) $' (x) y (x) 
Now let lim, ,, (6 (x)/w (x)) =À (2) 


Three cases arise. 


CASE I. à #0, +œ. In this case, we can divide both 
sides of equation (1) by 4” and thus obtain the following: - 











A = lim, v (*) 
$' (x) 


Hence ^ A=lim,,, eo 
V (x) 





PARME OW 


AIEA NH 


= y —I 
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"CASE II. A - 0. Adding 1 to each side of equation (2), 
b@twQ)_, LOO 


y (x) om w'Q) 
by Case I. 


A +1 = lim, 





9’ (x) 
y' (x) 





Hence À = lim, ,, 


CASE III. A = œ. Here l 
] ; vG) _); y (x) 


m 6 00/v 6G) te) GR) 


by Case II. 
$c) ,, 9$ 
in. 
y (x) | y (x) 
Hence in every case in which lim, ,, 6 (x) — oo and 
lim, ,, y (x) = o», we have 


$ (x) lm 9 0) 
V (x) y (x) 








Therefore lim, sa 





lim, ,, 


Although the quotient of two functions can at once be put in a . 


form which would give rise to the indeterminate form 0/0 , instead 
of oo / œ, and vice versa, care should be taken to select the form 
which would enable us to evaluate the limit most quickly. Also, in 
most cases coming under the form oo/oo, it is necessary to 
transform to the form 0/0 as soon as convenient; otherwise the 
process of differentiating the numerator and denominator would 
never terminate. Thus, if we once have x~' in the numerator (or the 
denominator) and the limit when x — Ohas to be found, successive 
differentiations would involve x ?,x^, x, ....., which all — oo 
(numerically) as x —^ 0. So a change to the form 0/0 has to be 
made at a suitable stage. 


NOTE. 1. As before, by writing x= l/t, we can show that the 
proposition of this article is true even when x — oo. 


2. The proposition is evidently true also when one or both the limits 
are — oo, 
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i f log x a . 
Xx. Find —lim,,, 282. | [Agra 2006] 
cot x 


This is of the form o»/ œ. We have, therefore, 





: logx . . 
lim, . , 8 limna l = 
cot x —cosec?x 00 
—sin? x 0 
elima — 

x0 
x 0 
-li — 2sin xcos x 
x E ES 


16.31. The form 0 xo. This can easily be reduced to the 
form 0/0-or to the form o/c, Let lim, ,,$ (x) - 0 and 
lim, y (x) = œ, then | 


lim, ,, > (x).w (x) = lim P d 





= 1/ w(x) 0 
uu y (x) = 
Or lim, ,, D (x).y (x) n lim, ,, 1/(x) (=) 


which can now be evaluated by the methods given before. 
/fx Evaluate — lim, ,, x log x. 











We have lim, ,, x log x. (which is of the form 0x oo) 
-lim, ,, 22% i z) 
ix o0 
I/x 
=lim - lim, ,,(-x)=0. 
we» yx val ) 
EXAMPLES 
Evaluate the following limits: 
|. ji COE AI [Jabalpur 2006] 
log sin x 
2. lim, e — [Kashi Vidyapeeth 08, Agra 09, Kumaon 13] 
; og x o ; 
7 lo | F 
3. lim, -S= a>1 4 lim,,, [Jabalpur 2007] 
X 


3 
EREE A RT ec Ra TT e rag i 9 De A SRT Qe ete ni ag a i . 
v0 18 Ea NEAT eae PUER ee ca Rt rs ad oer e ree tra G75 d b” g ae 
zs ie Se AEn uc RR ae ARR oats ik i s 
- (e - E: > ^ - EET fae LEE, Tomos TT 
: z : TEE a Serm : D CN SU Sa T 25-3 is mim 
uS 2% a m. Ps iw S NH X E du : ; = , i j 
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5. lim, ,, 98 (1—9) [Agra 05, Lucknow 10] 
"* ^ cot mx 
- 1 ; 
6. lim, tc i dia , x —.1 from the right. 


cot mx’ 


7. lim, log,, , (sin 2x) 


log, sin cun 


[Hint: Change the base so that log „„ , (sin 2x) 





log, sin x 
Ed n met. 9. lim, „sin x log x 
"^i tan3nx 
((0) tim, ,, e Ine C2 log (172^) [Jabalpur 2004] 
° Jog log cos x 


11. lim, ,.. 2‘ sin (a/2') [Agra 03] 12. lim, ,, x (a^* —1) 


13. lim, ,, sec—. log x [Lucknow 10, Allahabad 12] 
, x- 2x 


14. lim, ,, x"e*, where m is a positive integer. [Agra 2007] 
ANSWERS 
LL o 2 -oœ 3. 0. 4. o. 
. 0. 6.22: * L L 8. 3. | 
9. 0 10 & M. a 12. loga. 





220743. 2/m M. 0. 


16.32. The form o — o. This can be reduced to the form 
0/0 or o/c, Let lim, ,,6 (x) 2 oo and lim, ,, v (x)=, 


then 
1/w(x):6 (x) 

and if the left-hand side is of the form oo — co, the right-hand 
. side is of the form 0/0 . 


lim, ,, (o (x)-V (x)} = lim, ,, 








+ 
i . Ex. 1. Evaluate lim, , „(sec x—tan x). 
: ds 1-sin x 
lim, , ,,, (sec x—-tan x)= lim, , ,,, 0) 
COS x 0 
i —cos x | 
-lim,,,, —— =Q. 
—sin x 
| ul ———À = e E (4n 
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a 2. Evaluate lim, ,, E "NE z When $ (x) —1as x a and at the same time y (x) — œ as x — a, 
| did. then lim (6 ()) " ^ might be anything; for the value of {p (x))" when 
[Patna 06, Delhi 07, Kumaon 10, Allahabad 10, Kanpur 11] : $ (x) is not exactly, but only approximately, equal to 1, is not necessarily 
: | l | "n near to 1 when y (x) is large. Consider for example, the value of 
Wehave lim,,, E "en 2 -) (55-16) | aon = Applying the Binomial Theorem, we see at once that it is 
tim | sin? x—x* 0 far greater than I. | 
i r> 0 T x? sin? x 0 X. l. ‘Evaluate lim M,_, x iind 
=li FX. [^ 3. 
n x! et | Sin x | Then log A=lim,,,, {xlog (It+a/x}} — (0x0) 


inx ) ” log (1-- a/ x) 0 
: lim, ,, (=)- ) Mt it = lim, pa ^ Dx a f 
(Ira/x) '(-ax °? 


—Á 














E PERPE | | —]i evenit 
- im, ,, zc pale ~ E (S . € lim, , «x ae 
| x 0 
Djs ZX (5) | -lim,,, a(I+a/x)" = 
duca IAN. Hence 4 =e". 
s I/x 
2cos 2x—2 Awl 1—cos 2x Evaluat " fanx 
- lim, 97 12 =~ lim, +0 x Eye. va uate im, , 17 
20] Pi 2sn?x 1 " in J " 3 | [Garhwal 03, Patna 03, 05, 09, ‘Roihana 10, Magadh 02, 05, 06, 11] 
ae x0 . Se x0| ^"^ ad x 
6 x 3 ee: 3 | | Let A - lim, ,, (= =) (which is of the form 1” ) 
16.4. The forms 0, 1?,o^/ These can be made to | ] 
| f i | 
depend upon one of the previous forms. Then log 4-lim, ,, 9 log ant (0x o) 
Let | A-lim,;,(6 (x)}"™, : Lf xtx?/3+420° /154 
then log A-= lim, (y (x) logó (x)}, 5lim,so |7108 D] 
on taking the logarithm of both sides. | | l 
y (x) 0 - lim, ,, |l. log {l+ (4 x +24 +...)} 
Thus if (ó (x)}”“ assumes any of the forms 0°, 1” or 
co^, we have only to determine the limit of y (x) er (x) A iiih | (a: (xe » 
by one of the previous methods. TES Ds. = BY t-i? texte. P+ +} 
The student sometimes wonders why 1” should be an indeterminate - lim, ,, [ge CN TNR "E 
form, seeing that | raised to any power gives 1. But he should notice that "s " rms with higher powers of x | 
this only entitles him to conclude that if | - lim, „a (1x-- 2 x? + terms with ST MEM arta 
id wers Of x)—-U. 
lim,,, y(x)=0, then lim, 1°" =L | Hence 4=e° =]. 
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Ax. 3. Evaluate lim, ,,, (sin x)”. 
[Lucknow 05, Jabalpur 05, Calcutta 05, Magadh 07| 


Let A =lim,_,,)2 (sin x)" * (which is of the form I* ) 


log sin x 0 
Th log A = lim tan x log sin x = lim ———— — 
en og l x2 UR sin x ron 2 cot x 4 


ul, 


= lim, ,,; ALPE - lim, ,,, (-sin xcos x) - 0. 
—cosec'x 
Hexe — A4-e'-l 

/Ex. 4. Evaluate lim, ,, (cot x)’. [Himachal 2006] 


Let A -lim, ,,(cot x)’. . (which is of the form o?) 
Then log A = lim, ,, x log cot x=lim,_,, x: (log cos x—log sin x) 


= lim, ,, x log cos x—lim, ,, x log sin x 








- 0-lim, ., log sin x t. a 

x o IET. 
ioTim cosx/sinx |. * E 
veri Nxt, uy eang, aO 
- lim, ,, t -2 lim, ,, xcos? x - 0. 


sec x . 

16.5. Compound forms. Incase a given function can be 
broken up into two or more factors, the limit of each of which 
can be easily found (either by the methods of this chapter or 
by mere substitution), then the limit ofthe entire function can 
be determined by evaluating the limit of each factor 
separately, provided that the product of these limits is not 
itself an indeterminate form. 


A similar rule would apply in the case ofa quotient, sum, 
difference or power. The student should be on the look out 
for recognising cases in which such methods are applicable. 


Hence A= =L 
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2 13 "mE 
sin - ine 
Ex. Evaluate lim, ,, m eE LU ] 
COS X —cOS^ x cos xsin? x 
[Allahabad 2006] 
sin 2x + 2sin? x- 2sin >  |-cosx 
‘ ae x -— 
Let lim, so (i T —— = A’+B (1) 
cos x—cos’x cos xsin^ x 
sin 2x4 2sin? x -2sin x [-cos x 
where A = lim, o ——— FAKE and B= lim... ———;— - 
| | " cosx-cos x cos xsin ^ x 


_ sin 2x + 2sin? x—2sin x 0 
Now A =lim, „T 
| cos x—Ccos ^ x 


sin2x«2sin?x-2sinx | 
-lim 0E To 
#4, | ]-cos x cos x 
= sin 2x + 2sin? x—2sin x (S 
pol. M l-cosx ! 
2cos 2x + Asin xcos x—2cos x 
| sin x 
2cos 2x+ 2sin 2x -2cos x (5) 
sin x 


x0 


=lim 


i = lim, ,, 
r — 4sin 2x + 4cos 2x + 2sin x 
-=lim,.,, ————————— — — — — - 4. | (2) 
i cosx — 
I-cosx ^, ]-cos x 


x 


Also B= lim, ,, 0————— dg. 
: - cosx(l-cos* x) «: 


cos xsin? x . 


= lim ee Mm 


x 


(3) 


l 
° cosx (l+cosx) 2 
Substituting (2) and (3) in (1), the required limit 
— 42 = EM 
=A? +B=4° «12161. 9 74, 
EXAMPLES 


2. iim. ( : A 
x!-] x-1 


[Agra 08, 10] 


e 


Evaluate the following limits: 


l. lim, (2- | 
x sinx 


[Indore 2008] 
3) lim, ,,. (xtan x-imnsecx). 





Scanned by CamScanner 


| 
4 
j 
1 
| 
| 
j 





392 


8. 


ST 


DIFFERENTIAL CALCULUS 


in, 4( t-—1=),. 
>| x? xtanx) 





; l 
5. lim, ,, E -cot? x) 
x 





[Kumaon 2011] -- [Delhi 05, Kumaon 09] 
lim, os, (cx J 7. lim, „(a +x)". 
2 . l-sinx 
[Agra 2011] [Allahabad 2004] 
yx? 


lim, ,, (I/ xy". [Magadh 2010] , 9. lim, „(cos x) 


e yx . 
10. lim, ,, ES . [Kumaon 03, Allahabad 05, Himachal 05] 


yx? y 
(11) lim, ,, (=) | Purvanchal 05, Rohilkhand 11] he 
x l l ti 
l | | yi. l k 
12. imo =) ^ 13. lim, , (cot x)" *. | 
| |Himachal 2007] l 
14. lim, ,)(cos x)". - ^15. lim, ,(cosx)?" ". | 
[Avadh 2003] [Lucknow 11, 12] i 
x tan (n x/ 2a) Ši 
16. lim, ,, (2-5) a 17. ima x ^^^, J 
a j i - $ 
- |Mvadh 04, Patna 11] [Allahabad 2011] | 
18. lim,, (1-32) / 09, — 19. lim, ,, (log x)" 0”. E 
20. lim, ,, (x-a)**. ° | 21. lim, ,, (3n-tan^ x). 
| |Jabalpur 2008] 
ANSWERS 
1. 0. 2 obo. Bh E 
5. 2, (6. -o. J 7. ae. 8. Q0. 
9. ei. 10. e s. 11. e. ARR 
12. o ontheright, 0 on the left. 13. 1. ` 14. 1. 
15. e", 16. e". 17. e. 18. e 
19. 1/e. 20. 1 (x»a). 21. l. 
eee, 
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